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PKEFACE. 



The present treatise is founded upon Legendre*s TraiU des 
Fonctions EUipUques, and upon Jacobi's Fwndamenta Nova, and 
Memoirs by him in CrelWs Journal : comparatively very little 
use is made of the investigations of Abel or of those of later 
authors. I show how the transition is made from Legendre's 
Elliptic Integrals of the three kinds to Jacobi's Amplitude, 
which is the argument of the Elliptic Functions (the sine, co- 
sine, and delta of the amplitude, or as with Qudermann I write 
them, sn, en, dn), and also of Jacobi's functions Z, 11, which 
replace the integrals of the second and third kinds, and of the 
functions 0, H, which he was thence led to. It may be re- 
marked as regards the Funda/menta Nova, that in the first part 
Jacobi (so to speak) hurries on to the problem of transformation 
without any suflBcient development of the theory of the elliptic 
functions themselves; and that in the concluding part, start- 
ing with the developments furnished by the transformation- 
formulae, he connects with these, introducing them as the 
occasion arises, his new functions Z, 11, ©, H : there are thus 
various points which require to be more fully discussed. Not 
included in the Fundamenta Nova we have the important 
theory of the partial differential equation satisfied by the 
functions 0, H, and, deduced therefrom, the partial differential 
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IV PREFACE. 

equations satisfied by the numerators and denominator in the 
theories of the multiplication and transformation of the 
elliptic functions : these I regard as essential parts of Jacobi*s 
theory, and they are here considered accordingly. For further 
explanation of the range and plan of the present treatise the 
table of contents, and the first chapter entitled " General Out- 
line," may be consulted. I am greatly indebted to Mr J. W. 
L. Qlaisher of Trinity College for his kind assistance in the 
revision of the proof-sheets, and for many valuable suggestions. 
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Legendre's earliest systematic work on Elliptic Integrals is ^'^^ 
ExercUea de Calcul Integral sur divers ord/res de TranscendarUes, et 
snr lee QtuidrattireSy Paris, t. i., 1811 ; t. iii., 1816, and t. ii., 1817 : 
the later work is the Traite des Fonctions Elliptiquea et des Integrcdes 
EvZeriennes, Paris, t. i., 1825 ; t. ii., 1826, and t. iii., 1828 — 32 ; 
the greater part of Legendre's own results on the theory of Elliptic 
Integrals, contained in the first volume of the Fonctions Elliptiques^ 
had been already given in the first volume of the Easerdces. Jacobins 
work is the Fundamenta Nova Theories Functionum EUipticarum, 
Konigsberg, 1829 : the Memoirs in Credos JowmaZ extend from 
1828 to 1858, some of them, in connexion with the Funda/menta 
Nova^ being published shortly after the date of that work. The 
Memoirs by Abel, published for the most part in the earlier 
volumes of Credos Journal^ 1826 to 1829, are collected in the 
(Euvrea Completes de N. H, Abdy par B. Holmboe, Christiania, t. i. 
and IL, 1839, except the great memoir on Transcendent Functions, 
presented to the French Academy, and published, Mhnoires des 
Savans Etrangers, t. vii., 1841. A new edition of the works is in 
preparation. 



CHAPTER I. 



GENERAL OUTLINE. 



Origin of the Elliptic Integrals, Art. Nos. 1 to 11. 

1. We consider the integration of a differential expression 

Rdx 



^ f 



where ^ is a rational function of ^; X a -rational and integral 
quartic function of x, with real coefficients*: the values of the 

variable x are real, and such that X is positive, or VlTreal. 
2. This can be by a real substitution \ — ^ in place of x 

1 +0) ^ 

(that is a substitution where p and q are real) reduced to the 
form 

Rdx 

J± (1 ± maf) (1 ± wa?') ' 

where ^ is a rational function of the new x ; m and n are real 
and positive ; and the signs are such that the function under 
the square root is not — (1 + ma?) (1 +na^. 

* The referenoes here and elsewhere to reality, and any references to sign 
or numerical Umits, are regarded as in general holding good : it will be nnder- 
rtood, howerer, that imaginary values might be admitted throughout, and the 
Taiioas theorems presented in a more general but less definite form : and there 
win be occasion to refer to and employ such extensions of the original real 
theory. 

G. 1 



2 GENERAL OUTLINE. [l. 

3, The rational function R is the sum of an even function 
and an odd function of x: the differential expression is thus 
separated into two parts ; that depending 6n the odd function 
may be integrated by circular and logarithmic functions (as 

appears by making therein the substitution 'Jx in place of x) ; 
and there remains for consideration only the part depending 
on the even function of x : or, what is the same thing, we may 
take £ to be an even function of x (that is ^ rational function 

4. This being so, we can by a real transformation -r-^ in 

place of a? transform the differential expression into the form 

Rdx 

where 5 is a rational function of the new ^ ; A;* is real, positive 
and less than 1 (and therefore also k, assumed to be the positive 
root of A;*, is real, positive and less than 1). 



5. In the last-mentioned expression a^ may be included 

1 



between the limits 0, 1, or it may be > 7^ ; but in the latter 



case, we can by the substitution t- in place of x transform the 

expression into one of the like form in which the new a^ lies 
between the limits and 1 : we therefore assume that a? lies 
within these limits, 

6. By decomposing It into an integral and fractional part, 
and the fractional part into simple fractions, and by integrating 
by parts, the integration is made to depend upon that of the 
three terms 

dx a^dx dx 



where w is real or imaginary. 
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Or, what is the same thing, the three terms may be taken 
to be 

^ (1 — 1^0?) dx dx 

that is 

7. Writing herein a? = sin ^, and putting for shortness 



VT^-Psin> = A (i, ^), 
these are . ,/ ,. , A (jfc, d>) d6. and -jzr--. • «^\ a n j.\ > 

and we have thus the three kinds of Elliptic Integralsj viz. 
these are 

first kind FiJci.) = j^y 

second kind E (k, <(>) = / A (k, <f>) d(l>y 

third kind 11 (n, k, 6) = lj= . f^, . ,, ., , 

^ ^^ j(l+n sin'<^) A (i, <^) ' 

the integral being in each case taken from ^ = up to the 
arbitrary value ^. It would of course be allowable under the 
integral sign to write for ^ any other letter 0, taking the 
integral from ^ = to ^ = 0. 

8. ^ is the amplitude, k the modulus, n the parameter. 
The amplitude is a real angle; as already jmentioned, the 

modulus k is positive and less than 1 ; whence also k\ = Vl — ft*, 
called the complementary modulus, is real, positive and less 
than 1. Moreover A (k, <f>), = VI — A'sin*^, does not become = 0* 
nor consequently change its sign, and it is taken to be always 
positive. The parameter n, as already mentioned, may be real 
or imaginary: it is in the first instance taken to be real; and 
it will appear that the case where it is imaginary can be made 

1—2 



4 GENERAL OUTLINE. . [l. 

to depend upon that in which it is real. Supposing it to be 
real, there is a distinction according as it is negative and greater 
than 1 (viz. in this case the denominator l+n sin*<^ becomes 
^0 for a real value of ^) ; or else as it is negative and less 
than 1, or positive. 

9. Instead of the ojrnplete notation A {k, <^), we frequently 
express only the a%i3meSt, and write sitoply A<^ ; and simi- 
larly F(f>, E(f>, n<^ for F(ky <^), &c. respectively: viz. in these 
cases it is assumed to be understood what the unexpressed letters 
k, or k and w, are. We may in like manner express only the 
modulus, or the parameter, and write AA, 11 (w. A;), ITw, or Ilk 
&c., bat there is less frequent occasion for this, and the nota- 
tions when used will be explained. 

10. The integrals, taken up to the value ^ of the argameB^e^^ 
are said to have their complete values, and these are frequently 

denoted by means of a subscript unity; thus Fik, ^j = FJc, 

or simply F^; and so EJc, E^, &c. 

11. The three elliptic integrals are not on a par with each 
other ; but they depend, the second and third kinds upon the 
first kind ; or we may say* that they all three depend on the 

diflferential expression /li gL\ • ^^^^ there is for each of them 

an addition-theory depending on the integration of the differ- 
ential equation 

A(A;,<^)'^A(A:,^) ""^ 
not for the first kind a theory depending on this equation and 
for the other two kinds like theories depending on the equations 

A(A,<^)rf<^ + A (A?, i|r) rf^ = 0, 

d^ . ^ _^ 

(1 + n sin» A (A;, <^) "^ (1 + w sinV) A {k, f) " "' 

respectively : these last are equations not admitting of algebraic 
integration, and which do not present themselves in the theory. 
And the like as regards multiplication and transformation. 

* The statement is made provisionaUy : the three kinds, as wiU appear, 
depend each of them on the functions sn u, en u, dn v. 
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The Additionr Theory. Art. Nos. 12 to 14. 
12. The differential equation 



where Y is the same quartic function of y that X is of a;, admits 
of algebraic integration : and in particular this is the case with 
the equation 

dx dy 

Vl - a?. 1 -&¥•"*" VI -3^.1 -ifcy" ' 

and in this last equation we may take the constant of integra- 
tion, say m, to be the value of either of the variables a?, y, when 
the other of them is put = 0. 

Writing a; = sin ^^ y = sin '^, m = sin fi, we obtain for the 
differential equation 

an algebraic integral such that the constant of integration fjL 
is the value of either of the -variables ^, '^ when the other of 
them is = ; viz. this is an integral involving the sines and 
cosines of ^, -^ (and /a), but which (as being algebraic in regard 
to these sines and cosines) is spoken of as an algebraic integral. 

13. The integral in question^ say the addition-equation, 
n^ay be expressed in (among others) the various forms 

cos /A = cos <^ cos '^ — sin ^ sin '^A/a, 

cos j> = cos y^ cos fi + sin yjr sin fi^(f), 

cos '^= cos (f> cos /Lt + sin <^ sin fiAy^, 

1 — cos' <f> — cos*'^ — cos'/Lt + 2 cos <f> cos y^ cos fi 

— A:'sin'0sin''^sinV=O, 

sin /i = sin ^ cos '^Ai|r + sin yjr cos <^A<^ (-5-)* 

cos /Lt = cos ^ cos -^ — sin ^ sin '^ A<^ Ai/r (-^), 

A fJL = A^ Ai^ — i' sin sin y^ cos ^ cos i|r (-^), 

• The notation hardly requires explanation; the (-^) shows that the function 
is a fraction the numerator of which is written down, and the denominator of 
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where in each case there is a denominator 

= 1 — 4* sin' (f> sin' y^, 

and sin ^ = sin /it cos '^ Ai|r — sin y^ cos /jlA/m (-i-) , 

cos (f> = cos fb cos y^ + sin /it sin '^A/iA'^ (-r), 

A ^ = A/^ Ai/r + Aj' sin /it sin i|r cos jj, cos '^ (-r), 

where there is a denominator 

= 1 — A:' sin' fi sin' ^, 
and in these last formulae we may interchange ^, yjr. 

14. It is to be remarked that considering fi as variable we 

have 

d(f} ^ _ dfjL 

A^ Ai|r""A/Lt' 

viz. the addition-equation is (not the general, but) a particular 
integral of this diflferential equation. Writing this equation 
under the forms 

dif) ^ dfjL d^lr dy^ _ d/M d(f> 
A^'^ Afi^ A^ ' A^ "" A/A " A^ ' 

we naturally regard the integral equation, any form of it which 
gives fi in terms of <^, y^, as an addition-equation : and any form 
of it which gives ^ or -^ in terms of fi, and y^ ot <j>, as a sub- 
traction-equation. The resulting notion of subtraction may be 
regarded as included in that of addition, and it will hardly be 
necessary again to refer to it. 

The Addition of the three kinds of Elliptic Integrals. 

Art. Nos. 15 to 17. 

15. We assume throughout ^, i|r, /^ to be connected by the 
foregoing addition-equation : recollecting that this is an integral 
(taken with the constant determined as above) of the diflfer- 
ential equation -r^ + ^ = 0, and reverting to the definition of 

which is afterwards stated : it is, I think, a very nsefal one generally, but there 
is in Elliptio Functions an especial need of it, from the frequent occurrence 
therein of groups of complicated algebraical fractions haying the same de- 
nominator. 
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the function F<f>, it at once appears that for the first kind of 
elliptic function we have 

(viz. <f>, '^, fi, being connected as above, the integrals -P5^ F^^, FfA 
satisfy this relation) : this is the addition-theorem for the first 
kind of elliptic integrals. 

16. It can be shown that for the second kind 

Eif> + Ef>^ — EyL = £" sin sin '^ sin /A ; 
and that for the third kind 

TT ji 1 TT f TT 1 * -1 nVasin/Asin^^sin-Jr 

Va 1 + w — wcos/Ltcos9COSY* 

^ 1 , 1 + n — w cos /A cos <^ COS -^ + w V— a sin /l6 sin j> sin ^ 
2 V — a 1 + w — 7* cos /Lt cos cos -^ — n v — asiufi sin ^ sin '^ 

where a = (1 + w) T 1 + — j , and n being real, the first or second 
form is real according as a is positive or negative. 

17. The mode of verification is obvious; in fact, repre- 
senting either of the last-mentioned equations by ^7 = 0, and 
considering 27 as a function of the variables 0, '^, we have 



/dU,. dU.,\d<fe 



so that to sustain the assvimed equation U= 0, we must in 
virtue of the addition-equation have identically 

dU .. dU., - 

viz. this equation, if true at all, can be nothing else than a form 
of the addition-equation: or what is the same thing, the 
addition-equation will be reducible into the last-mentioned 
form : which being so, it gives dU=0, and thence by integra- 
tion Z7s= const., and then determining the constant by the con- 
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dition that for -i^ = the value of ^ is = fi, the value of the 
constant must come = ; and in this manner we must from the 
addition-equation arrive at the required equation Z7= 0. 

The Elliptic Functions am ; sinam, cosam, A am ; or sn, en, dn. 

Art. Nos. 18 to 27. 

18. We have spoken of as the amplitude of Fj> ; or writ- 
ing F<f> = w, then <f> is the amplitude of u ; say ^ = am u, and 
then sin ^, cos <f>, A^ are the sine, cosine, and delta of am w, say 
these are 

sin . am Uy cos . am u, A . am u, 

which may also be written 
t sinam tt, cosam te, Aamt^, 

or as an abbreviation 

sn u, en u, dn u. 

19. But in adopting the last-mentioned forms we introduce 
a new mode of looking at the functions ; viz. sn w is a sort of 
sine-function, and en u, dn u are sorts of cosine-functions of u ; 
these are called Elliptic Functions; and we may develope the 
theory from this point of view. Observe that the fundamental 
equation is m = F^ or d<l> = A<^ du : this may be written 

c2 sin ^ = cos ^ A^ du, or since sin = snt(, this is 

dsiiu^cnudiiudu: say sn'w = cnwdnt*, 

moreover en* m = 1 — sn' u, 

dn' w = 1 — A?' sn' u, 

and diflferentiating and substituting for sn'w its value, we find 

en' M = — sn t* dn u, 

dn' u = — If&nucnu, 
and as abov^ 

sn't^= cnt^dnw, 

which five equations constitute a foundation of the theory. 
Observe also that snO = 0, cnO = l, dnO = l, sn (-w) = -snt/, 
en ( — u) = en w, dn ( — w) = dn m» 
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20. But this theory is already furnished by the addition- 
equation ; viz. starting from the equation F<l> + Fy^ = Ffi^ then 
writing FkJ) = u, F'^ = v (and " therefore ^ = am-i^, -^ = am v) we 
have FfjL = w + v or /a = am (w + v) : the equations which deter- 
mine sin/L6, co8fi, AfjL in terms of the sin, cos, and A of ^ and '^ 
give the sn, en and dn of w + v in terms of those of u and v : 
viz. these equations are 

sn (w + v) =snM cnt? dni;+ snvcnt^dni^ (-r), 

en (t* + v) = en M en v — sn u dn u sn v dn i; (-f-), 
dn(u + t?) = dnwdnt? — A:*sntt cnw snvcni; (-r), 

where the denominator is 

= 1 - A^sn'wsn'v, 

and we may on the left-hand sides write w — v instead of u-hv, 
changing in each of the three numerators the sign of the 
second term. 

21. These equations may be obtained independently : viz. 
in any one of them differentiating the right-hand side in regard 
to u and substituting for sn' u, en' w, dn' u, their values, we obtain 
a symmetrical function o{ u, v; hence the same result as would 
have been obtained by differentiating in regard to v : the ex- 
pression in question is thus a function of u + v\ and writing 
therein v = 0, we find it to be the sn, en or dn (as the case may 
be) oiu + v; which proves the equations. 

22. We thus see that F is an inverse function, the direct 
function being sn ; and that en, dn are connected therewith as 
the cosine with the sine. It may be remarked that there are 
six quotients, sn -r- en, sn -^ dn ; en -j- sn, dn -r- sn ; dn -i- en, en -^ dn, 
which are in' some sort analogous to the functions tan, cot: if 
all these functions had to be considered, appropriate notations 

would be — , &c. ( viz. = — u, &c. ) . These are not required : 

en \ ent^ en / ^ 

it is how(3ver in some of the formulae convenient to have a 

symbol for the single quotient sn -j- en : and considering this 
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as standingforsin.am-T-cos.am, it is = tan . am^ and we accord- 
ingly write it as tn : viz. we have , = tan . am u, = tn u. 

23. In further illustration suppose that the theory of the 
circular functions sine^ cosine, was unknown, and that we had 
defined Fxiohe the function 

dx 



. 



Then taking the variables x, y to be connected by the differ- 
ential equation 

vr:r^» Vi-V ' 

and supposing that z is the value of y answering to ^ = 0, we 

have 

Fx'\-Fy^Fz. 

But the differential equation admits of algebraic integration : 
and determining in each case the constant by the condition 
that for aj = 0, y shall be =«, the algebraic integral may be 
expressed in the two forms 

0? Vl — y' + y Vl — a? = «, 

a?y - Vl - a?' Vl - y* = VI - «', 

so that either of these equations represents the above-mentioned 

transcendental integral; and we have thus a circular theory 

precisely analogous to the elliptic theory in its original form. 

But here the function Fx is the inverse function sin"^a?, and 

the last-mentioned two equations are the equivalents of the 

equation 

sin"*a; + sin'*y = sin'*;?, 

whence writing sin"*aj = w, sin"*y = v, and therefore a5 = sinw, 
y = sin v, 2 = sin (t^ + v) : also assuming Vl — sin't^ = cos w, and 
therefore Vl - sin^t;. = cos v, and Vl — sin'(t^ + t?) = cos {u + v), 
the equations in question become 

sin (tt + v)=sint*cost; + sint;cosw, 
cos (w + 1?) = coa w cos v — sin i* sin v. 
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\ and it is clearly convenient to use these functions sin, cos in 
place of F, denoting as above sin"*. 

24. In the theory of the circular functions we have an 
addition-theory, which gives rise to and may be considered as in- 
cluding a subtraction-theory: and this leads to a multiplication- 
and division-theory : viz. we find from sin u, cos u, the functions 

sin or cos nu, sin or cos —u; we have similarly for the elliptic 

functions sn, en, dn a multiplication- and division-theory. These 
will be considered in detail; they are referred to here only for 
the sake of the remark that there is for the elliptic fimctions 
a "transformation-theory" which has no analogue in the circular 
functions, viz. we determine in terms of the functions of u the 

u 
like functions with an argument -r^, and a new modulus \ in 

place of the original k: the transformation is of any integer 
order ti, and there is, for each value of n, a relation called the 
modular equation between k and the new modulus \. And it 
is convenient to notice that in the multiplication-theory the 
sn, en and dn of nu, and in the transformation-theory the same 

functions of ( -^, X j , are fractions having a common denominator, 

so that in each case there are three numerators and a denomi- 
nator which come into consideration. 

25, The circular theory gives rise to a numerical trans- 
cendant w, viz. 5- = ^3'14159. . .is a quantity such that sin q = 1> 

COS o" = 0, ^ being the smallest positive value of the argument 
for which the two functions have these values: and in developing 
the theory from the integral / ,q- would be the complete 

function defined from the equation 



7r_ p dx 
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Moreover the circular functions are periodic, having for their! 
common period four times this quantity, =27r: viz. we have 

sin , , Q . sin 

cos ^ ' cos 

« 

26. Corresponding to ^ we have in elliptic functions in the 

first instance the complete function F^k, also denoted by K, 
viz. jS' is a real positive quantity defined by the equation 

ri d<l> 

^"J, 7i-&^8in>' 

or, what is the same thing, 

where K is of course not a mere numerical transcendant, but 
a function of k: K is such that we have snJT^l, cn^=0, 
dn^= k\ Writing v = K, we obtain simple expressions for the 
sn, en, dn of t^ + ^, and thence for those ot u+ 2K and u + 4sK; 
viz. it ultimately appears that the sn, en and dn of t^ + 4tK are 
the same as the sn, en and dn of u respectively: or the functions 
have a real period 4iK, 

27. But the form of the integral suggests the consideration 
of another quantity 

[i ^ 

this is a complex quantity transformable into the form 
p dx . f doc 

viz. K' being the same function of the complementary modulus 
k' that K is of k, the value is = K-\-iK\ 

We have 

sn(i: + tX') = p cn(ir+iX') = *^, dn(^+iZ')=0, 

and then forming the sn, en and dn of t^ + JSr+ iK", &c. it ulti- 
mately appears that the functions of t^ + 4 (K-\- iK') are equal 
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^ to those of i^ respectively: viz. there is a second period 4 (K+iK'). 

^ But as above seen 4iK was a period, and thus the periods may 
be taken to be 4iK, 4iiK' respectively^-only it must be borne 
in mind that K, K-\- iK' have, K, iK' have not, analogous re- 
lations to the elliptic functions. This is the theorem of the 
double periodicity of the elliptic functions. 

Further theory in regard to the third kind of Elliptic Integrals : 
Addition of Parameters, and Interchange of Amplitude 
and Parameter, Art. Nos. 28 to 31. 

28. We may differentiate an algebraic function 

sin (f> cos (f>R (sin" (f>) A {k, (f)), 

where R (sin^ <^) denotes a rational function of sin* <f) ; and 

thereby obtain an expression involving two or more terms 

ji 

of the form 7:5 . T^. . ., — tt with different values of w. 

(1 + w sm* (f)) A (k, <t>) 

Conversely, integrating such expression we obtain an equation 

containing two or more terms of the form 11 (n, k, ^), that is 

elliptic integrals of the third kind with different parameters. 

In particular there may be two parameters only; viz. these 

b^ing n, n', then we have either nn = i* or (1 + n) (1 + n) = &'* : 

the resulting formulae are useful for the reduction of an integral 

of the third kind to a like integral where the parameter is of 

one of the standard forms cot* ^, — 1 + A;'* sin* ^, — A* sin* 6. 

29. There may be three parameters ; the theorem is in this 
case a theorem for the " addition of the parameters." To explain 
this, suppose that two of the para-meters are — Aj* sin* j9, — A* sin* q 
(this, if p, J are taken to be real, is a particular assumption, 
limiting the generality of the result ; but allowing them to be 
iniaginary, it is no restriction) : then the third parameter is 
— A*sin*r, where the angles p, q, r are connected together by 
that very relation which is the addition- equation for the integrals 
of the first kind, jFp + i^g'— i^r = (rather it is, in the first in- 
stance, jpp + jPg + i^r = const., reducible to the last-mentioned 
particular form) : the theorem then gives 11 (— I? sin* r, k, <f>) in 
terms of 11 (— i* sin*^, k, ^) and 11 (— A* sin* q, k, (f>) ; and it 
is in this sense a theorem for the addition of parameters. 
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30. The theorem leads to an expression for an integral of 
given imaginary parameter in terms of two integrals of real 
parameter, one of them of the form — li? sin"^, the other of the 
form cot'X or - 1 + h^ sin'X. • 

31. There is a further theory of the " interchange of am- 
plitude and parameter:" diflferentiating the two sides of the 
equation 

in regard to n, and, after multiplication by a factor, conversely 
integrating in regard to this variable, we obtain 



/v/(i+«)( 



l+^Jl{n,h4>) 



expressed as a sum of certain integrals in respect to w. Ex- 
pressing this parameter in one of the standard forms, for instance 
n = — i^ sin'^, the integrals in regard to n become integrals in 
regard to 6^ viz. these are the elliptic integrals F{]Cy 0), E{h, 6) 
and an integral of the third kind 11 (n , k, 0), where the para- 
meter n' is = — A;* sin'^ : that is n^ — k^ sin*^, n = — l^ sin^^. 
We have a relation between the integrals 11 {n, k, ^), 11 (n', k, 6) ; 
this relation [involving also FQc, ^), E {k, ^), F{k, 0), E(k, ff)] 
is a form of the so-called theorem for the interchange of ampli- 
tude and parameter : those belonging to the other two forms 
of parameter n = cot*^ and n = —l + k'^ 8m^0 are less elegant, 
inasmuch as in the functions the modulus is fc' instead of k. 

The second and third kinds of Elliptic Integrals expressed in 
terms of the argwrnent u ; new Notations, Art. Nos. 32 to 34. 

32. The introduction of u, = F<l>, as the argument in place 
of Uf in fact supersedes the consideration of the elliptic integral* 
of the first kind: by introducing u as the argument in the 
integrals of the second and third kinds, we obtain 
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^ which functions changing the notation might be called E(k, u) 
j and n {n, k, u) respectively. But it is found convenient to con- 
^ aider somewhat different functions ; viz. in place of the integral 
of the second kind Jacobi considers 



Zu = u(l ^ -^j — l? I Bn^udu, 



where E, K denote the complete functions EJc, FJe respec- 
tively: ^ is of course a function of k, so that its complete 

E 

expression is Z{k,u): it is =^^-^u + E(k,u), differing from 

E{k, 1^) by a multiple of u. 



33. As regards the third kind, the parameter is taken to 
be = — A* sn*a (to meet every case a must not be restricted to 
real values) and the function considered is 

i' sna en a dn a sn^u du 



TT , V r i'snacnadnasn 

n [u, a) = I = 75 — ^ J- 

^ ' J^ 1— Arsn*asni 



[being of course a function also of k, so that its complete ex- 
pression would be n {u, a, k)] : viz. writing n = — A:* sn'a, this 
is in fact a multiple of 



/i 



tXT^Ury-l^''^''-*^-''^'-''-*''^- 



34. The advantage of the new forms is very great : thus 
the addition-theorem for the second kind of integral is 

Zu-^- Zv -- Z {u + v) = k^ Buu snv sn {u + v) 

and that for the third kind gives in like manner the value of 

n {u, a) + n (v, a) — 11 {u + v, a) 

in terms of the functions of UyV,u + v: the theorem for the 
addition of the parameters gives a very similar expression for 

n {u, a) + n (u, 6) - n (u,a + b), 

and the theorem for the interchange of amplitude and para- 
meter is in fact a relation between H (u,a) and 11 (a, u). 
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The Functions ©w, Ht^. The q-formulce. Art. Nos. 35 to 42. 

35. From the function snu we derive a new function &u 
by the equation 

_ /'^K 4«'(l-|)-*Vod«/«^«8nH* 

(K, E denoting as before the complete functions FJc, EJc) : this 
may be regarded as one of a system of four functions, 0w, 
(tt + ^, © (t^ + iX'), (i^ + ir+ «X') ; or writing 

the functions may be taken to be ©w, &(u + K), Hu, H{u-^K). 

36. The function Zu is at once expressed in terms of 0w 

© u 

and its derived function &u ; viz. we have Zu =^- • 

The function 11 {u, a) has a simple expression in terms of 0, 
viz. we have 

TT/ N ®'<* . 1 1 ®(^-«) 

\ * ^ 0a 2 &0(^4.ct) 

37. Writing herein w + a for u, we have 

n(t^ + a,a) = (tt + a)Q^-ilog-^^^; - 

and for the values a=^K, \iK\ ^K-^-^iK' the function 
n (m + a, a) is expressible in finite terms by means of the func- 
tions log SUM, log CUM, logdntt respectively : the resulting equa* 
tions give, after all reductions, the formulae next referred to*. 

38. The functions sni^, cnw, dnt^ are found to be fractional 
functions, the three numerators and the denominator being the 
four functions above spoken of; viz. we have 

snM = --^£rM-r, CUM =a/x-^(^+^^> duM— VA;'0(tt+i^)-^, 

where denom. = ©m. 

* This is not Jacobins method nor perhaps the most direct or natural way of 
obtaining the formolsB in question : but the connexion of the formulie with the 
expression for n (u, a) is very noticeable. 



I.] GENERAL OUTLINK 17 

39. These functions H^ are in fact doubly infinite pro- 
ducts ; viz. writing for shortness 

(m, m') = 2mK + 2m'i^, 

(w, m') = (2m + 1) ^ + 2miK\ 

K m) = 2mK-\- (2/7i'+ l)*^', 

(m,m) = (2m+l)^+(2m'+l)tX'; 

then, disregarding certain constant factors, we have 

Hu =un(l + — ^l, 

I (w,m)J' 

0(w+ir)= n|i + — ^J, 

where (except that in the first product the simultaneous values 
m = 0, m' = are to be omitted) m, m' have all positive or 
negative integer values, including zero, but under the following 
condition, viz. taking fi, /a' to denote each of them an in- 
definitely large positive integer, fi being also indefinitely large 
in comparison with /a', so that fi -r- fi = 0, then 

for m the limits are m = — (1 to +fi, 
„ w' ,, „ m'^-fi „ +ti\ 

„ wi „ „ w =-^-1 „ +/t, 

„ m' „ „ w' = -/a'-1 „ +/i'. 



40. Giving to m all its values, and reducing by means of 
the factorial expressions of sin a;, cos a?, the expressions become 
singly infinite products of circular functions such as 

sin 5^ {u + irniK') ; 



ITU 



or writing ^j^= 0?, these are expressible as products or series 
c. 2 
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involving cos 2a, or the multiple sines or cosines of x, with co- 

efficients which are functions of the quantity J, = e" -^^ ; viz, we 
have thus the j-formulae which Jacobi obtains in quite a dif- 
ferent manner (from a transformation formula, by writing therein 

- for u, and taking n infinite), and which in fact led him to 

the functions H and 0. The formulaB are very remarkable 
as well in themselves as from their origin, and the connexion 
which they establish between Elliptic Functions and the theory 
of Numbers : as a specimen take here the identity 

{l + 23 + 22«+22»+...K=l + 8|^+^+^+...|. 

which not only shows that every number is the sum of four 
squares, but affords the means of finding the number of decom- 
positions. 

41. The four functions ®u,@{u + K), Hu, H{u + K) con- 
sidered as functions of a),=— ^, and *^ = o)7'> ^^^^ ^^ them 
satisfy the partial differential equation 

^-4^ = 0. 
dv^ da) 

This equation, not given in the Fundamenta Nova, but ob- 
tained by Jacobi {Crelle, t. IIL p. 306, 1828), is, in fact, an imme- 
diate consequence from the expressions of the functions as series 

in terms of q (= e~") and u ; but it is also obtainable from the 
finite expressions of these functions. 

42. There is no proper addition-equation for the functions 
H, : the nearest analogue is the system of equations 



&{U'\-v)®{u-v) = 



II(u + v) H{u - v) = 



©'0 

H^u&v&uH'v 
®'0 



I.] GENERAL OUTLINE. 19 

involving, it will be observed, the if, as well of w — v as of 
u + v. But these formulae show, what follows also from the 
double-product expressions, that these functions have a multi- 
plication-theory ; and the double-product expressions also show 
that they have a transformation theory. 



The Numerators and Denominator in the multiplication and 
transformation of the Elliptic Functions. Art. No. 43. 

43. We are thus, in the multiplication and in the trans- 
formation of the elliptic functions, led to expressions for the 
three numerators and the denominator of the functions of nu, 

of ( w, ^j {ante. No. 24), in terms of the functions H, 0; and 

by the aid "^of the above-mentioned partial dififerential equation 
we obtain partial dififerential equations satisfied by the nume- 
rator- and denominator-functions in question : thus, considering 

the denominator only, and writing for convenience a?=VjfcsnM, 
a = A; + T, v = n, in the case of the transformation of the n^ 



or 



order sn f -^j^, \j , but =n' in the case of multiplication snnu; 

then the denominator, considered as a function of x and a, 
satisfies the partial dififerential equation 

dz 

+ i/(i/-l)a;»i5-2i/(a»-4)^. 

(Jacobi, Crelle, t. iv. p. 185, 1829.) As regards the transforma- 
tion formula, it is to be observed that X, qusi function of k, must 
consequently be considered as a function of a, and the expression 
of ^ as a function of a;, and of a directly and through X, is so 
complex, that not only the equation is practically useless, but 
it is difiBcult to verify it even in the simple case of a cubic 
transformation : but as regards the multiplication formula, the 
equation is very convenient for the determination of the actual 

2—2 
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expression of ^ as a function of x and a, or, what is the same 
thing, of snt^ and h The equation requires some change of 
form to adapt it to the three numerators respectively : and the 
resulting equations are in like manner practically useless for 
transformation but very convenient for multiplication. 

Concluding Remarks. Art. No. 44. 

44. The foregoing outline is purposely very brief as to the 
theory of transformation, and as to the ulterior theory of the 
third kind of Elliptic Integrals ; as to these it is completed by 
the outlines prefixed to the chapters on these subjects respec- 
tively, and generally the outlines or introductory paragraphs to 
the several chapters may be consulted : as thus extended, the^ 
outline is intended to cover the whole of the present treatise up 
to the end of chapter xi., and also chapter xii., which contains 

the reduction of the differential expression Rdx -f- *JX to the like 

expression with the radical in the standard form Vl— ii^.l — AV, 
as mentioned at the beginning of this outline. The remaining 
chapters, xiii. to XVI., I regard as supplementary ; the outlines 
or introductory paragraphs will explain what the contents of 
these are ; I only remark here that chapter xin., relating in 
fact to Landen's transformation, belongs to the elementary part 
of the subject, and might have been brought in at a much 
earlier stage; the only reason for deferring it was the con- 
venience of using the form of radical Va^ cos* <^ + i* sin* ^, in- 
stead of the standard form Vl — ^'sin''^ ; generally whatever 
relates to the non-standard form of radical is given in these 
supplementary chapters. 



/ 



CHAPTER n. 

THE ADDITION-EQUATION: LANDEN'S THEOREM. 

45. As already mentioned the addition-equation is the 
integral of the differential equation 

(A^ = Vl — A^'sin'i^, &o.) the constant of integration, fi being 
the value of either variable when the other is put = 0. Of the 
proofe which are here given several are only verifications of the 
theorem assumed to be known : but the first one is a direct 
investigation. The fifth proof (Jacobi's by means of two fixed 
circles) leads so naturally to Landen's theorem, that, although 
belonging to a different part of the subject, I have given it in 
the present chapter. 

First Proof (WalioJi, Quarterly Math Joum. t. xi. pp. 177 — 178, 

1870). Art. No. 46. 

46. Eationalising the differential equation, we have 

rf</)' - di|r« = - &« (sin'* 4>d'>^^ - sin' i|rc?^'), 
or, as this may be written, 
{d^^ - d'^^) (cos' if> - cos' '>^) 

= - i* (sin' <^J^* - sin* ^d^') (cos'<^ - cos'-f ). 

The left-hand side is 

= — sin (</) -I- '^) ((/</) + rf-^) sin (</> — '^) ((/</> — d'>^), 
= —dcos{(f> + y]r) ,d cos (<^ — yfr), 
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or putting a; = cos <^ cos ^fr, ^ = sin ^ sin yfr, and therefore 

cos (^ + '^) = a; — y, cos (0 — '^) = a: + y, 
this is ^d'^ — dof. 

The right-hand side, omitting the factor — V^ is 
(cos ^ + cos '^) (sin ^d!'^ + sin '^d^ 

X (cos <^ — cos '^) (sin i^*^ — sin '^c?<^), 
where the first factor is 
= cos sin '^d^ + cos-^ sirKfydyfr + sin^ cos^^ + sin*^ cos^|rd(|) ; 

viz. writing this under the form 

cos <^ sin y]rd<l> + cos '^ sin (f>dyfr + sin ^ cos ^ (cos*'^ + sin^-^) d^ 

+ sin ^ft cos '^ (cos*^ + sin'<^) d^, 
it is = c?y 4- axZy — yda? ; 

and similarly the second factor is 

= — rfy + xdy — ydx. 
Hence, restoring the factor — i", the right-hand side is 

= i* [dy* - {xdy " yda?)*], 
or the differential equation is 

dy^ — da? = I(? [dy^ — (xdy — yt?ic)'] ; 

viz. writing herein ^ = p> this is 

p'-l:=k''[f^(y-'px)'^; 
or we have 

(y-|>a:)»=l,'+|(l-l)*), =^,{(;fc»-l)p«+l}, 

which is an equation of Clairaut's form; or taking 7 as the 
arbitrary constant, the integral is 

y = 7a? + j^V(i^-l)7'-l, 
that is 

sin ^Bmyfr = fy cos <^ cos '^ + t V(A* — 1) 7* — 1. 
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V Let fi be the value of -^ corresponding to the value ^ = 0, 

then writing ^ = 0, -^ e= ^, we have 



7COS/tt + iV(Jfc»-l)7* + l = 0, 



k 
giving T^A' (1 — sin^) = rfjf — ,y» + l^ that is 7* (1 — A* sin'/it) = 1, 

or *y = — — , whence j V(i* — 1) 7* + 1 = — - — -] and substituting, 

we obtain 

cos fi = cos ^ cos -^ — sin ^ sin ^frAfi, 
the required addition-equation. 

Second Proof (Jacobi, Crelle, t. vm. p. 332, 1832). Art. No. 47. 

47. Assume a + 6 cos ^ cos -^ + c sin ^ sin '^ = 0, 
then differentiating we have 

(— 6 sin ^ cos i|r 4- c cos <^ sin y]r) dj> 

+ (— 6 cos <f> sin -^ + c sin ^ cos '^) d-^ = 0; 

say this is Md^ + Nd'^^ = 0. 

But we have 

M* + (6 cos <^ cos '^/r + c sin <^ sin '^y = J* cos'i|r + <? sin'*^, 

\W -f (6 cos cos '^/r -f- c sin ^ sin '^)* = J' cos*<^ -f c' sin*0, 

that is 

Jlf * = - a» + J^ cos'i^ -f c' sin'if^ = J'^ - a' - (6' ^ cVin'^, 
iV^« = - a' + 62 cos'<^ + c' sin^<^ = 6« - a» - (6* - c*) sin'</), 

and the differential equation thus is 

Vi«-a*-(i«-c')sin*<^' V6^-a*-(i^-c')sin> 

viz. an integral of this equation is 

a + 6 cos ^ cos -^ + c sin <^ sin '^|r = 0. 
But observe that the differential equation contains the single 

constant 75 j, the integral equation the two constants -, - , 
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V — C* 

which of course cannot be expressed in terms of ts § > but 

only in terms of this and an arbitrary constant, say fi. Hence 
the assumed equation is the general integral of the differential 
equation, 

6' — c' 
To complete the investigation write j^ ^ = If, and assume 

a . J» — c" 

- r= — cos /Lt, then the equation ,g^ ^ = Ai", or c* = J' — (6* -- c?)Tf 

becomes c* = J* (1 — i* sinV), or say c = — JA/it : substituting 
these values of a and c, the equation becomes 

— cos /Lt + cos <^ cos '^/r — sin (f> sin '^A/k = 0; 

viz. we have 

cos fi = cos cos '^ — sin ^ sin '^^fi, 

as the integral of the differential equation -^ + -^ = 0. 

And it is clear that fi i& the value of either variable corre- 
sponding to the value of the other variable. 



Forma of the Addition-Equation. Art. Nos. 48 and 49. 

48. We have 

(cos fi— cos <f) cos yfry — sin' (f> sin* yfr A^/i = ; 
or expanding and reducing 

1 — cos*^ — cos'-^ — cos*/Lt + 2 COS (f> COS yfr cos fi 

— J(^ sw?(f) sin* '^ sin* /a = 0, 

which is symmetrical in regard to the thr^e quantities : hence 
we have also 

(cos ^ — cos fi cos yfry = sin* fi sin* ^fr A*<^, 
(cos-^ — cos fi cos </))* = sin* fi sin' A'-^, 
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7 and extracting the square roots, it appears that the signs on 
the right-hand side must be + : we thus have 

cos <l> — cos fi cos '^ = sin /Lt sin '^ A0, 

cos yfr^ cos fi cos ^ = sin /Lt sin ^ A-^, 

to which join the original equation 

cos /jb — COS <l> COS -^ = — sin ^ sin ^fr A/jl. 

49. From the rationalised equation, writing sin'/t = 1 — cos*/*, 
we obtain 

(1 — A* sin'^ sin**^) cosV — 2 cos <^ cos ^fr cos fi 

= 1 — cos'<^ — cos'-^ — 1(^ sin'^ sin*^, 

that is 

[(I — i? 8m^(f> sin'*^) cos /it — cos <^ cos yfr]* 

= (1 - A;* sin*<^ sin'*^) (1 — cos*^ — cos**^ — A;" sin'<^ sin'-^/r) 

+ COS*^COS*'^, 

which is easily seen to be 

= sin* ^ sin' y^ A*^ A*-^ ; 

and then extracting the square roots, the sign on the right- 
haud side is — , and we have 

(1 — A;* sin'0 sin**^) cos /it = cos ^ cos -^ — sin ^ sin '^ A^ A*^, 

which gives the value of /a in terms of (f> and yjr. 

Combining with this the equation 

cos /A — cos^ cos'^ = — sin^ sin-^ A/it, 

we have the value of A/t : and if from cos fi we proceed to find 
the value of sin*/Lt, we have 

(l^i? sin*<^ sin*i|r)* sinV =(!-&* sin' <}> sin' yfr^ 

— (cos ^ COS '^ — sin ^ sin -^/r A<^ A*^)', 

which is readily found to be 

= (sin (f) cos yfr Ayfr + sin yfr cos (f) A<^)* ; 
and extracting the square roots, the sign on the right-hand 
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side is + ; we have thus the formulsB 

sin^ = sin^ cos'^ A'^+ sin ^ cos ^A^, (-^) 

cos ^ = cos <^ cos -^ — sin <^ sin -^ A<j> A-^, (h-) 
A/A = A0 Ayjt — A;" sin0 sin-^ cos<^ cosi|r, (^) 

where the denominator is 

= 1 — A' sin* ^ sin* y^. 
And we have in like manner 

sin^ = sin^ cos-^ A-^— sini|r cos^ A/a, (-*-) 

cos <f> = cosfi cos -^ + sin /A sin -^ A/a A-^, (-t-) 
A^ = A/A Ai|r +A;* sin/A sin-^ cos /a cosi|r, (-^) 

where the denominator is 

= 1 — &* sin* /A sin*-^. 
And we may in these formulae interchange <^, i^. 

TAtrd Proof of the Addition-Equation (a verification). 

Art. No. 50. 

50. "Writing the equation in the form 

cos /A cosec cosec -^ — cot ^ cot -^ = — A/a, 

then differentiating the left-hand side the coefficient of dif> is 

— cos /A cosec ^ cot ^ cosec -^ + cosec'^^ cot '^, 

1 

= • 8 . • — r (cos -Jr — cos u COS 6V 
sm 9 sm -^ ^ ^ '^ ^'^^ 

which in virtue of the form 

cos -^ — cos /A COS <f> = sin /a sin <f> A-^, 

sin/A . , 
18 = . , r , A-^ : 

sm 9 sm Y ^ 

and similarly the coefficient of d-^ is 

^ sin /A ^ 
*" sin ^ sin ^ ^' 



,( 
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SO that omitting the common factor, the differential equation 
becomes 

d^Ayjr + d^A</> = 0, 

which is right. 

Fourth Proof (Legendre, Traits des Fonctions ElUptiques, 
t. I. p. 20, by a spherical triangle). Art. No. 51. 

51. Consider a spherical triangle ABO, obtuse-angled at 
C, such that the sides CB, GA are = ^, -^ respectively, and 



that the cosine of the angle (7 is = — A/a. This being so, the 
equation cos fi — cos <f> cos i|r = — sin ^ sin -^ A^ shows that the 
side AB is = ^ (so that by sliding the constant arc AB, = /a, 
along the two fixed sides CA, CB, we obtain the different 
values of ^, i|r which satisfy the relation in question). And 
the other two equations cos ^ — cos ^ cos -^ = sin ^ sin -^ A^, 
and cos i|r — cos fi cos ^ =» sin /lc sin ^ A^, show that cos A = A^, 
and cos£ = A'^: so that the sides a, b, c of the spherical tri- 
angle are <f), i|r, fi respectively, and the cosines of the opposite 
angles A, B, C are A^, A-^, — A^ respectively. 

Now considering the consecutive position A'B' of the 
side AB, and letting fall on AB the perpendiculars A'p 
and B'q, the equation A'B' = AB gives Ap = Bq, that is 
A A' cos A = BB' cos B, or db coa A + da cos B = 0; viz. this is 
the differential equation cZ^A'^ + d'ylrA(f> = 0. 
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Fifth Proof (Jacobi, Crelle, t. iii. p. 376, 1828, by two fixec 

circles). Art. No. 52. 

52. Consider two fixed circles as shown in the figure, anc 
suppose that we have 




8 



Kadius of larger circle = JB, 



i> 



smaller „ = r, 



Distance OQ of centres = D. 



Write moreover 



A/t= 



B-D 



, cos /* = 



M + D' 



whence Easily 



*" = 



^DR 



(B + i))*-r" 



! 
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viz. k and fi are given functions of R, r, D: and it may be 
noticed that 

Imagine now a variable tangent AB, and assume 

IA0L = 2<I>, lB0L = 2ylr, 

then letting fall on AB the perpendicular OG, we have 

and thence projecting A 0, OQ on QM, we have 

B cos (0 + -^j + jD cos (^ — '^) = r ; 
that is, (JB + jD) cos ^ cos -^ — (fl — JD) sin ^ sin >^ = r, 
or what is the same thing 

cos <[> cos -^ — sin ^ sin i|r A/i = cos /i, 
which is the integral equation. 
Also AM' = AQ^^MQ^ 

= iZ' + D' + 2JD^ cos 2^ - 7** 
= (i2 + i))*-r"-4Dfisin«<^ 

And similarly 

Now varying the tangent let the new position be A'B'; 
then clearly A A' : BB'^AM : BM; that is 

d<f> dyjt 
AM^BM'^^'> 

viz. substituting for .4Jlf, BM their values, we have the required 
differential equation 

^4.f?±-0 
A0 ^ Ai/r ''' 

corresponding to the above integral equation. 
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Landen's Theorem^ from the foregoing geometrical jigxvre. 

Art. Nos. 53 to 66. 

53. Suppose that the large circle and also k remaining 
constant, the small circle is varied; that is, let r,i) vary subject 
to the foregoing condition 

,^ _ 4<DR 

it is readily shown that the radical axis of the two circles re- 
mains unaltered. In fact, taking the centre of the larger circle 
as origin and the axis of x vertically downwards, the equations 
of the two circles are 

and thence for the radical axis 

or. T>2 Tin . A H^ + D'-r' 2R 
2i>a?-^-i5* + r" = 0, or x= — ^^^7) ' ^IF* 

which is constant. In particular the smaller circle may reduce 
itself to the point F (one of the limit-circles of the original 
two circles, or what is the same thing an antipoint of their 
points of intersection, viz. that antipoint which lies within the 
smaller circle): and then taking the distance OF=S, we have 

4SR _ 4Z >ig 

{B + 8f^{R + DY--r^' 

or what is the same thing 

54. Reverting now to the original two circles, if in the 
figure Z. J[0G = (it)(=7r-^-'^) and Z.QOG^ = x(=^-i|r), then 
obviously A A' cos MAO = AMdx> that is E, 2d<f> sin w = AMdx\ 
or what is the same thing 2AGd(f>==AMdx'f hence the equa- 
tion -j-^ = — -rr^ may be completed into 

dcj) __ d^lr dx 
AM^'' BM^JAG' 
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* and observing that AG^ =^ AO" - OG^ ^ B? - (D cosx-r)*, the 
" equation is 



We have OP = , and thence OP = JD , whence from 

cos ;^ cos % 

the triangle OAP, in which the angles -4, P are = ^ + i|r — Jtt 

(that is 2^ — ;^ — ^tt) and Jtt + % respectively, we have 

D : -cos(2^ — ;^)=i5 : cos%; 

A/ 

that is JD cos ;^ — r a* — JS cos (2^ — ;^, 

which is an integral equation corresponding to the above differ- 
ential equation 

_#_ dx '^jR + Py-r^ 

A (&, ^) "" 2 V^'-(i)cosx-r)*' 

Writing now Z.^PO=^, then x=^ - ^TT, 2<^-.X= 2<^ - ^+^'^> 
and the integral and differential equations become respectively 

jDsin ^- r = JSsin (20 - ^), 

d(f) ^ de^jD + Ry-'? 
^^ A(&,<^) 2Vi?-(Dsin^-r)»" 

55. Suppose now that the smaller circle reduces itself 
to the point F, then retaining 6 to denote the angle in this 
state of the figure, we must in place of jD, r write 8, ; and 
the equations become 

8 sin ^ = iZ sin (20 - ^), 
d<t> ^ d0{R + S) . 
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or writing herein ^ = p > these are 

X8in^ = sin(2^-^), 

where in virtue of the relations ^'=7 p i g\8 ^^^ ^~5' ^^ 
have A:" = ... . ^ ,, , and therefore also y= , . ^ and X = -, . ^ • 

(l+\/ 1 +X 1 + AC 

56. The result would have come out more simply by con- 
sidering ah initio the smaller circle as replaced by the point F: 
viz. the chord AB would then pass through the point F^ and 
the points M^ Q each coincide with F: but it was interesting to 
consider the theory in connexion with the original figure of 
the two circles. 

The theorem gives, it will be observed, a transformation of 
the differential expression - : /t; .\ i^^^ ^tn expression ^ ^r , 

involving a new modulus X : viz. considering X as derived from 

1 — ifc' 
k by the equation X = ^j — j-, , then we have between the two 

variable angles ^, d an integral equation X sin d = sin (2^ — 0) 
answering to the differential relation ^ f!^^, = * ^^ t^lf^ : 

or since 0, vanish together this last is equivalent to 

Fih<t>)==^{l-\-\)F{\0). 

The integral equation gives X tan ^ = sin 2^ - cos 2^ tan 0, 
that is • 

X + COS 2<f> 

whence sin 6 = ^^^ ^'^ = sin 2<^ 

VI + 2\ cos 2<^ + X' ' V(l + \)« _ 4\ sin> 

observing that ^^, = i* and 1 + X = ^, tliis is 

Vl-/fc'sin>" 



or 
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Sixth Proof of the Addition-Equation. Art. No. 67. 

57. The rationalised equation in (f>, y^, fi may be written 

i*>L6 — cos*^ — cos*'^ + 2 cos (f> cos -^ cos^ 

- A? sinV (1 - cos'A) (1 - cosV) = 0; 
s. this IS 

sin*yLt — A*^ (cos'0 + cos'-^) + 2 cos fi cos ^ cos -^ 

— A;' sin*/ti cos'^ cos'-^ = 0, 
as it may also be written 

k'* sin*^ . — A'/ti cos*<^ 

+ 2{ • cos^cos^ . jcos-^ 

+ {— AV • — A^ sinV cos'0} cos*-^ = ; 

z. the left-hand side is a quadriquadric function of cos <^, cosi|r: 
y this is u, and represent it successively under the forms 
' + 2R cos <l)+ C cos'<^, and ^ + 25 cos >^ + C cos^yjt, where 
' course -4', B\ C are given functions of cos 'y^, and A, B, 
•e the like given functions of cos j> : we have 

;5-^ = 2((7'cos<^+^), 
a cos 9 ^ ^ ^ 

ut the equation v = gives ((7'cos^ + 5')* = (J?'*-u4'C7-)i 

hence -t— — r = 2 VS'* - J^'C", or what is the same thing 
a cos 9 

^=-2sm0V£'--^'C', and similarly ^=-2sin^V^-^C: 

herefore the differential equation is 

^W^^'G' sin d0 + V^-ui(7sin ^ d^ = ; 
e have 
-^a=cosV cos»0 + (F sinV - AV cos'</>) (AV + A:* sinV cos'0) 
= k'^ sin*^ A'/A 
+ (cosV + A?A?'* sin V - A V) cos'<^ 

— A? sin'/A A'^ cos*^, 
c. 3 



i8 
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and coe£Scient of cos'^ is 

1 — sin'^ 4- A?&" sinV 
— 1 + 24* sin'/ti — h* sin*/A, 

whence the value of ^ — ^(7 is 

sinV AV [k'^ + (Jfc» - Jk'«) cos*</) - 1^ cos*^}, 

= sinV AV . (1 - cos'^) {h!^ + If cos'<^), 

= sin V A */Lt sin'^ A'^ ; 
that is 

*JB^ " AG = sm fjL sin<j> Afi A^ ; 

and similarly 

V^"-^'(7' = sin fi sin ^r Afi A^, 
whence the foregoing result is 

d4> Aylr + dyjr A<t> =^ 0, 
the required differential equation. 

It may be remarked that this, like the third proof, ante, 
No. 50, is a verification, the difference being that we use the 
rationalised integral equation instead of the original irrational 
equation: and that they are each of them closely connected 
with the second proof, antey No. 47, although this is less in ihe 
form of a verification. 
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CHAPTER III. 

MISCELLANEOUS INVESTIGATIONS. 

The present chapter contains, in relation to the first and 
second kinds of elliptic integrals, various matters not very 
closely connected which it was convenient to give here before 
going on in the following Chapter IV. with the main theory : 
the contents will be seen from the headings of the several 
articles. 

Arcs of curves representing or represented by the elliptic 
integrals E{k, 0), F{k, ^). Art. Nos. 58 to 62. 

58. The elliptic integral of the second kind occurs 
naturally as representing the arc of an ellipse : viz. taking the 

equation of the ellipse to be -2 + ^ = 1, this is satisfied on 

writing therein a: = a sin <^, y = 6 cos ^ (observe that <f) is the 
complement of the eccentric anomaly, or say of the parametric 
angle) : we then have dx = a cos ^ d<f), dy=^ — b sin ^ : and thence 

ds^ = (a* cos*<^ + 6* sin'^) df 
= [a« - (a' - b') sm'<l>] d<f>\ 



I 2 I.S 

so that taking ^= (= excentricity) we have 

ds = adk {k, (f>) d(f>, 
and thence s = aE {k, ^), 

the arc being measured from the extremity of the major axis : 
the length of the quadrant is = aEJc, In the case of the circle 

3—2 
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the length is aEfi, = a . Jtt ; and, as the minor axis diminishes, h 
increases and EJc diminishes, until ultimately for the indefinitely 
thin ellipse h becomes = 1, and a = aE^y = a. 

59. We may also represent the arc of the hyperbola: taking 

the equation to be -j — 75 = 1, and expressing or, y in terms of 

the parametric angle w, that is writing a? = a sec u, y=b tan u, 
we have dx = a sec u tan u du, di/ = b sec'i^ du, and thence 

ds = — 5- Vi* + a" sin*t*, 
cosu 

which does not immediately express the arc s by means of an 
elliptic integral : to obtain an expression of the required form 

assume 

u , b 

k = ~r===^ and therefore k = / g . ,5 
V a"* + b^ V a' 4- i' 

{k = reciprocal of the eccentricity) ; and consider an angle ^ 
connected with u by the equation tan u^k' tan (f> : the expres- 
sions of Xy y in terms of ^ are 

a . , . . , ak'^^md>dd> 

X = Ad>, givmg dx = ,« T ,^ , 

COS0 ^^ ^ cos^Ai^ 

y = 6A:'tan^, „ rfy= -^^ 

[A0 is written for shortness to denote A (A;, (f>) and so presently 
E<l>, E<f> to denote F{k, ^), JF(A;, ^) respectively] : and thence 

^^ hk'd<t> 
cos*^ A^ ' 

a value which of course may also be obtained from the fore- 
going expression of ds in terms of du. 

We obtain by difierentiation 

d . A.^ tan ^ = (^-^-^-^ - |-^ + A<^) d^. 
and conyerselyi integrating, from zero, we have 
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h n 

whence substituting for the integral and observing that p = »; > 
we have 

where (see figure) 8 denotes the arc AM measured from the 
vertex A of the hyperbola. 

60. As regards the geometric signification, observe that for 
the point M on the hyperbola, the construction of the angles 
u, ^ is as follows, viz. drawing the lines KQ, NR, = h and bk' 




B Q 



respectively, and joining these with the point if, then LQ = % 
/. -B = 0. To obtain a different construction for the angle ^, 
with centre G and radius GA (= a) describe a circle, and 
drawing from M the tangent MT, and the radius CT, we have 

ifr« = a:» + y«-a«=(n-|r,)y', that is ify=|,; hence 

measuring off from T the distance" TQ = J, and joining OM, 
the angle MOT is = <f>. Moreover the perpendicular CZ on 
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1 of ^ 

the tangent at if is given by g^ = -^ + |j , and substituting 

for Xy y their values in terms of ^ we find CZ^ a cos ^ ; henoe 
if Y be the intersection of this tangent with the circle, we j 
have also LYGZ^4>. Further ifZ» = aj'+^-a*cos"<^; or \ 
since a^ + y* = a* + 5' tan'^, this is 

JlfZ' = a'sin»0 + 6*tan»^, 

= a* tan*^ [ cos*^ + -^ j , = a" tan"^ ( ^ — sin* ^ j , 
a' tan' A . , . 

or finally J/-2' = y tan ^ A^. 
Hence the formula is 

or what is the same thing 

the quantity on the right-hand side being it is clear positive, 

viz. it is in fact 

, fcos'<4 

As 4> approaches 90** the point M goes off towards infinity, 
and the point Z tends to coincide with C: hence writing 
<^ = 90®, we obtain 

IC-IA = l{E,-k-F,) 

(where / represents the point at infinity on the curve or the 
asymptote) as the expression for the excess of the length of 
the asymptote over the arc of the curve. 

61. It is less obvious how to find a curve the arc of which 
shall express the elliptic function of the first kind. Legendre 
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remarked that in the particular case k= -j^^ the solution was 

afforded by the leminiscate (a? + y*)' = cf{af — jf). Obswve 
that the curve is a horizontal figure-of-eight, the extremities 
being given by y = 0, a? = + a, and the branches at the origin 
being inclined to the axis of x at angles = ± 46*. The equation 
is satisfied on writing therein 



a: = a cos ^ Vl — J sin'^, 
y = -^ sin <^ cos ^ 

(in fact these values give a;'+y' = a' cos'^, a:* — y* = a* cos*^): 

and hence determining the element of arc efo, = Vda?" + d^, we 
have 

whence attending to the identity 

sin»0 (- 1 + sin*<^)* + J (1 " J ^'^^^<t>) (1-2 sin'0)" = J, 

we have ds^ = ia* ^^ ^ . >, , 

^ 1 — I sm"^ 

or finally (fe = -^ ^ 



V2Vl-fsin»<^' 



whence '^^^i^' *)' 

8 denoting the arc measured from the extremity a? = a, y = 
(0 = 0) to the point belonging to the value ^ of the parametric 
angle. The same result may be obtained by means of the 
polar equation f^ = a^ cos 2tf, introducing instead of the 

variable (j) connected with it by the equation sin (f>=^j2 sin ft 
At the origin we have (f> = 90^ and the length of the quadrant 

of the curve is thus = -j=F^( -j^j ^ 
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It thus appears that the leminiscate serves to express the 

function F of modulus -7^ . 

V2 

62. For the general representation of the function F {k, ^) 
Legendre used the sextic curve 

x= h sin ^ (1 + Jm sin'^), 
y = 6A cos ^ (1 + m — Jm cos*^), 
where, k being the modulus, the values of h, m are 

^ 1-2A;' Sk" 



and it is then easily found that 

s^FIJc, 0) — ws sin cos ^ A (^, ^), 

where observe it is not the arc 5, but the difference of this arc 
and an algebraic function, which is equal to the function 
F{k, <f>) : and the solution is not an elegant one. 

63. A very beautiful solution was obtained by Serret 
(improved upon by Liouville), Liouv. t. X, 1845, pp. 257 and 
351: and I have found that the theory admits of further 
development: I reserve the whole investigation for a sub- 
sequent chapter, remarking here that Serret's solution was 
suggested to him by a different treatment of the leminiscate ; 
viz. the equation of the curve is satisfied by 

z + z^ z — z^ 

values which lead to 

d^ = doi? 4- d}f = = 5 dz^, or cfo = — — : — , 

l-\-z Vl + a* 

so that the arc is expressed as a multiple of 

dz 



/, 
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which is an expression in the nature of an elliptic integral. 
To compare with the former solution observe that we have 

cos 9 = 



8in^ = 



Vl + a' 



Vl + « 



4 



Vl - i sin** = 4= 4i^ . 

^ ^ ./O a/i I -.4* 



V2 Vl + z' 
and thence 



«9= T377 and -t==z=^=== = 



Vl-isin'</) Vl + a* 



JliarcA o/ ^Ae Functiom F(k, ^), j& (A;, <^). Art. Nos. 64 to 70. 

64. To gain some idea of the march of the functions F^, E(f>, 

we may, ts^iking (f> as abscissa, trace the curves y = -r-r , y = A^: 

the areas of these curves included between the axis of y and 
the ordinate corresponding to the abscissa (f> will of course re- 
present the values of the integrals i^<^, E(f>. 

65. If A? = 0, then A(f> = 1, and the curves y = A<^, y= -r-r* 
each reduce themselves to the line y = 1. Here of course 

F(f> = E(f> = (f>. 

If A > 0, < 1, which is the standard case, then the curve 

y = £i(f) is an undulating curve lying wholly below the line 

1 

y = 1, and the curve y = -q- an undulating curve lying wholly 

above this line. As ^ increases from zero the functions F(f>, F(f> 
each continually increase from zero, the function F(f) being 
always the larger; and it is moreover clear that for a given 
value of <^, as A; increases the function F(l> increases and 
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Eil> diminishes, and conversely as k decreases then jFS^ din: 
nishes and Ikf> increases. In particular k = 0, F^, ^K,=^ 




and also E^ ?= Jtt, so that as k increases from zero, F^ or 
increases from ^, and E^ diminishes from Jtt. 
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66. We see moreover that for each of the functions Fil>, E(f> 
{k having a given value) it is sufficient to know the values of 
the functions for values of ^ from to ^tt : in fact we have 
F{''a)=- Fa, Fir = 2F^, and then 

i^a = J?V-^(7r-a), = 2i^, - i^(7r - a), 

giving the values from a = tt to ^, and 

i^a = i^7r + jP(a-7r), = 2F^ + ^(a - ir), 

giving the values from a = tt to 2*ir ; and so on. Or what is 
the same thing we have in general 

F{fmr ± a) = 2mF^ ± Fa, 

and similarly E (mir ± a) = 2mE^ ± Ei. 

67. If A? = 1 there is an entire change in the form of the 
curves, viz. the curve ^ = A^ becomes y = cos<^, which is a 
curve lying as before wholly below the line y = 1, but which, 
instead of being included between this and the line y = 0, 
passes below the last-mentioned line, and is in fact included 

between the lines y = + l, y = — 1. And the curve y = irT 

1 

becomes v = i . where the ordinate becomes infinite for 

^ cos <p 

^ = ^tt: we have then between the values ^, fTr a branch lying 

wholly below the line y = — 1, the ordinates at the limits being 

= — 00 , then from fTr to |7r a like branch lying wholly above 

the line y = + 1, the ordinates at the limits being each = + oo ; 

and so on. 

Observe that in this case E(f> = f cos (f) d(l> = 8m(f>, so that 
E^ = 1, and, completing a former statement, we may say that 
as k increases from to 1, E^ decreases from ^tt to 1. 

We have also F^ = / — ^, which admits of finite integration, 

viz. we have F<l> = log tan (Jtt + ^(f>), 

(observe that log tan is here the hyperbolic logarithm of the 
tangent,) and in particular F^ = co (a value agreeing with the 
form of the curve), so that, completing a former statement, we 
may say that as k increases from to 1, F^ increases from ^tt 

to 00. 
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68. This case (corresponding to the extreme valae £-1 
of the modulus) is one of great interest : writing 

tt-i^0 = logtan(in- + 10), 
we have <ji= amplitude u (for this particular value k = l),<K 
as it is conrenient to write it ^■■gudu (read Gudermannian 
of u, after Qudermann, by whom the fonu was specially con- 
sidered), and then sia = sin gud u, 
cos <^ = A0 = cos gud u, 
or as we may for shortness write them 

urn tfi = Bgw, cos ^ = A^ "" eg tt ; 
viz. we have here the two new functions sg, <^, replacing the 
sn, cQ, dn of the general case. 

69. We have in a subsequent part of the subject to coneider 

K' -'-^ 

the expressions ,> , and q = e £ ; and it is convenient to notice 

here that 
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k=l; k'=0, ^=00, A" = iir, "5=0, ff = l: 

viz. as k increases from to 1, -j^ diminishes from oo to and 
2 increases from to 1. The annexed figure shows the curve 
x=zky y = — . It shows also a construction which will pre- 
sent itself in the sequel : viz. considering an abscissa a? = A;, and 
the abscissae a? = \, oj = 7, which belong to the double ordinate 
and the half-ordinate respectively ; then if F, T' be the com- 
plete functions to the modulus 7, and A, A' the complete 
functions to the modulus \, we have it is clear 



is 



A' K* 

70. Conversely if X be such that -jr^^'W'* ^^^ ^ ^ 

less than k ; and similarly if 7 be such that i -T?r = ^pr , then 

K. 1 

7 is greater than k : and not only so, but if, starting from k, we 

repeat this process of the double ordinate so as to obtain a series 

of moduli X, \, Xg... then we approximate very rapidly to a 

modulus = : and similarly if, starting from k, we repeat the 

process of the half-ordinate so as to obtain a series of moduli 

7, 7j , 7g . . .then we approximate very rapidly to the modulus = 1. 

And the like conclusions follow if n denoting any number 

greater than 1 (say n a positive integer = or > 2), we have 

a;_ iT' ^'» 1! 
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Properties of the Functions F{k, (f>), E {k, ^), biU chiefly 
complete functions FJc, EJc, Art. Nos. 71 to 78. 

71. Starting from the expressions 

FQc, ,^) = ]■_#_. , E{Jc, 4>) = Ja {k, <f>) d<f>, 

when k is small we may under the integral sign expand 
ascending powers of k, and then integrating from to 
by the formula 



/: 



«^° ^^^= 2.4...2» 2' 



obtain the formulae 



FJc - tTT ( 1 4- — ^ At + 23~4S ^ "^ 2* 4* Q* "+•••)> 



JF.Jfc 



or what is the same thing, introducing the notation of hyper- 
geometric series 

T-r / /^ \ -« CL . 3 a . fit 4- 1 .5.5 + 1 • 
F{.^^.rx)^l^^^x-, i,2./^ + l "^ + -^^- 

i^,A: = i7r.i^( i i,l,A;»), 
JF,i = i7r.i^(-i,i, 1,&'). 

72. Suppose i is very nearly 1, k' is small and we have 
fc = 1 — JA"; to find the value of FJc we may write 

♦*-• d<t> 



these are 



' Jj,-e\/cos»<^ + rsin>"^J, 



Vcos'<^ + A:"sin*^' 



where € may be taken an indefinitely small quantity which is 
nevertheless indefinitely large as regards k\ This being so, 
writing in the first integral J^ — w in place of <f>, since through- 

r* du 

out the integral u is small, the integral becomes I . = , 

J VA? + Art* 
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iv^lich is = T log 77 , or neglecting A' in regard to 

1 2ie 26 

fce, this is = T log -T7- , or say = log p . In the second integral 

fe' sin <f> is throughout small as regards cos ^, and the integral is 

*»-• d(l) 






cos<^' 



i . . 2 

I'-'which is = log tan {^tt — ^^), or what is the same thing =log- . 

!- Hence we have 

- 2e 2,4 

•FiA; = log^4-log-, =log^, 

as an approximate value of FJc, k being nearly equal to unity. 

73. The functions F {k, <(>), E (k, <^), considered as func- 
tions of k, satisfy certain differential equations. 

Write for shortness E, F to denote the functions E (k, (f>), 
F {k, <f>), and A to denote A (&, (f>). Then 

dE 
dk 



■"J A ' dk "J A» 



and writing herein sin'<^ = p (1 — A), the two expressions de- 
pend on the integrals I -^ , J£^d(f), I -^ : the two first of these 
are F, E respectively : as regards the third of them, we have 

d sin <f> cos ^ _ 1 - 2 sin*<^ + k* sin*^ 
_ _ „ ^^ ^ 

or what is the same thing 

j^ d sin <^ cos <^ _ A* - k'^ ^ A _ ^ ' 
^^ A "" A» ' ""^"a^' 

and thence by integration 

rd<l> _ 1 jn, _ F sin <^ cos ^ 

J ^"V* Pa • 
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JET JJjfT 

The foregoiug expressions of --rr , -jt , thus become- 
whence also 



£.f.(j'+4^) + 5i!5|i21*; 



and in particular if ^ = i7r, and JE, Fnow denote the complete 
functions E^k, FJe, then 

f - 1 c^-n 

Let E\F' denote the complementary complete functions 
EJc, FJc ; then observing that -jj:^'~ jp 377 > we have 

74. If we now consider the expression EF' -{■ E'F-- FF, 
and form its differential coefficient in regard to k, this (sub- 

dF 
stituting therein for -jj- , &c. their values) is found to be = : 

the expression in question is therefore = a constant ; and if to 
find its value we take k to be indefinitely small, then writing it 
under the form [E—F)F-\- EFy and observing that F* is equal 

4 

to the indefinitely large quantity log ^ , but that this is multi- 
plied by the indefinitely small quantity j&— -F,=s — jTrjfc*, and 
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consequently that the product is =0, there remains only the 
second term E'F, which is = Jtt (viz. for A: = 0, we have j&'= 1, 
J5^=^) ; we have therefore 

or writing this at fuU length, 

EJc.FJc' + EJc'.FJc^FJc.FJc'=iir, 

a relation between the original and complementary complete 
functions EJc, FJc, E^k\ F^k\ [Later on, instead of these quan- 
tities we write K, K\ E, E\ and the equation is 

EK' + EK-KK'^^ir,] 

75. The equation in question has recently been proved 
in a very elegant manner by Mr J. W. L. Glaisher, Messenger 
of Mathematics, t. iv. 1874, p. 95. Writing for convenience 
i^=c, k'^^c\ and u = EF'+ E'F- FF, then from the defini- 
tions of the functions, 

(l-ca:») + (l-cy)-l 



u 



= [( (l-ca:') + (l-cy)-l 
J J ^l-xW-caf.l-f.l-c'f ^' 



where, and in what follows, the integrals in regard to ar, ;/ re- 
spectively are taken from to 1. Dififerentiating with regard 
to c, observing that dc' = — dc, and reducing, we have 

<^ JJ {l-a?.l-y')^.0.-ca?.l-cyy 
where the numerator is 

^(l-a;') (1 -cV) - (1 -y) (1-c^*); 



^du (sTT^dx [ (l-cy)dy 
hence 2 , = j- — ^ — -^^!—^— 

C sTT^^dy r (l-cx')dx 

J (l-cV)* -^ (1 - ^')* (1 - c^)* 
= pq —pq suppose, 

['s/T^^^dx [ (l-cx')dx 
where p = I . , q= i r — « , 

^ J (1-cx^)* ^ J(l--x')Hl-c^^ 

and p\ q are the like functions with c in place of c. 
c. 
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We have 

^"j (l-ai'j*(l-<»j')* 






cjf 






where the second term, taken between the Kmits, vanishes; 
and we have therefore q=^p+p, =2p. And similarly j' = 2/; 
hence 

2^ = ^.2/ -|,'.2;,,=0; 

hence u is independent of c, and putting c = 0, we find that its 
value is = ^, and the theorem is thus proved, 

76. Reverting to the equations 

and from these eliminating successively E and F, we find 
(1 jjt.^^ . 'i--^f^ <iF P, sin<^cos^ _ 

and in particular if ^ = Jtt, and ^, F now again denote the 
complete functions EJc, FJc, then 
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We have consequently a particular solution of each of the 
differential equations 

and we can in terms of the foregoing expressions obtain the 
complete iijtegrals of these equations ; for this purpose, trans- 
forming to a new variable A?', connected with k by the equation 
ii* + A?'* = 1, it is easily found that the transformed equations are 

where the new equation in y is as regards A?' of the same form 
as the original equation in regard to ki hence, FJe being a 
particular solution, another particular solution is Fj€ ; and we 
have the general solution y = aFJc + olFJc, And moreover, 
observing that the equation in ^ is satisfied by the value 

F+ k'-Tj-j , it appears that the equation in z must be 
satisfied by the value ^ = ^'^ (y + ^ ;jf ) > ^2. this is 

reducing by the formulae 

^^ = ^^iEJc-k-FJc), ^^' = ^{EJc-l^Fn 

this is z==aEJc-\-a' {FJc' — Ejk'): where, instead of a, a', we 
may of course write fi, ^y we have thus 

y = aFJc + a'FJc', 

z^PEJc^rff{FJc'^EJc'), 

4—2 
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as the complete integrals of the differential equations injf,t 
And more generally the equations being 

then, to obtain the complete solutions, we must to the express 
sion for y add the term F (k, ^), and to that for z the term 
E{k,<l>). 

77. To obtain developments for FJc, EJe when k is nearly 
<= 1, or k' is small, observe that FJe is a solution of 

(l_i»)_+__^,__^,_y_0, 

having, when &' is small, the value logp: and conversely, 

that a solution of the differential equation satisfying the fore- 
going condition will be the required value of FJe, Such a 

solution is y =P log w + Q, where P — 1 and Q are each a func- 
tion of the form Bk'^ + Cfc'* + . . . . Substituting in the differen- 
tial equation, we have first 

^^ "'dk"^ k' dk' ^ "• 

and then 

^^ *^dr+ yfc' dk- ^ ^ k' dk'^^^-^' 

and the first equation then gives 

Represent this for a moment by 

1 -f ?»ji'* + m^i'* + &c., 
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and assume for convenience 

Substituting these values, the equation to be satisfied is found 

to be 



r 



r 



k" 



*'• 



K^ 



= — 4mj — 8m, — ISm, — 16m^ — 20mg 

+ 4mj + Sm, +12^3 +16m^ 

+ 2 + 2mj 4- 2m, + 2m3 + 2m^ 

— 2m^A^ — 12m,^, — SOm^^ — 56m^J.^ — 90m^A^ 

+ 2mj-4j + 12m,il, + SOm,^, + 56m^^^ 

— 2mj-4j— 4Wg-4,— 6m,il,— 8m^-4^ — lOm^^g 

+ 6mj^j + 12m,il, + 18m3^3 + 24jm^ul^ 

+ m.A^+ m^ + ^3^3+ m.A. 
iz. this gives 

2- 4mj- 4^iA =0, 

6mj — 8m, — 16m,^, + 9^^ J.^ = 0, 
10m, - 12m3 ^ 3Cm,^, + 25m,^, = 0, 
lim, — ICm^ — 64m^J.^ + idm^A^ = 0, 
&c., &c.; 

•, obseiving that 4im^ = 1, 16m, = Om^, SGm, = 25m,, &c., we 

ive 

2 — 4mj = 4mj . -4^, 

6mj— 8m, = 9mj(-4, — J.J, 

10m, - 12m3 = 25m, (-4, - A^, 

lim^ — 16m^ = 49m, (.4^ — -4,), 

&c., &c.; 



lat is 



2-T= lA 



1 

6-|= 9(il,-A).=|. 
10-^ = 26 (A- A), =|. 



4 
&c., 



&c.; 
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or finally ^>"l~2' 

* 1.2 3.4' 



» 1.2 ' 3.4 ' 5.6' 

* 1.2'*'3.4'^6.6'^7.8' 
&C., &c., 



and thence 



j;&=iog| 



, r.3*,„A 4 2 2 \ 

I'.S'.y ,.,,/, 4 2 2 2 \ 
+ 2».4'.6»* 1^°^ F " 172 ~ O ~ 576 j 

+ &C., 



vhere the limit of the subtracted series is = log 4, or 1*38629... 
From this we obtain Eje by the formula 



EJc = y*FJc -KO.-k'^^ FJe : 



leading to 



EJc='l 



^1V3,„/, 4 2 1 \ 
+ 2^4* r^F-O-OJ 



. l'.3'.5 ,.„A i . 2 2 1 \ 
"^2'.4«.6* l,^°^yk'~1.2~3.4"576>/ 

+ &&, 
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"vrhere in the several subtracted series^ the numerator of the last 
fraction is 1, but the other numerators are each 2 : the limit 
of the subtracted series is as in the former case = log 4, or 
1'38629,.. : hence in the two cases respectively the successive 

4 

partial series converge to log w — log 4, = — logA?'. We have 

thus the values of FJc, EJc for k nearly = 1, correspondiug in 
a remarkable manner to those previously given for the case of 
k small. 

78. Kummer has given, Crdle, t. XV. (1836) p. 83, the 
following general formulae in relation to hypergeometric series, 

= F[a,p.\{a + ^ + l). Hl + ?)l+i^{a,Ai(«+/S+l), i(l-?)}; 

= i?'{a,Ai(« + iS + l). \0- + q)]-F-{a.fi, K«+/S+l), \0-q)]; 

where c, d are constants to be determined : as regards c, writiug 
gr = 0, we have at once c = i^{a, ft J (a + )8 + 1), ^j : as regards rf, 
imagining the series on the right-hand side expanded, taking 
their diflference and dividing by j, and then writing j = 0, we 
find 2d =-P' {a, A i (a + /8 + 1), i}, where in general F' (a, /3, y, m) 

denotes -7- jP(a, /8, 7, a?), writing therein x^m. 
Taking now a = /8 = J ; and 2 = 1 — 21^, whence 

we find 
2ci^{i, i h 2") = F{1 i 1. i") + F{\, i. 1, AO, = {FJe'+FJc) - i^, 

in virtue of the expression for F^, FJc' obtained ante, No. 71. 
Hence, conversely 

F,k = MoFih h h 2') - dqFil I I, 2')}, 



1 
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viz. the complete functions FJe^ FJf are here expressed hj 
lueans of two series, each proceeding in powers of g» = 1 — 2if. 

Writing i=i'=r-^, whence j = 0, we find 

* *V2r JoVl-isin'^ 

and with a little more di£Sculty \ird = Jw ^ -P^ i~r] ' ^^^ 

have thus the expressions for FJe^ FJc' given by Jacobi, Fmi 
Nova, pp. 67 and 68. 



W6 



TJie Gudermannian. Art. Nos. 79 to 85. 

79. It has been already remarked that, for ik = l, the 
function F{k^ ^) becomes = log tan (Jtt + J^), and that instead 
of the general function ami^, we have the gudermannian gdtt» 
giving rise to the two functions singdu and cosgduy or say 
sgi^ and cgtt. We have in regard to these a theory correspond- 
ing to that of the functions of amt^ (snt£, cnu, dnu), discussed 
in the following Chapter : and it is convenient to consider in 
the first instance the special case in question, ik= 1. 

80. Starting from 

F<l} = log tan (Jtt + ^^) = u, 

where as a definition <f>=gdu, or what is the same thing, 

w = log tan iiTT + igdu); 
we have 

^ = tan (i^ + igd«) = J-±t^f4if = co8igd«+8inigd« 
V4 jio / 1-tanigdw cosigdw-smigdtt 

— 1 + sin gd u _ cos gdu 
" cosgdM ""1 — singdw' 



X] 
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nd thence 



sin gd t^ or sg tt = 



6** — 6"^ — isintM sinhu 



e*+e-"' 



coaiu 



coshu 



, = tanh u, 



^nd 



cos gd w or eg w = 



6" + e 



.-U9 



costu 



= — r — 1 = sech tt, 
cosh u ' 



where sinh u, =^ (e* — e"~), and cosh m, = ^ (e* + e~"), denote the 
lyperbolic sine and cosine of u ; and similarly tanh u and 
ech u denote the hyperbolic tangent and secant of u). 

It may be added that 

cg*u + eg'tt = 1, 
jid further gd'w = eg u, sgu = cg*w, cg'u = — sg m eg u, 
Jso sg m = i tan u, eg iu = sec u. 



81. The equations may also be written 

smiu = ttgu, 
1 



sgu = — « tan iw, 

1 

cgw = 



cos tM ' 



igu = —tsiniu. 



cos tt^ = 



cgt^ 
tantw= tsgu; 



tg u denoting tan gd u) which may also be arrived at as follows, 
iz. considering the angles 0, j> connected by the equation 
OS cos^ = 1, or as it may in various forms be written, 



sin ^ = i tan ^, 

cos ^ = 7 , 

cos 9 

tand= t'sin^, 



sin ^ = — i tan 0, 

cos 9 = Tj , 

^ cos S ' 

tan ^ = — i sin 0^ 



hen cos 0dJ0 = isec^d>d6, that is d0 = — ^ , or 

^ ^ cos^ 

= Hog tan (Itt + i<^) ; 

irhence assuming ^ = gdw we have = t'w, and thence the fore- 
oing relations. 



■1 
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82. We easily obtain the addition-equations 

sg(w + v)=sgwsgt;, (-=-) 

cg(w + v)=cgwcgy, (^) 

where denom. = 1 + sgu sgv ; 

viz. if for a moment 6** = a, 6* = /8, then 

a«-l 2a ^-1 2/8 

and substituting these values, the expressions for sg(i«+t>), 
cg(M + v) come out = «^ . i ^^ -rgr^ respectively : which 
proves the formuleo. 

83. To deduce the equations from the general formulae for 
sn(M + t;), cn(w + t;), dn(M + v), (see next Chapter,) observe that 
putting A; = 1, and consequently sn = sg, en = dn = eg, these be- 
come 

Sg(M + v) = Sgl^Cg*V+SgVCg*M, (^) 

eg {u + v) = CgU Cgt? — CgM SgM eg V Sg V, (-r-) 

where denom. = 1 — sg*w sg*v. 

Here in sg(i^ + v) the numerator is sgM(l— sg*t?) + sgt;(l — sg*it), 
which is = {sgu + sgv) (1 — sgu sgv), and in cg(w + v) the nume- 
rator is = cgMCgt;(l — sgt^sgt;), and the denominator is 
= (1 + sgi^ sgv) (1 — sgu sgv) ; whence, throwing out the factor 
(1 — sgu sgv), we have the formulae in question. 

84. It is easy to derive the formulae for the sg and eg of 
the sum of any number of functions. Writing for convenience 
sgu = Xy cgu=:Jl-x\ =x\ sgt? = y, cgv^^Jl-y", =y, the 
foregoing foimulae may be written 

sg{u + v) = x + y, (-h) 

cg(:u + v) = x'y\ . (-=-) 

where denom. = 1 + icy ; 



ulI miscellaneous inyestioatioks. 59 

and then introducing a new angle w, and ¥niting 8gw = z, 
cgw = z', we find 

sg(w •\-v-\'W)=^x + y + z-\- ocyz, (-?-) 
cg{u-\'V + w) = xjfz, (-7-) 

ivhere denom. = l-\-xy-\-xz+yzi 

and so when there is a fourth angle ©, sg© = t, eg© = t', we have 
sg(u + v+w-\-os!) = x + y + z-\-t-\- xyz + xyt + xzt + yzt, (-r-) 
cg(t^ + V + w + tt)) = x'yz't'y (-T-) 

where denom. = l+a?y + arj8 + y«+a?^ + y< + «< + a?y-8:<; 

and so on, the law being obvious. 

85. If the angles of all of them = w, retaining x to denote cgw, 
and putting for x* its value = ^(1 + a?) (1 — x), we have 

sgni* = i{(l + a:r-(l-ajri, (-) 
cgww = (1 + a;)*" (1 - a:)*", (-r-) 

where denom. = J {(1 + a?)* + (1 — a;)"} ; 

and observe that, n being even, the expressions are rational, but 
n being odd, the numerator of cgwu contains the factor Jl — a?. 

The formulae are valuable for their own sake ; and they afford 
very convenient verifications of formulae relating to the general 
functions sn, en, dn : viz. putting in these & = 1, they must of 
course reduce themselves to the far more simple formulae for 
sg, eg. 

The foregoing values of sgt^, cgw, give 

that is e"*« = i^-P^; 

e +1 
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1 • 4«i.. 2+t(e'*— 6"") l+sinw» coslm+sin^tfi 

and again, e "^ = — „- — zir-^, =s -- - = f — ^ — :— f-'i ^ 

^^ e +e cos Ml cos^t^i— sinjta' i 

__ 1 + tan Jwi ^ 
"i — tan^wi* 

that is e'«*- = tan {lir + im*), 

or what is the same thing, 

i gdi^ = log tan (Jir + ^ut) ; 

with which compare the original equation 

u = log tan (Jtt + J gdw). 

If in the first of these for u we write -rgdw, it becomes 
t gd U gd wj = log tan (Jw + J gdw), 

that is igd(igd«) = «. 

a remarkable property of the function gdw; there is no ana- 
logue to this as regards the general function amu. 
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CHAPTER IV. 

ON THE ELLIPTIC FUNCTIONS sn, cn, dn. 

We now commence a systematic development of the theory 
of the elliptic functions properly so called, the functions sn, 
cn, dn. 

Addition and Subtraction Formulas. Art. Nos. 86 to 93. 

86. The formulae are 

sn (w + v) = sn w cn V dn v + sn v cn w dn u, (-r-) 

cn (w + v) = cn w cn V — snl^ dn w sn v dn v, (-r-) 

dn(M + v) = dn M dn t; — A;* sn w cn w sn v cn v, (-7-) 

where denominator 

= 1 — A;' sn*w sn'y; 
and 

sn (w — v) = sn t^ cn v dn V — sn v cn w dn w, (-r-) 

cn (m — v) = cn w cn V + sn w dn w sn i; dn v, (-^) 

dn(M — v) = dni^ dnv +i' snt^ cnw snv cn v, (-7-) 

with same denominator 

= 1 — A?' sn'w sn'?;. 

As remarked in Chapter I., these are given by the addition- 
equation, or they may be deduced from 

cn'tfc = 1 - sn*w, dn'w = 1 — A;' sn'w, 

sn'w= cnwdnt^, 

cn'i^= — snw dnw, 

dn u= — h^ sn u cn u. 



62 



ON THE ELLIPTIC FnHCTIOlTO sn, CD, dn. 



[IT. 



87. Putting for shortness snu^w,BrLV=^y, these are 

sn (m ± r) = a; VT^* ^l^l?^ ± y vT^ Vf^H^, (-f) 

en (w ± v) = Vr^ Vl-^ T a:y Vl-A"a^ Vl - Jty, (-5-) 



dn(M ± v) = Vl -AV Vl -A;»y» T A'iry Vl -«* Vl -y*, (-5-) 
where denominator 

88. Represent for a moment the last-mentioned numera- 
tors and denominator by -4 ± -4', 5 ± ^, C7 ± C", and D, via. 

then we have evidently 

sn (w + v) + sn (w — v) = 2-4, 

sn (tt + v) — sn (w — v) = 2-4', 

en (tt + v) + en (w — v) = 25, 

en (w + v) — en (m — v) = 25', 

dn(i^ - v) + dn (w + v) = 2(7, 

dn (i^ + v) - dn(t^ - v) = 2(7', 

where throughout 

denominator = D. 

89. But there are other formulae depending on the pro- 
perty tli^t the rational functions A'- -4", E'-B^, C'-G" 
contain Z) as a factor. In fact writing. 
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we have 


ff-ff'=QD, 




and thence 


sn {u + v) sn (m — v) = P, 


(-) 




cn {u + v) cn (m — v) = Q, 


(-) 




dn (t^ + v) dn (u — v) = J?, 


(-) 


where denominator =Z). 





I write down at full length the first of these as it is a 
formula of frequent occurrence, 

sn.(u + v) sn (tt — y) = (sn*t^ — sn'v) t- (1 — A;' sn'i^ sn* v). 

90. We may deduce a variety of other formulse, for instance 
[1 + sn (m + f)] [1 + sn (m - »)] 

where the numerator is 



1 - iV/ + 2j; Vl - y* Vl - /fcy + iB* - y*. 
91. To complete the theory we consider the expressions 



T=x vi^itv vr^, r =-y vr^ ^/T^, 



tr=a;Vl-»'Vl-^y, 



cr= yVi-y*Vi-/fcV. 



It then appears that each of the functions sn, cn, dn of 
u±v can be expressed in a fourfold form as follows : 

, sA-\-A'_ P U+V T-r 
sa[u + v) ^ A'^rA:~'B^B'~C-C" 

, , - B+B' U-U' Q 8+8' 
cn („ + „) = _g AirA'^^B^B' = 0^^" 

^ O+C T+r 8-S' R 
dn (« + 1>) = — ^- = 2^:-j, = -^3^ = -^^j^, ; 



(>4j on the elliptic fuxctions sn, en, dn. [iv. 

with the like formulse changing simultaneously the signs of 9, 
A\ B, C'y S\ T, U\ Any equations obtained by comparing 
different values of the same function are of course identities: 

thus we have — ^^ — = -7 77, that is, A^^A'* = PD bs 

D A" A 

above, &c. Again 

{B+B)iC' C) = i) (S+ S'), {B -B')(C^ C) = Z) (S - iST), 
or what is the same thing, 

BC - BTC = D8, --BC' + B'C^- DS\ &c., 
with various other identities. 

92. By selecting the proper expressions we obtain at once 
formula) involving different functions of w + r and w — t? rfe- 
spectively : thus let it be required to find the product 

sn {u + v) en (w — v) ; 

these are expressions for the factors involving B^B' in the 
denominator and the numerator respectively, viz. we have 

sn [u + v) en [u - v) = ^g— g/- • — gr~ > 

D ' 

or what is the same thing, the value is 

_ sn 1^ en w dn v + sn V en V dn M 
" 1 — A;* sn*M sn"t; 

Similarly, 
en {u + v) sn (w - v) = — y — , 

and by combination of these formulse, we obtain 

2/7 
sin [am {u + v) + am (w — y)] = -z- , 

2?7' 
sin [am [u + v) - am (w — ?•)] = — T) . 
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93. Although the formulae are so numerous that they 
cannot be remembered, and in the manner just explained any 
one of them may be obtained with extreme facility, yet for 
convenience of reference I reproduce the whole series of 33 
formulae given Fvmd. Nova, pp. 32 — 34. We have throughout 



denom. = 1 — A:* sn'i* sn*v. 



(1) to (21). 



sn (w + v) + sn (w — v) 

sn(w + v)+sn(w — v) 

dn (tt+ 1?) + dn(M— v) 

sn (w + v) — sn (w — v) 

en (u — t?) — en (w + v) 

dn(w — v) — dn(t^ + t;) 

sn (w + 1?) sn [u — v) 

1 + A* sn (w + v) sn (m — v) 

l + sn(w + t?) sn(w — v) 

1 + en (w + v) en (m — v) 

1 + dn(t« + v) dn(w — v) 

1— J5:^sn(w + v) sn(w — t?) 

1— sn(w + t?) sn(t* — v) 

1 — en (w + v) en (w — v) 

1— dn(t« + v) dn(w — v) 

{1 ± sn (w + v)] {1 ± sn (m — v)] 

{1 + sn (w + v)] {1 + sn (w — v)} 

{1 + A; sn (w + v)} {1 + Z; sn (w — v)} 

{1 i A? sn (w + v)} {1 + & sn (lA — v)} 

{1 i en (w + v)} {1 + en (w — v)} 

{1 + cn (w + v)} {l + cn(w — v)} 
c. 



= 2 sn w en V dn t?, 

= 2 en tt en v, 

= 2 dn M dn v, 

= 2 sn i; en u dn t^y 

= 2 sn t4 sn V dn u dn V, 

= 2A;" sn w sn i; en tt en V, 

= sn'w — sn'v, 

= dn'v -f fe* sn'w cn'v, 

= cn'v + sn'tt dn'v, 

= cn"w + cn'v, 

= dn*i^ + dn'v, 

= dn^w + 1^ sn'i; (m^u, 

= cn'w + sn'vdn'w, 

= sn*i^ dn't; + sn'v dn'w, 

= Z:^(sn't* cn'v + sn' v cn'w), 

= (en V ± sn w dn v)', 

= (en w + sn v dn uf, 

= (dn i; ± & sn -M en v)', 

= (dnw ± A; sn i; en uf, 

= (en t* ± en vf, 

= (snt^ dn i; + sn i; dn uf. 
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{l±dn(w + v)}{l±dn(tt-t;)}=:((lntt±(lnv)*, 
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{l±dn(w + r)}{l + dn(tt-v)} 

sn (u + v) en (w — v) 

sn (u — v) en (u + v) 

sn {u-\-v) dn (w — v) 

sn (t^ — v) dn (w + v) 

en (w + v) dn(w — v) 

en (u — v) dn(w + t;) 

sin {am {u + v) + am {u • 

sin {am (t* + v) — am {u 

eos{am {u + v)-\- am (u • 

co8{am (w + v) — am {u 
(22) to (33). 



A;^(sni« envT sni; enu)', (+) 
= snw ent^ dnt; + snv env dnu, (-r) 
= 8nw cnu dnt; — snt; env dnu, (-r) 
= snt^ dnu env + snt; dnt; enti, (-r) 
= snt* dnt^ env — snt; dnt; ent*, (-r) 
= ent^ ent; dnt£ dnt;— i'* snt^ snt;,(4-) 
= ent* ent; dnt* dnv+fc^ snt* snt;,(-^) 



»)} 


= 2 snt* ent* dnt;, 


(■ 


*•) 


")} 


= 2 sn t; en t; dn t«, 


(■*-) 


«)} 


= en't* — sn't* dn*t;, 


(- 


^) 


")) 


= en*t; — sn't; dn*t*, 


(• 






The Periods 4K, MK'. Art. No. 94. 
94. The theory of the periods depends on the equations 



sn = 0, 



en = 1, 
dnO = l, 



8n.K'=l, 

cn^=0, 
d.nK = k', 



sn (K + iK') = i 



cu{K + tK') 
dn(Z+i2") 



1 

k' 
-ik' 

k ' 



= 0; 



where K, K' are the complete functions Fk, Fk'. 
To prove these observe that writing 






dx 



Vl-a?M-ifcV' 



we have snt* = f, ent*»= Vl-f, dn t* = Vl - ifc*f*. 
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whence writing f = we have the first triad of formulaB, and 
writing f = 1 the second triad. For the third triad, writing 

f = T ) we have 



J £ 



1 

* dx 



1 



Uo'^Ji/Vl-a;»7l -&V 
and to transform the integral we write (a;=l, 3=0; x=-j, z=\\ , 



whence 


~ VI - AV ' 

J h*zdz 
(1 - Fa')* 




1 tVl - AV 

Vl-ai* Uz 




1 VI - A'V 


or multiplying . 


Vi-F;c* )fc'Vl-a'' 



Vl - x'. 1 - *v Vi - ^M - i V' 

so that the integral is 

JoVi-^^.i-feV 

and the value of u is ^K + iK\ Hence writing u = K -{-xK* 
f = T , and observing that the value of Vl — f is 

I Vl -/t' V 

5—2 
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— ik' 
viz. that it is = — r— , we have the required formulae 

1 — ih* 



Property arising from the transformation. Art. No. 95. 

95. In the foregoing relation between x and «, write for 
a moment a; = sin^, ^ = sin;^ the differential equation is 

d^ __ idx 

Vl - A^ sin^ " Vl -F 81^ ' 

whence, assuming sin^ = sn(v, A;), sinx = sn(t«, fc'), this is 
dv^idUf or we have v = i'W + const. But we have simultane- 
ously a; = 1, « = ; and for a? = 1, v is=K, and for a = 0, u is 
= : hence the constant is = K, or we have v = iu + K: con- 
sequently X = &n(iu -\- K, k\ 2 = sn(w, k'). Substituting in the 
integral equations between a?, z, we have 

sn (m -\- K,k) = 



.'\ t 



dn (t^, k') 
cn (ttt + ii, A:j - dn(i^,A;') ' 

which are equivalent to the equations obtained in the next 
article. 



Jaxiohts imaginary transformation. Art. No. 96. 

96. Write sin 6 = i tan -ilr, whence also cos 6 = r , and 

^ ^ ^ cos*^ 

sini/r = — I tan j> ; consequently c?^ = — ~- , and 

d^ idy^ 



Vl - yfc* sin'^^^ Vl-Fsin> 
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Hence, putting sin ^ = sn (v, k), sni/r = sn (u, k'), we have 
dv = idu, or since v, u vanish together v = iu; that is 

sin ^ =5 sn (iu, k), sin i/r = sn (u, &'). 

The integral relations between ^, yjt give 

sn rit^ fc W 1^5^^^^ 

dn(m,A:)=^^l. 

It may be observed that in this transformation writing 
^ = %u we have i^ = gdw. It is to be further observed that 
writing sin "^ = y, and as before sin ^ = a;, we have 

X — ^y_=— I— 



that is - = Kz, which exhibits the relation between this and 

y 

the transformation in the preceding article. 



Fwnctims ofu + (0, 1, 2, 3) ^+ (0, 1, 2, 3) iK\ 

Art. Nos. 97 to 99. 

97. It is easy from the foregoing values of the sn, cn, dn 
of K and K + iK' to obtain the values given in the following 
table : for instance we have 

sn (w + -fiT) = sn ^ cn t* dn t« -r- 1 - A:' sn'-fiT sn' a, 

= cn M dn u -r dn*w, 

= cn u -r dn t( ; 
sn (m — ^) = — cn w -r dn w, &c. 

Similarly finding Bn {u -{- K -¥ iK% and in the resulting 
formulae substituting u — K for u and reducing, we have 
sn (w + iK') : and so in the other cases. 
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Functions of tt+ (0, 1, 2, 3) ^+ (0, 1, 2, S)tK\ 



+ojr 



+jr 



+2jr 



+3jr 



+0i:' 



-\-iK' 



+ 2lK 



+ 3iir' 



snu 


cnt* (-7-) 


-snw 


- cnw (-T-) 


cnw 


-ifc' sntt (-^) 


-cnii 


i/BJlU (^) 


dnu 


ifc' (^) 


dnu 


k' (~) 




denom.=dnu 




d6nom.=dnu 


1 (-^) 


dnt*(~) 


-1 (-) 


dnu (-^) 


-i dnu (-T-) 


-i^ (-) 


i dnu (^) 


i«^ (-^) 


-iifccnt* (-^) 


iWsnui-^) 


-tifccnM (-T-) 


aA;'snt*(-r-) 


denom.=i(;8nu 


denom.=i(; cnu 


denom.-iksnu 


denom.=i(;cnu 


snu 


oni* (-7-) 


-sntt 


- cnu (-T-) 


-cnt* 


k' BUU (-i-) 


cnu 


-ife'snt* (-7-) 


-dntt 


-*' (-^) 


-dnu 


-i^ i-^) 




denom.=dnu 




denom.=dnu 


1 (-) 


dnw(-r-) 


-1 (-) 


dnt*(-T-) 


t dnw (-7-) 


^' (-) 


-* dnw (-^) 


-ii' (-^) 


ik cnw (-4-) 


- ijfcife' sn u (-7-) 


iA; cnu (~) 


-iibfc'snM(-^) 


denom.^A; snw 


deiiom. = i(;cnu 


denom.=il; snu 


denom.si&cnu 



where the arrangement hardly requires explanation : the table 
shows for instance that 



where 



Bn{u + iK')= 1, 
cn (w + iK') = — i dn u, 
dn {u + iK') = — tX; cn w, 
denom. = A? sn w ; 



(-) 
(-) 



it sometimes, as here for dn {u ■}■ iK'), happens that there is 
in the numerator and denominator a common factor k, this 
is of course to be omitted. 



98. The table, writing therein w = 0, gives the values 
of the functions of mK+m'iK', In particular, where there 
is a denominator k sn w, the functions become infinite : it 
is necessary to attend to the ratios of these infinite values, 

and the convenient course is to write j— — = I, where / is 



k sn 



u 



regarded as a definite infinite value. The table thus gives 
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an *«■'= /, 8n(2ir+ iK')^- I. 

en iK' = - il. cn(2ir+ iK')= il, 

da iK' = -ikJ, dn (2^+ iK') = - tfc/, 

an 3iK'^ I, m {2K + SiK') => - I, 

cn3iZ'= il, en (2ir + 3tZ0 = - il, 

dn3t£"= iki, dn (2ir + StiT) = ikl 

We may from these reproduce the original formulae which 
involve u ; thus 

, ._». BnM(— fc/*)+/cn«dnM 

8n(«+ur) i_^p,nv — • 

__ — A:/* sn M __ 1 

and so in the other cases. 

99. The table shows that the functions have 2K, 2K' as 
half-periods : we in fact deduce 

sn (u + 2mK + 2m' iK') = (-)* sn u, 

cn( „ „ ) = (-r^cn2*, 

dn( „ „ ) = (-)*' dnw; 

whence taking m, m each even it appears that 4tKy 4^K' are 
whole periods ; viz. that increasing the argument by 

4^mK+^'iK\ 

the functions are severally unaltered. 

^ Duplication. Art. No. 100. 

100. Writing v = w, we deduce the functions of 2m, or say 
the duplication-formulae. We have 

sn 2w = 2 sn M en w dn w, (-^) 

en 2m = en' 14- sn'wdn'i*, =1 — 2 sn'w +i*sn*w, (-f-) 
dn 2u = dn'w — k* sn'w en' w, =1 — 2^ sn' w + &' sn\ (-f-) 
where 

denom. = 1 — i* sn*u ; 



72 ON THE ELLIPTIC FUNCTIONS sn, CD, dn. [iV. 

or if for convenience we write 

sn w = a?, 

en w = Vl — ic*, 

dnw = Vl-A"aj'; 

then the formulae are 

sn 2w = a» Vr^ Vl - y'a?, (-5.) 

en 2w = 1 - 2a;» + ifc^ic*, (^) 

dn2w = 1 - 2&V + AV, (-^) 
where denom. = 1 — Ar^^c*. . 

It may be added that 

l-cn2w = 2a:'(l-A;*a:*), =2sn»t*dn'M, (-j-) 

H-cn2w= 2(l-a0 ,=2cn«M, (^) 

1 - dn 2w = 2F^ (1 - x^, = 2i» m^u cn« w, (-r) 

H-dn2w= 2(1-Fic») , =2dnV (^) 

the denominator being as above l — ff^x* or l—i^sn^u. And 
we thence deduce 

sn*w = l — cn2w, (-r) 

en' w = dn 2u + en 2w, (-1-) 

dn'w = A?'* + dn 2w + ifc" en 2w, (-r) 

where denom. = 1 + dn 2w. 



Dimidiation. Art. Nos. 101 to 106. 

101. In the expressions for the functions of 2u, writing 
^u instead of u, we have the functions of u expressed in terms 
of those of i^u, and from these equations can obtain the ex- 
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pressions of the ftmctions of ^u in terms of those of u. Thus, 
writing for a moment x^^sn^u, we have 



sn u = 2aj VH^ Vl-i'a', (-^) 

cnu = l-2aj» + A?»a;*, (4-) 

dnw = l-2ifc»aj» + &»»*, (^) 
denom. = 1 — A?'^;*. 

The last two equations may be written 

(1-cnw)- 2aj" +&"(l+cnw)a?* = 0, 
(l-dni^)-2i'a;» + A;*(l + dnM)a:* = 0, 

aud from these eUminating a?* we have a:*, that is sn*^, ex- 
pressed rationally. Obtaining from it the expressions of cn*^M 
and dn* Jw, we have 

sn' Ju = dn u — cn u, (—) 

cn' iu = &" (1 + cn u), (-r) 

dn'iw = i'*(l + dni*), (^) 
where denom. = fc** + dn w — &* cn m. 

102. But, ante No. 100, it appears that we have also the 
expressions 

sn' Jw = 1 — cn w, 

cn' ^u = dn w + cn u, 

dn'^i* = A?'' + dn w + A;' cn w, 

where denom. = 1 + dn m. 

In passing to the expressions of sn^w, cn^u, An^u, the 
radicals must of course be taken with the proper sign. 

We deduce the following special formulae : 
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8X1:= 



on = 



dn= 



iK 


1 


Vi+ib' 




1 


tK 


Vl + i' 


1 TT . • EF/ 


1 


4a+ »a' 


Vl-iJ/ 


|jr+ iiT' 


• 

1 


VI -A;' 


iiiC' 


• 

t 

V* 


K+iiJT 


1 

V* 


iiK' 


• 

t 
y/k 



K-^iiK' 



y/k 






^W 



Vr+¥ 

VfTF 



V]fc 
iVT^ 

ViTA; 



iVP 



Vl4ifc 






1+1 vr 

l+iVP 
V2 Vi 

l-iV^ 

V2 v^ 



Vl-ifc 



-Vl+ib 



-VlTX 



{vT+I^-tVi-ifc'} 
{VrTifc'+iViriPi 



vp 

>/2 

VP 

V2 
.V2 ' 

-^{Vrrp-iVTiT} 



where for the last set of formulae we may substitute: 





8n«=: 


cn'= 


dn2 = 


\K-\-\iK' 


\ (*+t^ 


k 


ifc'(*'-a:) 


iK+\iK' 


\{h'ik') 


k 


V(lf+%k) 


\K^iiK' 


Ic^-^T 


k 


lf(k'+ik) 


iK+ \iK' 


^(*+ifc') 


ik' 
k 


J(f{V-ik) 
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103. We find 

snCm-iin = ^ k' snu + cnudnu 

^ ^ VfTT l-a-AOsn'u ' 

_ 1 dnu + ^l+k") sau cnu 



Vl + A?' en M + 8n tt dn u ' 

sii(u + liK') = JL (l+&)sn^ + icnudnti 

VA; 1 + a? sn'^M 



/& V (1 + 



A;) sn « + 1 en u dn u 



sn 



(u+^K+^iK')=^^ :i^ 



f/k V (1 + &) sn tt — i en w dn tt * 
— ifc' sn w 4" en w dn M 



(& + 1%') sn»w ' 



_ /A? + tk' en w + (A? — ik") sn m dn m 
V k dn + A;snz«enu ' 



where the first expressions are those given at once by substi- 
tution in the general formula for sn (u + v). 

104. To identify the two expressions of 8n(u-{-^K), writing 
for convenienee snu = a;, observe that in the first expression 
the denominator is 1 — (1 — A?') a;", and multiplying this by 
1 + (1 — A?') a^, the produet is 1 — 2a? + Ar'aj*. And in the second 
expression the denominator is Vl — a;* + a; Vl — A^ic', which 
multiplied by Vl — ic* — a? Vl — Ar*a^ gives 1 — a?* — a^(l— Aj'aj'), 
= same value, l — 2a? + k^x* : reducing in this manner the two 
expressions to a common denominator, the numerators would 
be found to be equal. Similarly as regards the two expressions 
of sn(M + iK+itK')y we have 

{l-A;(A; + iA?>'}{l-A;(A;«iA;')i»'l = l-2A;V + A;V, 
and 



{Vl - Aj'^^- A;a; Vl -a?^} {Vl - A;V- A;x Vl - a?} 

= 1 — A;V — A;V (1 — a?'), = same value. 
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As regards the two values of sn (u + J^^Oj ^® tave 

and the identity is at once established. 

105. We deduce without difficulty from the second formulas: 

2r , 1 Tr\ 1 dnwH- (1 +A:') snw cnw 

^ ^ ^ 1 + A? dntt + (l-A?) snwcnw' 

-, . ,.1^/v 1 (1 + A:) snw + » cnw dnw 

^ A? (1 + A?) sn M — z cn M dn tt 

'^ I 1 p- 1 1 *y^ — ^ + ^'^^ cn ti + (A; — 1%') sn u dn ti 

'^ A? cnw + (A? + iA;') snw dnt^* 

to these may be joined the formulae obtained by considering 
u + ^K, &c. as the halves of 2u + K, &c., see No. 102, viz. we 
thus have 

^ A; sn 2m — I cn 2tA 

2/ . 1 ET . 1 •i^'N 1 A; cn 2w + tA?' 
sn (u + J^+i^iT^j^ cn2^ik-^u 

106. Observe that in the first expression the denominator 
multiplied by 1 — J(^x* is 

fc'(l - Ar^a;*) + 1 - 2k'a^ + i?x\ 
= l + A;'-2A^aj^ + (l-A:')A7V, 
= (1 + A;') {1 - (1 - &') aj'r. 

In the second expression, multiplying the numerator and 
denominator by sn 2u + i cn 2u, the expression becomes an 
integral function (sn2tt, cn22^, dn2tt)'; having therefore a de- 
nominator (1 - I(?xy, = (1 + ka^y (1 - ka?)\ 
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In the third expression the denominator multiplied by 
1 -ifc^aj* is 



1 - au^ +&'a?* + 2iJfc'a? Vl -a;^ Vl - jfc^a^, 



= ilk' snit + en u dnw)*; 

by aid of these remarks the identifications can be easily 
effected. 

Triplication. Art. No. 107. 

107. Writing v==2u, and using the duplication-formulae, 
we obtain the functions of 3ti. These are easily found to be 

sn 3m = 3a?- (4 + 4ifc^ a;' + GJfc'aJ* - &V, (-^) 



cn3tt = (l- 4i? +6ifc^aj*-4A;V + ifc*a0^^1-^> (^) 



dn3tt = (1 - Wa? -{- Gii'x' - Wx' + k'af^ ^l^¥x\ (-r) 
where 

denom. = 1 - Q¥x' + (4^^^ + W) a?' - 3)fcV. 
And we may add 

1- 8n3w=(l+a;) {l-2aj + 2*^0?' - A:'^*}', M 

1+ sn3w = (l-a;) {l + 2a; - 2A'a?» - Fa;*}C (4-) 

. l-ifcsn3i* = (l+ifcaj){l-2A;a? + 2Jfcaj« -A;^aj*}», (-) 

l+ifcsn3M = (l-ifca?){l + 2ifca;-2ib;^ -¥x']\ (-h) 

the denominator as above. 

The duplication and triplication formulae possess various 
properties which are in fact particular cases erf those for the 
multiplication by any even or odd integer n: and it will be 
convenient to defer the consideration of them until other in- 
stances of the formulae are obtained. 
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MvUiplication. Art. Nos. 108 to 116. 

108. It has been seen how the functions of 2m and 3m are 
obtained : to consider the general question of determining the 
functions of nu, suppose n =/>+;, and imagine that the functions 
oipUf qu are known. We may write 



snpu=^A, (-r), 
cn pu^B, (-7-), 

denom. = D^, 



sn qu 

cn qu 

dnqu 

denom. 






(-). 
(-). 



A- 



The addition-formulae give 

cn (p + 2) u = BJ),BJ), - A,G^^G, 
dn{p + q)u= GJ),C,D, - li^A,B,A,B, 
where denom. = D^^D^' - It? A,' A*; 



(-). 
(-). 
(-). 



and the functions on the right-hand side are consequently pro- 
portional to Ap^^, Bp^f Gp^, Dp^ respectively. We have A^=x, 

£^= Vl-sic*, Ci= ^/l — Fic", Dj= 1 ; and hence writing p = j = 1, 
we find four values which have no common divisor, and which 
may therefore be taken for the values of -4^, 5,, (7,, Z), re- 
spectively : viz. we thus obtain 



^, = 2aj Vl - a^ Vr=^l^, 
5, = l-2a:» +&V, 
C, = l-2A;^a;» + *V, 

the foregoing duplication-formulae. And similarly, writing 
p = 2, J = 1, we obtain the triplication-formulsB. But at the 
next step, if we write p = j = 2 we obtain four values, and if 
we write p = 3, j = l we obtain four other values of higher 
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degrees ; these are of course proportional to the former ones, 
and they contain a common factor, throwing which out they 
would coincide with them. And so in general, for a given 

value of p + q the degrees are lowest when p, q are as nearly 
as possible equal: that is p + q even, when p^q, and p + q 
odd, when jp*-* j = l: or what is the same thing, the proper 
partitionments are 4 = 2+ 2, 6 » 2 + 3, 6 == 3 + 3, &c« Taking 
the functions thus obtained for the values of A,^, B^^, C,^, 

p + q odd; p'^ q = l. 
B^^B^,B,D,^ A,C^,G,, 

p^-q even; p = j. 
A^ =^2A^BpCpDpf 

109. The calculations for the cases 4 and 6 may be per- 
formed without difficulty: but for 6 and 7 they become very 
laborious: the results have however been calculated by Baehr, 
Gfrunerfs Archiv xxxvi. (1861), pp. 125 — 176, and for con- 
venience of reference I reproduce them here, partially verifying 
them as afterwards mentioned. The whole series of formulae 
for the cases n = 2, 3, 4, 5, 6, 7 are as follows : 



80 



ON THE ELLIPTIC FXTNCTIONS Sn, Cn, dn. 



[IV. 



sn2u= 

ajVl-iB«Vl-*V 

into 


on2tt= 


dn2it= 


denom.= 


l~on2« 

=l-*«ai« 

into 


l + on2tt 

=l-aj« 

into 


l-dn2tt 

=l-aj« 

into 


l+dn 

=1-J 

into 


2 


1 
-2a» 

+ *V 


1 
-2*»ai« 
+ *2^ 


1 


2a» 


2 


2*8«» 


2 



(■^) 



(-5-) 



(-^) 



(H-) 



(^) 



(H-) 



(-!■) 



8n3u= 


cn3i£ = 


dn3u= 


denom. = 


1-Bn3«= 


l-*Bn3tt= 


a; 


VI -a;* 


Vl-*2a;2 




(l+«) 


(1+ib 


into 


into 


into 




into Bq. of 


into sq. of 


3 


1 


1 


1 


1 


1 


-(4+4*»)aj« 


-4a:« 


-4*2a!« 





-2aj 


-2*a! 


+ 6*V 


+ 6*V 


+ 6*ax* 


-6*ax* 











-4**a« 


-4*»a^ 


+ (4^2+4;^) jb6 


+ 2*s«8 


+ 2*a:5 


-**k8 


+ **x8 


+ **x8 


-3**«8 


-*8a^ 


- *2a^ 



(-^) 



(-) 



(^) 



(■^) 



(H-) 



8n4tt= 


on4K= 


dn4i»=: 


denom. = 


aVl-aj«N/l-*ax8 


into 








4 


1 


1 


1 


-(8 + 8*») aj« 
+20*« «* 


-20** a^ 
+ (8**+8*8)a;i» 
-4*8 ajia 

1 


-8 a? 
+ (8+20*2) a* 
-(24*2 +32**) a^ 
+ (64**+ 16*8) a^ 
-(24**+32*8)ajio 
+ ( 8**+20*8) a;i2 
- 8*8 a:^* 


-8*2 a^ 
+ (20*2+ 8j(^)a4 

- (32*2+24**) a^ 
+(16*2+54**) «8 

-(32**+24*8)j»io 
+ (20*8+ 8*8)aji2 

- 8*8 a:" 




- 20*2 «* 
+ (32*2+32**) aj8 

- (16*2 +58**+ 16*8) «8 

+ (32** +32*8) a;io 

- 20*8 x^ 






+ *8 a:i8 


+ *8 a^8 


+ *8 aji8 



(-) 



(•^) 



(■^) 
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Bn5u=xmto 




on5tt=Vl-x*mto 


dn6t»=Vl-lAB8into 


5 




1 


. 1 1 


-(20 + 20X:*) 




- 12 




- 121:« 


+ 16+94i« + 161;* 




+ 16+601;8 




+ 50*8 + 161:* 


-( 801*+ 80^;*) 




- 801:8-1401;* 




-140*8-80** 


- 106i* 




+ 3361:* +1601:8 




+ 160*8+336** 


• + 3601;*+ 3601^ 




-2641;* -4641:8. 


-641:8 


- 64*8 - 464** - 264*8 


« -(240ifc*+780i:» + 240i8) 




+ 2081;* + 6081:8 + 2081* 


+ 208** + 608*8 +208*8 


* + 64i:* + 560X;«+660ife8. 


+ 641^0 


- 641;*-4641:8. 


-2641:8 


-264*8-464*8-64*10 


« - (ICO** +445*8 + 1601^0) 


+ 1601:8 + 3361:8 




+ 336*8 + 160*10 


8 + 140*8 +i4o;tio 




- 1401:8 _ 801J0 




- 80*8-140*10 


» - SOAio 




+ 601:i<>+161:i« 




+ 16*8+50*10 


» 




- 121J« 




- 12*10 


»* + i" 




+ h^ 


+ P« 1 


(■^) 


(-^) 


(-^) 


1 - 1 snStt = (1 - «) into 


l-*8Ti5«=(l-.la;}into 




square of 


square of 


Denom. = 


» 1 


1 


1 


^ - 2 


- 21; 





» - 4 


- 41:« 


- 601;« 


» +104» 


+ 101; 


+ 1401:8 + 1401:* 


• + 54» 


+ 61;« 


-(1601;« + 4461;* + 1601:8) 


» -12i»- 8** 


- 81; - 121J» 


+ 641:«+ 6601;* + 6601:8 +64^ 


» + 41:»- 41;* 


- 41:»+ 41:* 


-(2401:* + 7801:8 + 2401*) 


^ + 81:« + 12** 


+ 121J»+ 81;* 


+ 3601^ + 3601* 


» - 61:* 


- 61:* 


- 1051* 


» -101:* 


-101;8 


- (801*+801:W) 


^^ + 4ifi 


+ 41;* 


+ 161* + 941^0 + 16*" 


" + 21:8 


+ 2P 


-( 201:10 + 201;i«) 


" - *8 


- 1:8 


+ 61:i« 



In the Tables which follow, some obvious abbreviations are 
made use of. Thus we must read in the table for sn6u 
6 + (- 32 - 32A;«) a/» + (32 + 208J(? + 32**) x* - &c., 
and in that for snlu, 

7+ (-.56-66i")a;'+ (112 + 532i»+ 112A*)a;*-&c., 
the numerical coefficients in this last case being printed to 
the middle term only, - 56: for (- 56 -56), and + 112 (+ 532) 
for (+ 112 + 532 + 112), the expressions being symmetrical as 
here shown. The numerical coefficients of denom. 7u are in 
a reverse order the same as for sn7w, and those of dn7u the 
same as for en 7m, but in a reverse order, as is sufficiently indi- 
cated in the tables. 

c. 6 
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s S 
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00 
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00 


09 Q 00 09 
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^ ^ «• «• 

^ * T- 2* 2* •^^ "• a. a. 3. 
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- 47040 (- 113932) 
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+ 21604 +311808 +1006200: 
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- 89600 - 766632 (- 1463980) 
+ 164864 +739536: 
-111662 (-265272) 

- 35840 -108864: 

+ 8960 +116480 (+ 230713) 

- 1024 - 30208 - 146240: 
+ 3684 + 89536 (+ 86660) 

- 4928 - 26200: 
+ 8360 ( + 8022) 

- 1176 : 
+ 1^6 


1 




1j •klili Ij 


o 


-« i -« "« «« 1. i •« % ^ 1, i 1, ^ % L i ^ % 



IV.] 



ON THE EIXIFTIC FUNCTIONS 8D, CD, dn. 



85 



O 

.s 

I 
II 

a 



o -5 i 3i 2i 3i a^ 3. ^. '^ 7. 

Si 2; Si ^ ^. ^. '^^ ^ ^ ---- --^ - 



^ 3« 3i 3i 3« 



SiSeSeSiSiSiSi^^-^^^ .,- ^- «- „- p- o- T- 

_•• _•• _• ^^ __•« •» •• © o o o © 'T^ t» '^•. «^^ ^^ •« ej 



3i i S i S S S" 2; Si Si 3« Si Si '^^ ^^ -^^ '^^ ^^ -^^ '^^ 2i 

Si sT sT tf Si* sT sT sT sT sT sT sT 3i' sT Si Si ^ 2i 2i Si Si Si 3i Si 



CO 

I 



<x> 



<3 
M 


CB 



i ^ 

I a 
I ^ 



o S I 

00 t* -^ CO 

4-1 OC O 

"* CO CO ,1 

c!iojt-:::::::':-:::::::'T^ 
THtH :.: -^ <z> '^ i-i 

*H CO 00 Oi 

I + I 11 + 



« 



00 o o e 

-^ Si Si Si Si 

^ <0 00 00 00 00 o 

^ ^^ ^- - «- «' S ^ Si 3i r^ ^4i 2j 

O © O O O r-l (^ ^ 

►ai^h^ir^ir^'^^-J • • S 2 2© 



f- IH 1-j pH li* 

r^ r^ Si ^4i "^ 









Si 


Si Si sT sT sT sT sT 




Si 




1^ 








r^i 


;4i 

00 





^ 

^ 
QM 


^ 










Si 


Si 


sT sT sT sT s; s; sT sT 


S Si 
Si '^^ 


Si 


^4i 


^4i 






Si 


Si 


Si 


i 








»H iH 






Si'sTsrsrsrsTsrsrsrsi 


Si 


Si 


Si 


Si 


Si 


to" 

Si 


oo*" 

Si 




§: 


i 


3. 














"* 


00 "* « 

-* '^ t- 

'^ t- <M 


'^i* 


C<l 


CO 


CO 


00 


© 




























<N 


CO 


CD CO 


Oi 


»o 


CO 


(N 































00 





''^ 


r-i 


10 




























r-i 


00 rH 

CO t* 




Oi 00 
00 C4 


^ 


r-i 


CO 


5 




























1 


+ 1 + 


1 


+ 1 


+ 


1 


+ 


1 




























•**t 


00 00 CO 


rH 


« 


CO 


00 


CO 


© 




























00 CO 




CO 


a> 


CO 


•^ 


r^ 


00 


© 


























la iH 


00 


00 *a 


W3 


CSI 


•^ 


(M 


(M 


























CO 00 


CO 





Oi 


Oi 


10 


(M 


CO 


r^ 


























<M 


sss 


s 


CO 00 

CO CO 


r-i 




»0 
CI 


r-i 





























+ 1 


+ 1 + 


1 


+ 1 


+ 


1 


+ 


i 


+ 














^ 






CO 





00 


CO 


iH 00 CO 


eq 


CO C<1 


CO 


00 


r-i 


© 


CO 


00 


Cd 


•^ 








fl 






t* 


CO 


eq 


t* (M 


00 ''I* rH 


10 


10 U5 


r-i 


rt* 


S2 


(M 


r-i 


00 


t- 


CO 








•»^ 






tH 


CO 


OS 


r-i r-i 


00 ^ 

"* ^ 


r-i 


00 r-i 





r*< 


00 


r-i 


t- 


(M 


CO 










li 






iH 


CO 


->* 


CO 


Oi 


00 a> 


r*< 





r*< 


© 


»o 


10 






















CO <N 


co CO t* 


CO 


CO 


t- 


CO 


00 


<N 


CO 


r-i 












1 












fH 


CO CO CO 





(M 

rH r-i 


CO 


CO 


00 


r-i 






















1 


+ 


1 


+ 1 


+ 1 + 


1 


+ 1 


+ 


I 


+ 


1 


+ 


1 


+ 


1 










CO 


'«1< 


'* 


00 


CO 


CO 00 CO 


<M 


CO 


CO 


00 


00 


© 


CO 


00 


^ 


rj* 


© 






II 




OJ 


00 


05 


00 


r-i 00 


iH ■^ CO 


Oi 


CO 





^5 


CO 


t* 


00 


Oi 


00 


GO 








r-4 


t* 


»o 


(M 


l> <N 


'^l* <N 


»0 


00 00 


CO 


CO 


CO 


r-i 


r-i 


<N 


iO 


t* 








s 








CO 


(M 


la CO 


C9 U3 


<N 





CO 


© 





CD 


CO 


<M 


CO 










t^ 










« 


CO Ud 


iO ^ <N 


00 


CO iO 


00 


00 


© 


OH 


CO 


C<I 












g 












»-l 


Oi <N iH 


CO 


CO 00 


00 


CO 


r-i 




















+ 


1 


+ 


1 


+ i 


+ 1 + 


1 


+ \ 


+ 


1 


+ 


1 


+ 


1 


+ 


1 


+ 








rH '<* 





'* 


(M 


00 


© 


00 CO CO 


(M 


^ 


(M 


rt* 


00 


rj* 


r*< 


00 





CO 


CO 


^ 


1-i 




C!| 


00 


CO 


t* 


00 


<M <M 


to ua Oi 


l> 


CO 


t- 


r*< 


rt< 


C<I 


00 


(M 


CO 


t- 


OS 


<M 












co 


<N 


r-i iO 


r-i ^ (Z> 


CO 


CO 00 


(M 


t- 


s 


© 


iO 


Oi 


00 


r-i 


r-i 
















U5 


05 CO 


05^ 


00 


Oi ^ 





r-i 


rH 


CO 


■^ 


CO 


r-i 


















r-i 


(M '^l* 


CO rH 


« 


00 CO 

r-i 




00 






















1 


+ 


1 


+ 


I 


+ 1 


+ 1 + 


1 


+ 1 


+ 


1 


+ 


1 


+ 


1 


+ 


1 


+ 


1 


+ 












© 


« ■* 


«D 00 


2S 


■* SP 


00 





c« 


-t 


«o 


CO 


1 


c« 




(0 


1. 




IjIjIi 


1j 


•% 


-H 


1^ % 


"« "« "s 


%» 


li'k 


"h 


14 lilili 1^ 


li 


T» 



CO 



o 

t3 



86 



ON THE iXLIPTIC FUNCTIONS 8D, Cn, dn. 



[IV. 



3 


I - sn 7i« = (1 + ob) into square of 1 


-ksn7u-{l+kx) into sqnare of 


a!» 


1 


1 


1 


1 


»i 


- 4 


1 


- 4 


k 


x« 


- 4 


1 


- 4 


ifc« 


»8 


+ 8+28 


l,i« 


+ 28+ S 


ifc,Jb> 


aj4 


- 14 


P 


- 14 


.*• 


aj» 


- 84- 66 


k^k* 


'-56-84 


X;,Jb> 


»• 


+ 112+ 28 


k^.k* 


+ 28 + 112 


ib«,ifc* 


a;7 


+ 64 + 204+ 32 


k^ k*, Ifi 


+ 32 + 204+ 64 


ifc, P, il* 


0* 


-144-305- 16 


}^,k^,lfi 


- 16-305-144 


i^,ifc*, ifc« 


a^ 


- 32-200-128 


l^,k^,1fi 


-128-200- 32 


jfc»,ifc», F 


ajo 


+ 64 + 456 + 368 


k\ ifc4, Ifi 


+ 368 + 456+ 64 


ifc4, ;fc«, Jb8 


sr" 


+ 112+ 56 


k^.Jfi 


+ 56 + 112 


:ifc»,F 


»i» 


-224 644-224 


k^,1fi,Jfi 


-224 644-224 


ifc4,ifc«,i» 


«i» 


+ 66 + 112 


Ifi.k? 


+ 112+ 56 


i«,F 


aji* 


+ 368+456+ 64 


Jfi, Ifiy ifcio 


+ 64 + 456 + 368 


' ifc*, ;fc«, A» 


«i» 


-128-200- 32 


Jfi, Jfi, ifcio 


- 32-200-128 


ifc», F,*« 


«!« 


- 16-305-144 


Jfi, ifcs, x-io 


-144-306- 16 


ifc«, i8, F* 


«17 


+ 32 + 204+ 64 


Jfi, Ifi, iio 


+ 64+204+ 32 


F, *», *ii 


a;" 


+ 28+112 


ifc8,A:io 


+ 112+ 28 


Jfi.h'^ 


a.19 


- 56- 84 


ifcs, ifcio 


- 84- 66 


ifc», ifcii 


a.20 


- 14 


jfclO 


- 14 


Xao 


«« 


+ 28+ 8 


ifcio, j^n 


+ 8+ 28 


ife»,il?^i 


«M 


- 4 


ifci« 


- 4 


XJO 


ajsa 


- 4 


*« 


- 4 


jfcii 


x" 


+ 1 It^* 


+ 1 


ifc" 



(+-) denom. ut suprll. 



(-f-) denom. ut suprH. 



110. It will be observed that the fonns are essentially 
different according as n is odd or even. 

When n is odd, the numerators and denominators, say 4(«), 
J5(a?), C{x) and I)(x), are of the forms 

^ (1, a;»)^»'-i), 

(1, ^»)-i<n«-i) Vl-Jfc»a.«, 
(1, ^«)i<~^-i), 



viz., the degrees are ?i*, ^?*, 7?*, n* — 1. 
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But, n eren, the forms are 

« (1, a!»)i(«'-*) vr^ vr^i^ , 

(1, ^*-, 
(1, »»)K 

(1. aOH 
viz., tha degrees are w* — 1, n', w*, w*. 

The ratioDal functions (1, ^ presenting themselves in the 
foregoing forms may be called A{x), JB^{x)y C'(x)j ^{^) - the 
degrees in a? are J(n*— 1), J(n*— 1), J(»' — 1), i(/i'— 1) or 
i(n* — 4), Jn', Jw', Jn' according as n is odd or even. 

111. Whether n is odd or even, if we change k into t and 

X into ib;, the functions A'j JX each remain unaltered, while 
the functions B', C are interchanged : thus 

w = 2, A' becomes = 2 



5' 


n 


= l-2Jfc*ai'+i)fcV, 


C 


» 


= l-|*'a;' + pifcV, 


U 


» 


= 1 —pkx. 


n = 3, ^' 


9> 


=.3-(4-h|)a.V + J 


&c. 





And the same is the case with the functions A, B, G, D, 
except that A is changed into kA. 

112. But there is another change, x into jr > ^^^ effect of 

which is diflferent according as n is odd or even. 

If n be odd, then disregarding a monomial factor k^osP, the 

change x into j-- interchanges A\ If and also interchanges 

F, C\ thus 
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, 1 » 1 



[I 



n = 3, A! becomes 3 - (4 + 44*) j^-j + 6A;*-^ « - k 



Fa;" 



ifcV 



8,-8> 



ArV 



= - j^, ( 1 - 6Fa^ + (4F + 4it*)a!» - 3ifcv) ; 



B 



>y 



i.A^oi^^_.u^.j}_^k* 1 



Ic'j^ 



k'x' • " ifc V ' 



C" 



>» 



= j^, ( 1 - 4i V + 6ifc»a!* - 4Jfc V + yfc V) ; 



Z)' 



= j^ (l - 4a^ + 6]t*x* - 4ifcV + A;V) ; 

kx ^ ^kx kx 

If passing to the functions A, Dwe write down the general 
formula, this is 

D (x) = (-)i(»-i) jfc4(««+i) a:»» ^ (^ , implying 

i)^A) = (-)4(»-l)jfc-4(n»-l)a;-n«^ (:^); 

and we thence deduce 

that is AQ^^D(^ = l^{kA{x)^Dix)}, 

viz. the change of x into r- changes sn nu into t : and 

rCx fc sn Tin 

making this change in cn nu and dn nu considered as functions 

of sn nu (=Vl— sn*7it^ and Vl — A;*sn'wt^ respectively) it is 
obvious that the effect must be to interchange the numerators 
of these functions, that is, the functions B and C or B' and C 
as above. 
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113. K n be even, the eflFect, to a factor pr^^-is to leave 
e four functions unaltered; thus n = 2, 

A' becomes p 2, 

B „ 1-2 1 +A^ 1 ,= 1 (i_2x' + *?a,«), 



D' 



9f 



■^"" ^¥x* ' — ifcv ^"^ "" ^^*^' 



Hence, n being even, we cannot in either of the above ways 
effect an interchange of the functions A, D so as to derive one 
of them from the other, and it is in fact clear that they are 
essentially different functions. It is to be observed that A' is 
always a composite function, viz. writing w = 2p we have 

A,^2A^B,CJ)^ 

which is a product of rational functions into Vl — a:' Vl — l(?x^ : 
the numerator-function A'{x) in the above values of sn 4m and 
sn6% might therefore be expressed as a product of lower 
integral functions of a?': in particular n = 4, we have A{x) 

= 4aj (1 - 2aj'+ l?x^) (1 - 2A;V+ JfcV) (1 - l^x') VT^ VF^Fil 
As regards the denominator D {=D') we have 

which when p is odd, and therefore Ap and Dp each rational, 
breaks up into four rational factors (rational, that is, as regards 

Xf but involving the radical VA). But if p be even, then 

Ap = A'p aj Vl — a^ Vl — fcV, and the form is 

which breaks up into two rational factors only. That is, n being 
the double of an odd number the denominator is the product 
of four rational factors, but n being the double of an even 
number it is the product of two rational factors only : thus 

71 = 2 i)(a;) = l-AV, 

n = 4 2>(aj) = (l-ifcV)*-16A;V(l-a;')'(l~AV)'. 
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Altho\2gh for many purposes the expressions thus obtained 
in the case in question (n even) would be in their original form 
more convenient than the completely developed expressionSy 
yet for other purposes and in particular for the calculation of 
the functions of a higher uneven value- of n these last are the 
more convenient, 

114. When n is odd the numerator of l±siLnu is a 
rational and integral function of the order n^ containing the 
factor 1+x or 1 — a?, and the other factor being the square 
of a rational and integral function of the order J (n^ — 1) : the 
two formulas are derived one from the other by merely chang- 
ing the sign of x : say they are 

D(ai)+A (x) = (1 T a;) {P(- x)}\ 
^ving when multiplied together 

viz. the left-hand side is J?(x), =(1 — a:^) {B\x)Y; and converse! j 
the equation (1 — a?') {^'(^)}' = 2>*(a?)--4*(a?) implies that the 
fectors 2>(a?) — -4(a?), D{x) + A{x) are of the forms in question. 
As regards the sign ± it is to be observed that Z)(a:) — -4(;») 
contains the factor 1 - (— )*^*"^'a? ; viz. in the numerator of 
1 — sn nw, w = 3, 7,. ..or 4p + 3, the factor is 1 +x, but n = 5, 9, 
...or 4/? + l the factor is 1—x. The reason is obvious; 
n = 4p + 3, 1 — sn Tit* vanishes for w = — K, that is sn w = a? = — 1 
(but not for w « + K), while, n = 4p + 1, 1 — sn nw vanishes for 
u = K, that is snu = aj = l(but not for u^ — K): we have in 
fact sn (4p + 3) jK' = sn 3iC = - 1, but sn (4p + 1) ^ = sn ^ = + 1 . 

The like considerations apply to the numerators of 
1 ± A;sn nu: the single factor is 1 ± fee, viz. for 1 — A; sn nw this 
is 1 - (-)«*-»ifca?. 

115. In the case n even, there are given (71= 2) foimulge 
for 1 ± cn 2w, 1 ± dn 2w, and from these may be deduced 
analogous formulas for l±ciinu, 1± dn nu, but I have not 
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thought it worth while tQ write these down for the cases 

4 and 6. We in fact have 

1 — en 2pu = 28n*|m dn'jfm, (-!•) 

1 + en 2pu = 2cD?pu, (-^) 

1 — dn2pii = 2A^8n*|mcn*|m, (-r) 

Xf dn2^ = 2dn*/w^ (-=-) 
denom-ss]. — A'sn^/n^ . 

and substituting for the functions of pu their values we 

have 

l-cn22m» iA;c;, (^) 

l+<ai2|m=» 2J?,«2>,*, (^) 

l-.dn2pu=:2ifc'^,*5/, (4-) 

l + dn2pM= 2(7,'2>/, (^) 

where denom. = D^, as for the other 2pu-functions. 

116. We may in the nmltiplication-formulse write Jfc = 0, 
viz. we then have x = siau, and sn nu, en nu, dn nu = sin nu, 
cos nw, 1 respectively : this however affords a verification only 
of the terms not multiplied by any power ctf Jfc. A more 
complete verification is obtained by writing k=^l, we then 

have fl; = sgu, Vl— aj* and Vl — A^aj* each =cgw; and sn nt«^ 
en nt^y dnnte=FSgrm, cgnt^, cgntt respectively. Recalling the 
formulsB 

sgrit* = i{(l+a?r-(l-xn (H-) 

cgww= (1— a:^**, (-T-) 

denom. = i{(l + i»)* + (1 - a;)"}, (-) 

the terms of the fractions require to be each multiplied by 
(1 — a^)*<"*"'*>, viz. the formulae then are 

sg nu = i{(l + xy - (1 - xy] (1 - a^y^^'^), (-) 

eg nt^= (l-aj')*~", (-4-) 

denom. = i{(l + xY + (1 - rc)»} (1 - a^) W-"). 

Thus n = 3, the formulae are 

8g3w = a?(3 + a")(l-aj*)', = a?(3-8i»» + ftc* + 0a?*-ic*), (^) 

eg 3t^ = (1 - a^y Vr^, = (1 - 4a:«+ 6a?*- 4a?*+ x') ^1^\ (-) 
denom. = (1 + Sa:') (1 -a?')', = (1 + Oa;» - 6aj* + 8a;' - 3a:*), 
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agreeing with the foregoing values of sn Su, cn Su, dn Su on 
putting therein A;= 1. 



FactoriaUformidce, Art. Nos. 117 to 122. 

117. In the expressions for the numerators and denomi- 
nator of the functions of nu, the rational functions of a^ may be 
decomposed into their simple factors. This may be effected 
d priori by considering what are the values of x (that is sn u) 
which make these functions respectively vanish. But in the 
particular case n = 2, it may be done d posteriori, by means of 
the duplication-formulae, and the formulae obtained for the 
dimidiation of the periods. 

Write 

(m, m')= 2m K ^-2m' iK\ 
(m, m') = (2m + 1) iT + 2m' iK\ 
(m, m!) = 2mK + (2m' + 1) iK', 
(m, m ) = (2m + 1) ir + (2m' + 1) iK'. 

Then, using { } to denote a product, as explained by the 
appended values of m, m', we have 



sn 2u = 2ic VT-^ VI - ifcV, 

X 



cn2u=U + 



!= 



sn^(m, m')j ' 



'{ 



dn2w=U + 



X 



sn i (m, m')^ 



(-) 
(-) 

(-) 



-{ 



denom. = -jl + 



X 



sn J (m 



> ^')J • 



m = 0, 2 
m' = 0, 1 

m = 0, 2 
m' = 0, 1 

m = 0, 1 
m' = 0, 1. 



118. Thus in cn 2u the product is 



( 



1 + 



X 



sn^K, 



)( 



1 + 



X 






) 



en{^K 



'■ + iK')) ( 



1 + 



a; 



sn {^K+ iK') 



''K')) 
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which is 

V- "*" m{^K+iKy (^ " sn (^K + iK')) ' 
So in dn 2u the product is 

(^ ■•■ sn(iir+|iir')) V "^ 8n(fz+fzirv ' 

which is 
= (^ + snCiiT+itiT')) V " sT(iZ+Fr)) 

= {l-k!^{k- W)\ (l-hf(k + 2A;')) , 

And in the denominator the product is 
V "'" i^iiFJ (^ ■*" sn f tirj 

V^ "^ ^A-T^JT) j V "^ sn(ir + fiZ')j ' 
which is 

= (1 - i»Jkx) (1 + i'Jkx) (1 + Vifca;) (1 - Vto), 
= (1 + jfca;') (1 - ifcaO, 

.119. Considering next the case where n is an odd number, 
» 2p + 1 suppose, 
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write as before 

(m, m') = 2mK + 2m!iK\ 
(m, m') = (2m + l)K+ 2m'iK', 
(m, m') = 2mK + (2m + 1) iK\ 
(m, wO = (2m + 1) K+ (2m' + 1) iK'; 

then the distinct values of sn - (m, m') are those obtained by 

giving to m the values —p, — (/? — 1), ... —1, 0, 1 ... p ; and to 
m the same values; viz. there are in all (2p + 1)', =i^* values 

of sn - (m, m'). 
n 

For take /ia, /ia' values of the form in question, any other 
values are /lA + nO, fi + nff (0 and ff integers). 

^(m,mO-^(/.,M) + (^,n 
where {0, ff) = 2^^+ 25'tX'. Hence 

sn - (771, rri) = (-)«-^«' sn - (/x, /i*') ; 



which, when 5 + 5' is even, is 



sin - (^, /), 



and, when ^ + 5' is odd, it is 



- sin - (ji,, /jl), 



n 



which is =a: fiTi 1 



s^;;:(--a*,-m)> 



n 



where -fi,^^' are of the form in question. 

One of the foregoing values is sn ^ (0, 0), = ; and if ; 
exclude this there remains a system of 7i« - 1 values. 
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120. Consider next the distinct vsdues of sn- Im, m). 

n 

Suppose in the first instance that m, m each extend from 

-(p+1), — p, ... — 1, 0, 1 ...p{viz, that each has n+1 values). 

I call the values — (|? + 1), p extreme values and the others 

intermediate ; so that w, m' have respectively 2 extreme and 

»- 1 intermediate values. We have in all a system of (n + 1)* 

terms, viz. these are 



m, m both extreme 


4 


m extreme, m' mean 


2n-2 


m' extreme, m mean 


2n-.2 


m, rn both mea.n 


fi» - 2n + 1 




n* + 2n + 1 



Now m, m both extreme the values are sn (± JT ± iK'), and 
these are excluded from consideration. 

If m is extreme, m' mean, the values are 

2m' + 1 . 



sn 



(±^+^^^). 



say for shortness sn(+-K'+a), that is sn(J5r+a) and sn(— ^+a), 
where a has i (n — 1) pairs of equal and opposite values. 

But sn (K+ a) =5 — sn (— ^+ a), = sin (K— a) ; hence sn {K-{- a) 
has i (w — 1) values; similarly sn (— ^ + a) has i (n — 1) values; 
or sn (± J5r+ a) has (w — 1) values. 

And in like manner, m being extreme, the value is 

= sn(±t^' + ^^^z), =sn(±iir' + /S), 

which has (n — 1) values. We have thus in all 

(7i-l) + (n-l) + (n-l)*, =n'-l values. 

And as for sn - (m, m!), it may be shown that these are all 
the values. 
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121. Consider in like manner sn - (in, m) : here m has the 

values — (p + 1), — |), ... — 1, 0, 1, ...|), say — (l) + l),2) are ex- 
treme values and the others mean; and m has the values 
— |), ... — 1, 0, 1, ...jp, say is the extreme value and the 
others mean. The cases are 

m, m' both extreme 
m extreme, m mean 
m mean, m' extreme 
m, m both mean 



2 


exclude 




2n-2 


reduce to 


«-l 


n-\ 


is 


n-1 


n' - 2« + 1 


n»- 


■2n + l 


i^->c n 


«• 


-1 



or number in resulting system is = n*— 1. 

And so sn - (m, rfi) has same number = n* — 1 of values, 
n 

122. We now obtain, n odd. 



sn WW = nx 



sn - (m, m') 



cnnw = vl — a?* |1 -}- 



sn - (m, w') 



(^) 



v|i + -^-^), 

[ sn - (m, m') J 



dnnw = Vl-fcVJl+ —--2 1 (^) 



where denom. = hi ^ 

1 _ 

sn - (m, m') 
n ^ ''^ 

the number of factors being in each case n* - 1, viz. the values 
of m, m' are those belonging to the several systems of (n* — 1) 
values as above explained. 
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New Form of the Factorial^FormiUcB. 
Art. Nos. 123 to 126. 
123. The formulae may be presented in a diflFerent form : 



X . 



observing that to each term 1 4- — in the numerator or denomi- 



X 



nator there corresponds a term 1 — , and combining together 
the pair of factors, also making an easy change of form, we have 

a? 



sn WM = noc 



8n*-(m, m') 



(-) 



cnnt^ 



= Vl-a^ 1- 



X 



sn«(Z-iKm'))j 



(^) 



dn WW = Vl - h^x^ ^ 



denom. = 



1 - A;* sn' (ir- ^ (m, m')) A , (-) 
1 — A:* sn' - (m, m) a?> , 



where as regards the values of m, m observe that these are 

m = 0, m'= 1, 2... i(7i-l); 

m = l,2,... ori(w-l), m' = 0, ± I, ± 2 ... ±i (n-1) ; 

viz. there are in all i(n-l) +i(n-l) n, =i(n»-l) combi- 
nations. 

124. Restoring for x its value snt^, and observing that 



1- 



sn*M 



sn*a _ sn (w + a) sn {u — a) 

1— iSr'sn^i^sn^a "" sn a sn (— a) ' 

and combining all the constant factors (that is factors indepen- 
dent of u) into a single factor A, we find 



snnu 
C. 



= J. sn tt |sn w + - (m, m') sn u (m, m) 
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or as this may be written 



sanu 



= A |sn tt + - (m, rn) j- , 



where m, m have now each of them all the values 

0, ±1, ±2...±i(n-l). 

Proceeding in the same manner with the other equations^ . 
we have, with the same limits for (m, m'), the system 



sn WM = J. jsn t* + - (m, rn) I- , 
cnnu = B |cn i^ + - (m, m') r , 
dnnu = C -jdn t^ + - (m, m) Y , 



where the coefficients A, B, C have to be determined. The 
values are 



1\ *(»«-!) 



125. To show this, write in the formulae u + K in place 
of u. Observing that we have 

sn (nw + nK) = (-)*<»-!) sn {nu + K), 
cn (nu + nK) = (-)♦(»-!) cn (nu + K), 



dn (nu + nK) = 



dn(ww + ^). 



and that the products on the right-hand sides contain n' terms, 
w*— 1 being evenly even, or (— )»'-i=4-, we obtain 



, ... ,, cn nu . 
^ ' dnww 



cn 



dn 



w + - (m, m') 

u-^- - (m, m') 
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snnu 



(-)*<"-"i^=(*'r-^5^ 



rsn 



dunu 



(dn 



w + - (m, m) 

u\ - (m, m ) 
n ^ ^ 






dn 



n 



agreeing with the original equations if only 

(_)«»-i)^=jt'««-ii?, 



but these reduce themselves to the two independent equations 

rl\n»-l 






The change of u into u-^-iK' gives in like manner two inde- 
pendent equations, one of which is 

and we thus have Ay B, C subject to an indetermination of 
the signs of A and C. 

126. But it may be shown that the signs of -4, B, G are 

(— )i(»-i)^ +, +. For this purpose recurring to the original 

equations and writing therein w = 0, we find, observing that 

., snnu - , - 

then — n, cnu = l, anw = l, 

n — A ]sn -(m, m')[, 1 = J5-cn -(m, m')[, l = C\dn-(m, m')L 

where in each case the combination m = 0, m'—O is to be 
omitted, viz. the products each contain n'— 1 terms. Grouping 

7—2 
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together the opposite terms sua, sii(— a), &c., and recollecting 
that i (h* — 1) is even, we may write 

n = A -Isn' -(m,m')K 1 =5 jcn'-(m, m)[, 1 = C \dn^ - (m, m) - , 

and we may in each product consider separately the J (n — 1) 
terms in which m' is = 0, the ^(n — 1) terms in which m is = 0, 
and the J(w — 1)* terms in which neither m nor m is = 0. As 
regards these last we may consider that m has any value 
whatever from 1 to ^ (n — 1), and m' any value whatever from 
+ 1, to ± |(n — 1); uniting together the terms ^hich belong to 
the same value of m but to opposite values of rn these are 
conjugate imaginaries and their product is positive : hence the 
whole third product is positive. Taking next the terms for 
which m is = 0, each term is real and positive; hence the whole 
first product is positive. There remains only the second pro- 

duct ; viz. as regards A this is jsn^- (0, m')k where m has the 

values 1, 2, ...^(n — 1). Each term is the square of a pure 
imaginary, viz. it is real and negative; and the sign is thus 

(_)i("-i). But as regards B the product is jcn* - (0, m')|- , where 

each terai is positive (since cn - (0, m') is real) : hence the 

product is positive. And so as regards C the product is 

dn^-(0, m')L which is in like manner positive. Hence in 

the three cases respectively the sign of the first product is 
(-)*(n-i)^ +, +. And the required quantities A, B, C have 
these signs accordingly ; wherefore we have 

as mentioned above. . 
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Anticipation of the doubly-infinite-product Forms of the Elliptic 

Functions. Art. No. 127. 

127. In the formulae No. 122 for u write -, then ic = sn ^, 



u 



= -when n is very large. Moreover when m, m are finite, then 

in like manner sn- (m, m') is = - (m, ni) : and substituting these 
values and writing n = « we obtain the following formulae : 



mu = u\l +7 A, 



ent^ 



dnii 



1 + -,- 



u 



(m, m')J 



= { 



I (m, m')J ' 



(-) 



(-) 



(-) 



denom 



= 1- 



t^ 



(m, m')^ 



where m, m' have each of them every integer value from 
— 90 to + 00 , the simultaneous values m = 0, m' = being 
excluded from the numerator of snw. I defer the further 
consideration of these formulae, only remarking that not only 
they are not as yet proved, but that, in the absence of further 
definition as to the limits^ they are wholly meaningless. 

Derivatives of sn u, cn u, dn u in regard to k. Art. No. 128. 
128. We have seen. Chap. III. No. 73, that 

dF __ 1 >• ET i/ijp\ ^ ^^^ ^ ^^® ^ 

dk^'JcP^^"^ ^^ Fa ' 

where F, E, A stand for F{ky <!>), E(Jc, <f>), A{k, <l>) respectively. 
But we have u = F, giving sjiu = sin <^, cn w = cos <^, dn i^ = A ; 
also 

E=^J^Ad<f> =/odn'M du, =/^dw(l - k^ + k^ cn'u) = k'^u + k^^cu^u dn, 
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and therefore E- 1g^F= l^jfin^u du ; 

hence 

dF 



dk 



if- , , Buucnu] 



But snt* = sin^, viz. considering snl^ as a function of t*, 
where u, = F {k, <f>) is a function of k and <f>, we have sn 
a function of (f> only without k; and we hence obtain 

dsnudF dsnu^^ 
du dk dk * 

that is 

dsnu J dF 

or finally 

dsnu k irsi k , 

■ , = — pa en I* an w JoCn t^ du + p, sn li cnu, 

and thence 

dcnu k J r 7 J ^f 
,, = TTiSnu an u j^cn u du ^ T7^ SITU cnu, 

and 

ddnt^ A;* raj ^21 

,^ = 7^ sn I* en w/q en w at^ — jTTj sn w dn i^. 

And it will be convenient to repeat here from Nos. 73 a 
74 the following formulae, in which we now write K, K\ E^ 
for the complete functions FJc^ FJc, EJc, EJc ; 



giving EK' + E'K-KK' = i7r. 



CHAPTER V. 

THE THBEE KINDS OF ELLIPTIC INTEGRALS. 

129. In the present and following Chapters we revert to 
the notation of the elliptic integrals F<l), E<^, 11^, bringing up 
the theoiy to the point at which it is expedient to introduce 
the elliptic functions sn % en u, dn w : and explaining the 
resulting new notations. 

The Additton-Theoiy, Art. Nos. 130 to 134. 

130. We have throughout <f>, '>fr, fJL connected by the 
addition-equation : regarding herein /a as a constant, this gives 

7^ + T^ = : hence if U be any function of <^, '>fr, fi, such that 

in virtue of the addition-equation we have 

^A^-^At = 0, 

or (what is the same thing) if this last equation be a form 

JTT JTT 

of the addition-equation, we hence derive -rFd(f> + -tt d'^ = 0> 

that i« dI7'= 0, or by integration U= funct. fi : and if moreover 
the function U is such that it vanishes for ^ = 0, -^ = fi, then 
the constant of integration, funct. /a, is = ; and we have ?7= 
as a consequence of the addition-equation. For instance the 
function U= F<f> + Fyft - F/jl, satisfies the conditions in question, 
and we thus have 

as the addition-theorem for the first kind of elliptic integrals. 
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131. Again we have 

E<l) + JEyjr — Efi — k^ sin^ sini|r sin/i = 

as the addition-theorem for the second kind of integrals. In 
fact the equation to be verified is 

(A<^ — i' sin*^ cos^ sin/n) A^ - (A'^ — A;* sin^ cos-^ sin fi) Ayft = 0, 
that is 

A'^ — A''^ + A;* sin /A (sin ^ cos ylr Ay^ — sin yfr cos (f> A<^) = 0; 

which in virtue of 

_ sin <l> cos yItAyjf + sin -^ cos <^A<^ 
sm fi - r3p-sm'<^sinV ' 

and the identity 

sin'^ cos'-^ A'-^ — sin'^ cos*^ A'<^ 

= (sin*^ - sin'i|r) (1 - A;* sin'^ sin'i|r), 
reduces itself to 

A'^ - A V + *• (sin'<^ - sin Y) = 0, 
which is an identity. 

132. Again for the third kind of integrals, writing 

/i . \ /-i . ^'^ -n nsin<Asin>Irsinu 

'^ \ nj 1 + n — w cos<p cosy cos fi 

and for convenience retaining 

f dR / 1 , -1 p ,- 1 1 1 +iZ\/^ 
/ T~; — D2 = -p ^^^ ^va, or =-— -= log ; 

according as a is positive or negative], to denote the one or 

other of these expressions as the case may be, then the addition- 
theorem is 



ii^4-nt-n;.-/j-^, = o. 
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In fact the equation to be verified is here 

f 1 1_^Ia^ 

[(1 + n sin"^) A^ 1 + aIP d<f>j ^ 

f 1 L_£^lAf _n 

1(1 + nsinV) A^ 1+aB' d^|r) ^^ " "' 

P 

where, writing iJ = ^ , we have 

1 dB_ 1 ( dP dQ\ 
l + aJS^d<l>~(? + aP*[^dij> d^)' 

1 dR_ 1 ( dP pdQ\ 
l + a/?d^~Q» + oP'\.^<?^ dfj' 

and the equation thus becomes 

■, ^^-n-^i K-r-r\ {Q* + aP^ 

H-»8in*<^ 1 + n sin* if- j ^ ^ ' 

But in virtue of the addition-equation, as shown in the next 
No., 

Q* + glP= (1 + nsinV) (1 +nsinV) (1 + nsin"^), 

and the equation to be verified thus becomes 

(1 + n sin*yLt) n (sin'i|r — sin*<^) 

133. In regard to the expression for ^' + aP", observe that 
this is 

= (1 + n — w cos|t cos^ cos-^)^ + n\ sin'ft sin'<^ sin'-^, 

or putting herein cos <^ cos yjr = cos /i + sin <^ sin yjrAiJ,, this is 
= (1 + n sin'ft — n cosftA/x sin^ sin'^)'+ w'a sin'ft sin*<^ sin'-^/r, 

= (1 + w sin'ft)' — 2 (1 + n sin'ft) n cos /iA/x sin ^ sin '^ 
+ n' ["(l-sinV) (1 - A;'sinV) +(l+n+^ + k') sinv] sin»<^sin'i|r, 

= (1 + n sin'/x) {1 + M sin'/A — 2n cosftA/i sin^ sin-^ 

+ (n' + nk^ sin^fi) sin'<^ sin*i|r}. 
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But we have 

(1 — sin'^) (1 — sin*i|r) — cos^ — sin'<^ sin*'^ A V 

= 2 cos/j,AfJL 8in<^ sin'^, 

or what is the same thing, 

2 cos fiAfi 8m<f> sin^ = sin'/A — sin'^ — sin*'^ + A;* sin^ sin'<^ sin'^, 

and substituting this value within the { } we obtain the above 
expression for Q* + aP'. 

134 We Have 

Q -J- — P-j^ = (l + n — n cos ft cos<^ cos-^) n sin /a cos<^ sin-^ 
d(p d<p 

— n cos /A sin<^ cos-^ . n sin /a sin ^ sin-^, 

= n siufi sin-^ {(1 + n) cos<^ — n cosjn cosyjr (cos'<^ + sin*^)} 

= n sin ft sin-^ {cos<^ + n (cos<^ — cos /a cos*^)}, 
that is 

Q -^ — P -^ = n sinyLt sin-^ (cos <\> + n sin ft sin-^A^), 

and similarly 

/1 7^ /J n 

Q^ — P -T-r = n sin ft sin^ (cosi|r + n sin ft sin<^A'\|r). 

The equation to be verified is thus 

(1 +n sin'ft) (sin"'^ — sin*<^) ^sinftsin-^ (cos^ + nsinftsin'^A<^) A^ 

— sinftsin^ (cos'^ + nsinftsin^A-^) A-^, 

breaking up into the two equations 

sin'-^ — sin'<^=sinft (sin-^ cos^A^ — sin^ cos-^A-^), 

and sin'-^ — sin'<^ = sin'-^ A'^ — sin'^ A'-^, 

the former of which is equivalent to the equation which gives 
the addition-theorem for the second kind of integrals, and the 
latter is obviously true. 
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New Notations for ike Integrals of the Second and Third 

Kinds. Art. Nos. 135 to 137. 

135. If in the equation E^ = j^^^d(f> we write sin<^ = snt*, 
and consequently d<f> = dnudu, A<^ = dnu, the value of E<l> be- 
comes = J^dn'wdtt, or what is the same thing j^{l — i^ sn'w) du. 
Jacobi, changing the original signification of the functional 
symbol JF, calls this Eu, viz. he writes 

Eu = ^Qdv?udu, 

the efifect being to throw the addition-theorem into the form 

Eu'\-Ev — E{u-\-v) = A;* snu snt; sn(i^-f-v). 

He further considers in place of Eu a new function Zu, diflfer- 
ing from it only by a multiple of w, viz. we have 

E / ^\ 

Zu = Eu " jyu, =ull " -r^j — k^ j^sn^udu, 

where E is the complete integral of the second kind. Sub- 
stituting for E its expression in terms of Z, we thus have 

Zu + Zv — Z (u + v) = k^ snu snv sn (u-\-v). 



136. If similarly in the equation Il<f> = / 

J A 



d<l> 



we write sin<^ = snw, and therefore ^ = <^^> the value of 11^ 

becomes = I yt r~ > ^^^ if> changing the notation, this were 

called TLuy we should have 



Tx du 

iiu^ 



1 +n sn*«^' 

or what is the same thing, 

— ?i sv^udu 



VLu 



-" = /.TT 



n sn^w 
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The eflfect would be to change the addition-theorem into 

n«+n.-n(«+.)=/j^f^, 

n snu snv 8n{u +v) 



where -R = 



1 4- w — w en u cnv en (i^ + v) * 



137. Jacobi makes however a. further change of notation, 
viz. expressing the parameter n in the form — A'sn'a*, he 
omits from Ili^ the term u and multiplies the remaining term 
by a constant factor; he writes in fact 

_ , . fi^ sua cna dna sn^udu 

11 iu, a) = I -. — ri — i i • 

^ ^ Jo 1-A: sn^'a sn^u 

The full advantages of the change will appear in the sequel, 
but it is convenient to mention here that the addition-theorem 
takes the form 

n (u, a) + n (r, a) - n (m + V, a) 

_ , , 1 — A;' snu snr sn (w + v — a) sna 
— 2 o 1 4.4*snMsni;sn(w+v + a) sna* 

The Third Kind of Elliptic Integral. Outline of the furffier 

Theory. Art. Nos. 138 to 147. 

138. We have a theory for the addition of the parameters, 
including in it a theory of the reduction of the parameter to the 
forms — 1 + Aj'* sin*^, and — Aj'sin'^ respectively. This is de- 
rived from the consideration of the function 



«r = 



_ sin ^ cos (f> 
(l + fsin»<^)A' 



where f is an arbitrary constant. Taking also p an arbitrary 
constant, we obtain 

dw ^d<f> l-(2-f ?) sin>4-(l + 2t)ifc^sin*<^-g'y sin> 
l+/3^' A (l + ?sin»0)"(l-A:*sin*0)+f)sin»^(l-sin*<^)' 

* Regarding a as real, this would imply that the parameter is negative 
and in absolute magnitude < k^ ; but a is regarded as susceptible of imaginary' 
values, and the other forms of parameter are thus included. 
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and putting the denominator 

= (1 + n sin'^) (1 + n sin'0) (1 + m sin'^), 

and decomposing into an integer part and partial fractions, we 
have 

dm ^ d4> f 1 A A ^ B ) 

1 + p«r' "" A If 1 + w sin'^ 1 + n sin*<^ \-\-m sin*<^j ' 

whence integrating from <^ = 0, 

X ; 1 + pra 

where the integral on the right-hand side is 

= -^tan «rVp, or _=_ log j-^^-^ . 

according as /o is positive or negative, 

139. There are two particular cases, f = — 1, that is 

g= ^ , and f =0, that is -bt = — ^^^ — - , in each of which 

one of the terms, say jBIIm, disappears, and the formula takes 
the more simple form 



AJln-\-AJln^CF=^L 



establishing a relation between only the two functions Tin, Iln'. 
In the first of these the parameters w, n* are connected by the 
relation nn =k^: in the second by the relation 

(l + w)(l + n')=i". 

Hence by the first relation the function IIw, where n is positive 
or negative, but in absolute value greater than 1, is expressed 
by means of the function IIw', where n (having the same sign 
as n) is in absolute magnitude- less than A;*: in particular n 
being negative and greater than 1, that is, between (— 1, — oo), 
n will be between and — i*. If n be positive and greater 

than 1, then in the second relation n, = — l-] =-, will be 

w-f 1 

negative and between —1, —k*: and it thus appears that the 



110 THE THREE KINDS OF ELLIPTIC INTEGRALS. [V^ 

only values of n which need be considered are the negative vali 
between (0, — 1) : viz. we may have n between (0, — jfc*) saj 
n^^l^ sin*^, or else n between (— A;', — 1) say w = — 1 4- A;'* sin' 

Observe that in the former case a, = (1+w) [ 1 H — J, is negatii 

and in the addition-theorem we have a logarithm; in the seconc 
case a is positive and we have a circular function (the invei 
function tan"^). This leads to the consideration of two kin< 
of functions 11, viz. w = — F sin'^, logarithmic functions, and] 
n = — 1+A;'* sin'^, circular functions: there is a convenience in] 
taking w = — A;* sin'^, as a universal form, allowing to assume 
imaginary values. 

140. Recurring to the general form 

f J 1 + pfsr 
we may consider herein n, n' as arbitrary quantities, m as a 
determinate function of n, n* ; it is in fact obtained by means of 
a quadratic equation. Taking n, n' to be real the value of m will 
in certain cases be imaginary : and conversely taking m to be a 
given imaginary quantity it is possible to determine real values 
for n, n'\ and thus the function Ilm of a given imaginary 
parameter is made to depend upon two functions Iln, Iln' of 
real parameters. This may be effected in a different manner : 
viz. taking n, n to be conjugate imaginaries we obtain two real 
values of m, and thence two formulae each involving the con- 
jugate imaginary functions Iln, Tin' : the combination of these 
would lead to the expressions of IIii, IIti' in terms of the two 
real functions Tlm^, n?Wj. 

In. either of the ways just referred to we in effect obtain an 
expression for the function of the third kind IIw, of imaginary 
parameter, in terms of two functions with real parameters : but 
it will presently appear that the solution admits of a very con- 
siderable simplification. 

141. Introducing in the formula for n, n', m the values 
— A;^sin*p, — Ar^sin*g, — A:*sin'^, the relation between n, n', m 
gives a relation between p, q, 0j viz. this is found to be 

Ar' (1 — A;^ sinp sin q sin 6) = Ap Aq A^, 
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dug in fact equivalent to the relation 

or (what is the same thing) p, q, 6 being connected by this 
[equation, and writing lip, &c. in place of 11 (— A:* sin'p), &c., 
^we have between the three functions the foregoing relation 

AJlp-\-A'Ilq^Bm-\-^F^^.~-,. 

142. It is natural in place of to introduce a new angle ff 
Buch that F0 + F^ = Fffy the relation between p, q, 0' being con- 
sequently the algebraical relation answering to Fp-\'Fq—Fff=0. 
The function 11^ can be expressed in terms of 11^, and the 
resulting equation is found to be 

smjj ^ ^ sing' ^ ^ ' sm^ ^ ' 

,, . . . /v T7 n r^ + Ar'sinpsino'sin^.-B] ^' 
= AT smi) sm^ sin a.F-^ *log r ., , jo • — -a — nh-j > 

where A, B, A\ B are certain functions of & and ^. 

143. This equation assumes a very simple form on writing 
therein sin0 = snw, sin^ = sna, sing' = snJ, and therefore (by 
reason oi Fp'\'Fq — F& = 0) sin ff = sn (a + 6) : and by introduc- 
ing Jacobi's notation for the function 11; viz. making the 
changes in question the three terms on the left-hand side are 
to a common factor prfes 11 (w, a), 11 (i^, 6), n(w, a + 6): the 
logarithmic term is considerably simplified and the final equa- 
tion is 

n (w, a) + n {u, 6) - n (i^, a + 6) 

-, 7 / 7x 11 1 — A;*snwsnasn6sn(a + 6 — ^) 

=Arsnasn6sn(a+5).i*+ilogr— — y^ ^ — 7 ^-; — v> 

^ ^ '2 ^l + Ar*snwsnasn6sn(a + 64-t^) 

viz. we thus see the theorem in its true point of view as a 
theorem for the addition of the parameters. 

144. We also gain a further insight into the problem of 
the determination of the function IIw with an imaginary value 
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of n: viz. any such value is expressible in the form — A;'sn'(a+W), 
where a and b are real ; the function Tin, or say IT {u, a+W), 
is then made to depend on the two functions 11 {u, a), 11 {u, M), 
which have each of them a real parameter, viz. in the second 
function the parameter is n = — A;' sn* 6t, which is a real positive 
quantity. 

145. There is another theory, the interchange of amplitude 
and parameter. Starting with the equation 

n=f ^ 

j,(H-nsin'^)A 

we have -;— dependinfif on the integral 1 ,- . iTr.-r. which 

dn ^ ^ ^ J (l+nsin'<^)"A' 

is expressible in terms of F, E and 11, The terms involving 
-J- and n combine together into a term j- Tl^a, where as 

before a=(l+n) fl + — ], and we have this term equal to a 

function of n-, <^, where ^ enters through the functions sin^, 
cos^, A, E, F, but which is algebraical in regard to n, viz. the 
actual equation is 

iu'ra^-WF::k-hiF-i!) ' 



dn ^ nVa " wVa * 

+ iAsin^cos^— - — , .- , 

(l + nsin 9)va 

a = (1 + «) ( 1 + — j as just mentioned : so that integrating in 

/- . . f ^^ 

regard to w, we have 11 va depending on the integrals l~77=> 

/ — p , I j= ; these are really elliptic integrals as 

J nwa J (1+n sin'<^) va 

at once appears by writing therein n = — A;'sin'^ (viz. we thus 

adopt for the parameter n the before mentioned form — A;*sin'^), 

reducing the integrals to the forms 



r d0 [d0 f Bin'0d0 

Jsm'^^e' ] M* j(l--A'sin»^8in» 



(l--yfc»sin»^8in»^)Ad' 
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or ultimately to the forms 



I^0.1^0d0^^df J^ 



(l-Fsin>sm»^)A^' 

viz. the first two of these are F0 and E0, and the last is the in- 
tegral of the third kind 11 (n', 0) with parameter n,^--!^ sin'<^ : 
the final result is 

cot 0L0{J1 {n, <l>) - F<f>} - cot <!> A<l> {U {n\ 0) - F0} 

= E0 F<f> — E(f> F0, 

which is the equation for the interchange of amplitude and 
parameter. 

146, If as before ^ = snw, ^ = sna, then using Jacobi's 
notation, the functions on the left-hand side are 11 (u, a), 
n (a, u) ; and the functions Ecf), E0 are in the same notation 
Eu, Ea : the equation therefore is 

n {u, a) — n (te, u) = uEa — aEu^ 
or what is the same thing 

n {u, a) — n (a, v) = uZa — aZu. 
Fund. Nova. p. 146. 

147. The foregoing outline of the theory of the elliptic 
integral of the third kind brings up the theory to the point 
immediately preceding the introduction of Jacobi's function 
ft : viz. his functions 11 {u, a), Zu are in fact each of them 
expressed in terms of the new transcendent ©, by the equations 

Zu— ^r- , n (w, a) = uZa + *log 7^7 { , 

the second of these leads at once to the just-mentioned equa- 
tion IT (w, a) = n (a, t^) = uZa — aZu (interchange of amplitude 
and parameter): and by means of this theorem we can from 
either of the addition-theorems (for the amplitudes, and the 
parameters respectively) at once derive the other theorem. 
C. 8 
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Beduction of a given imaginary quantity to the Jbrm 
sn (a + fii). Art. Nos. 148—152. 

148. By what precedes it appears that there is an advan- 
tage in bringing the parameter to the form — ^ sn'a : this 
however cannot always be done so long as a is restricted 
to be real: but we have to show that it can be done, ad- 
mitting imaginary values of a: or what is the same thing, 
that a given real or imaginary quantity n can always be ex- 
pressed in the form — A'sn"(a + /8t): that ^\/^jt can always 

be expressed in the form 8n(a + /3t): and the theorem thus is, 
that taking as usual the modulus k to be a given positive 
real quantity less than unity, then any given real or imaginary 
quantity whatever can be expressed in the form sn (a -f /3{). 

149. It is to be observed that x and y being given real 
quantities, the former of them equal to or less than ±1, we can 
find the real values a, /? such that a;=:sna, iy = snt/3: in fact 
these equations give 

sn 08, k') 

and as a passes continuously from to fjK', sn a passes from 

to ± 1, that is through every real value x whatever between 

these limits ; and similarly as /? passes continuously from to 

sn(/8 k') 
± iK', — )^^ ,/. passes from to ± oo , that is, through every 
cn^Pf fc) 

real value y whatever. 

Hence writing 

X + ^i = sn(a + /8t) 

^ a?Vl+yM + A;'y4-iyVl-a^.l-yg' 

l+A^a^y 



we have x-^^^5±ZZl±W ^^WlIZ^H^ 
we have A- i^f.^^^^ > /^ l + Jfc*a?y' 
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or what is the same thing 

X» (1 + A»ay)» = a^ (1 + y*) (1 + i*2/^. 

M* (1 + ifc^a^j^* = y (1 - «^) (1 - **A 

and it only remains to be shown that \, fi being any given 
real values whatever, these equations are satisfied by real values 
of X, y, that of x not greater than ± 1 ; or what is the same 
thing, that the two curves have real intersections within the 
limits x = ±l. 



150. This is at once seen by tracing the curves ; the first 
curve has one or other of the two forms shown by the dotted 
lines ; and the second curve has the form shown by the con- 
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tinuous line (the curves are obviously symmetrical as to the 
four quadrants^ and only a single quadrant is drawn): and 
there is thus in each quadrant a real intersection for which 
a: < + 1. The original irrational equations show that x^ y have 
the same signs as X, /a respectively : there is thus for any given 

8—2 
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values of X, /i a single intersection satisfying the condition in 
question. 

151. But we may further develope the analytical theory: 
for this purpose instead of the original equations, consider for 
greater simplicity and symmetry the equations 

\{db -- xyf =^ ahx {a — y) (b — y), 
fi {ah — xyY = ahy (a — a;) (6 — a?). 

Each of these represents a quartic curve passing through the 
points (a, J), (b, a), and the two curves have besides at infinity 
10 common points, 5 on the line a7 = and 5 on the line y = 0: 
there remain therefore 4 intersections. To find these assume 
icy = abeo, the equations become 

X (1 — 0))' = i» + ©y — (a + J) ft), 
/i (1 — ft))' = ft)a; + y — (a + J) ft), 

giving X, y linearly in terms of ft). Solving the equations there 
is a factor 1 — ft) which divides out (ft) = 1 is in fact a solution 
answering to the two points (a, b), (b, a) ), and the equations 
then become 

(X — /Lift)) (1 — ft)) + (a + J) ft) = (1 + ft)) X, 
(fi - Xft)) (1 - ft)) + (a + J) ft) = (1 + ft)) y, 

and multiplying together these values and fbr xy writing ahoD, 
we have a quartic equation in ft) ; this is a reciprocal equation, 
solvable by a quadric ; or if for greater convenience we write 

("J \ 2 
, j , then is also determined by a quadric equation ; 

and putting 

A = a'-2a{\ + fj,) + (\- /*)», 

B = b' -2b{\ + /i) + {\- fi)*, 
we find 0= f""''!' . that is ^, ='"" ^ ' ""^ 



{'jA-'jBf' ' w + 1 xJA-'JB' 
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and then after some reductions 

~ '/A-^/B-a + b 

= 1^ (a + X - /t + V3 ) (6 + X - /t + VB) , 

^ (g - 6) (X - /tt) + 6 V2 " g VB 
^"" V2-V5-g + 6 

= 7- (a->' + /^ + '^-4)(6-X + /i + V5), 

and changing herein the signs of V-4, V-B, we have of course 
the coordinates of the four points of intersection : it will be 
observed that A and B being real, these are all real or 3,11 
imaginary. 

152. To return to the original problem we must 
for a, b, X, /i, x, y, 

write 1, j^, X*, -/i*, a?, -y*, 

whence if now 

^=l-2(X'-/.») + (X« + /iy, 

{A and J5 being therefore, as is easily seen, each real), and 
choosing the root for which the radicals have the sign — , we 
have 

where a? is positive and less than 1, y^ is positive. By the 
original investigation it was in fact shown that there was one 
such set of values of (a?*, y^), and admitting this it is easy to 
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see that the set just written down (wherein of has its least 
value) must be the set in question : but it must admit of being 
shown independently that these values of a?', y* do satisfy the 
conditions in question. 

We have thus, by means of the quantities sn a, = a? and 
sn i^, = ixjy determined analytically the functions a, ^, which 
are such that sn(a + ^t) = \ + /ii, a given imaginary quantity; 
it may be remarked that the solution, although under a some- 
what different form, is substantially identical with that given 
by Richelot, CrelU, t 43 (1853), p, 225. 

In the remainder of the present chapter we work out the 
foregoing theories. 

Addition of Parameters, and Reduction to Standard Forms. 

Art, Nos. 153 to 172. 

153. We have 

n (n, ifc, ^) = r %===, 

^' '^^ j,(l+wsinV)Vl~Fsin'^ 

or expressing only the parameter, and writing for shortness 
Vl-A;*sin*<^ = A, 

j,(l+nsin«<^)A' 

Consider the function 

__ sin <^ cos ^ 
*'~(l + ?sinV)A' 

where f is a constant. Taking also p a constant, we form the 
equation 

d^_ __ <?<^ 1 -~ (2 + g) sin'<^ -I- (1 + 2g) JK* sin"^ - gJb'^ sin> 
1 -i- pisr» A (1 + ? sin*<^)»(l - 1? sin» + p sin> (1 - sin» ' 

where the denominator, being a cubic function of sin'^, may be 
put = (1 + w sin*<^) (1 + n sin'<^) (1 + w sin'^). The expression 

which multiplies ~ is then a fraction with this denominator. 
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and breaking it up into partial fractions there is an integral 
parti, and we We 

dfsr _#fl A A' B \ 

1+;^"" A"lf"^l + nsin»^"^l+n'8in*^"*"l+iii8in"^j' 

whence integrating from ^==0, we have 

5 Jl+ptu" 

where the integral eipression on the right-hand side is re- 
tained to stand for 

1 /- 

-p tan"* «• Vp, (fi positive) 

vp 

or i log - — ^ Zf- f {p negative) ; 

1 — «• V— p 

and we have thus an identical relation between three functions 
n each with the same modulus k and amplitude 0, but with 
the parameters n, n\ m respectively. 

154. The relations between these quantities and the values 
of the coefficients A, A', B are given by the equations 

(l + n)(l + n')(l+m)= k''{l^K)\ 

or, what is the same thing, 

w + »' + m=a2f - *• +p, 

Hence considering n, ri as given, we have 

^" nn'"*"(l+n)(l + ny 
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or, what is the same things 



_ 2fW^ ^ (*•+") (^+«') 



j^^_^j^l + nl^n 



n n 



and then m = r- 



nn 



and then further 
A ={n* +(2 + f)n» +(l + 2?)ifc»n +5'A;*}H-n (n -w^Cn -m), 
^' = {n'» + (2 + t)n'»+(l + 2^A?V + 5'Jb"}^n'(n-w)(n'-m), 

B ={m»+(2 + f)m" + (l + 20>t"m + 5'A;*}-^m(m-n)(m-n). 

The reduction of the general formula is somewhat laborious; 
there are two important particular cases which it is as well to 
discuss separately : these are 

?=-.l(t.=^J^), and r=0(t.= ?i2.^2i^). 

The Case ?=-!, «r = *-^^. 

155. We have here 

m = — 1, 
nn = &*, 

which last equation may be written 



(.J<? + n)(i? + ^=.l^p, 



or what is the same thing, 



p = (l + »)(l + |),=a. 



v.] THE THBEE KINDS OF ELLIPTIC INTEQEALS. 121 

We then have 
4 = (n» + n*-i'n-A;»}^n(n-n')(n + l), =-^— ^, =1, 

and similarly A' = l; also 5=0; so that the parameters n, n 
being connected by the relation nn' = ii*, we have between the 
two functions 11 the relation 



nn + nn' = ^+/f^., (/) 






viz. a being positive, the integral, substituting therein for «r 
its value, is 

1 , _iVatanA 
and a being negative it is^ 



1 , A + V— a tan <h 
Q . log j= ^. 

^Y— a A — V— atan^ 



15^6. The general expressions are not immediately ap- 


pKcable: they give m = and then -2=7:, but the two terms 

1 B 

r; and :;— r-YT suTo toffother equal to a determinate constant, 

f 1+msm*^ & ^ ' 

the value of which, = , can be found by writing in the first 

instance f = : the formula becomes 

dGT ^f h? A A' \d<f> 

l+zwr'^ V /> l+nsinV"^l + w'sin>/ A ' 

or what is the same thing 



AUn + A'Un''''^F=l^ 

P J 1 + 



* (f) and, next page, ((/') are the formulae thus designated, Legendre, 
Traite des Fonctions Elliptiqiies, Chap. xv. 
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where 

n + n = — ii* + p, 

nn' = — p, 

. _ n'+2n + y .,_w^M^2njK^ 
n(n — n) n (n — n) 

We have therefore n + /i' + nn' = — i*, or what is the same thing 

(l + n)(l + n')=A;'*, 

which is the relation between n, n'. And then writing 

^^ (n + l)«-r 
n (n — n ) * 

and substituting for A;" its value we find 

A = , and similarly -4' = — ?— . 

Moreover writing for p its value the formula becomes 

n n nn Jl— nn«r*' ^^' 

which is the relation between two functions IL 

157. The two formulae (/') and (g') enable us to perform 
the reduction of functions of real parameter. We may consider 
the four cases 

I. n positive, =cot*^; 

Va =AK£L 
sin ^ cos ^ ' 

II. n negative and between 0, —A?, = — Jfc*sin*^; 

III. n negative and between — 1(? and — 1, = — 1 + i'» sin'^; 

&"sin^cos^ 



Va = 



/i(k\0) • 



IV. n negative and between — 1, — oo , = — ?-=-= ; 

sm'^ * 

^/^ = cot0A{k,0); 
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where in each case the value ie annexed of Va or V— a 
as the case may be. Observe that iu the cases L and III. a is 
positive, or the function is circular : in II, and IV. a is negative 
or the function is logarithmic. 

158. It is very noticeable how the formulse (f) and (<;') 
give each of them a relation between two circular functions or 
two logarithmic functions, but not in any case a relation 
between a ciicular function and a l(^;arithmic function. Treat- 
ing n, n as coordinates, we shade by vertical lines the spaces 




for which n is circular and by horizontal lines those for which 
n' is circular : the two curves nn' = ^and (1 + w) (1 + «') = &", 
are then hyperbolas lying wholly in the spaces which are either 
cross-shaded or else white, viz. the corresponding values n, n' 
are both circular or both Ic^arithraic, 
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159. In the formula (/'), taking n = — 7-^ we have 
n'= — i^sin*^, and thence, substituting for a its value, 



^(-s™) + n(-^«^°'^) 



= J^+ 



, A + cotgA(fc, g)tan<^ 



2cot ^A(A;, 0) ^ A-cot0A{k, 0) tan<^ 
or as this is better written 



^F + 



, cot <f> A{k, <t>) + cot A(fe, ) 



2 cot ^ A(A?, ^) ^ coi <t> A{k, <f>) - cot A(&, ^) 



sm 



This equation shows that a logarithmic function of parameter 
which is negative and in absolute magnitude greater than 1, 
may be reduced to depend on a like function where the 
parameter is negative and in absolute magnitude less than A?". 
The first-mentioned kind of logarithmic functions presents the 
difficulty that the function under the integral sign becomes 

infinite in the course of the integration (viz. for the real value 

in'^ = — J : we therefore always consider the reduction as 

made, and attend only to the case where the parameter is of 
the form - I(^ sin*^. 

160. The formula (jT) gives also a relation between two 
circular functions of positive parameter, viz. writing therein 
n = cot^ we have n' = k^ tan'^. And the relation is 

n(cot'g) + n(;b'taii'g)=j'+4g^tan-\y^i;^-^*?^.> 

A{k, 0) A {k, 9) sm ^ cos 

which in fact serves to reduce a circular function of positive 
parameter greater than A; to a like function of parameter less 
than k : but the original form 

Un + n(-) = J^+ 4-tan-^^a^* 
is for this purpose equally if not more convenient. 
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161. The formula^ {g') gives in like manner a relation 
between two logarithmic functions, or two circular functions : 
as regards the first case observe that if w, n* aie both negative 
they are both in absolute magnitude greater than 1, (viz. 1 + n, 
1 + n' are each negative) ; and we have thus a relation between 
two logarithmic functions with parameters of this form ; but 
such functions being excluded from consideration, the formula 
is not written down. There remains the case where the para- 
meters (being by supposition logarithmic) are each negative and 
in absolute magnitude less than 1^: viz. writing w = — A;'sin*5, 
n =^ — 1^ sin* \, the relation between the parameters is 
(1 — Ar*sin'^) (1 — Fsin'^X) = f, or what is the same thing 
(cos* 6 + A;'* sin* 0) (cos* X + h'^ sin* \) = A;'*, or as this may be 
written (1 + Tc^ tan* 6) (1 + A;'* tan* \) = Jb'* (1 + tan*^) (1 + tan*X), 
whence finally the relation is 1 = A'tanXtan^, (answering it will 
be observed to the transcendental relation F6 + F\ = F^, 

We then have 

l + n_ l+Ptan*g _F, ^ . h'^ 

"TT - - &*tan^5 ' " ifc* ^" *^^ ^^' ~ &*cos*X' 

and completing the substitution, the formula becomes 

cos*^ n (- i* sin*^) + cos*\ H (- 1^ sin*\) 

„ , . ^ . ^ , / A<f) — A/* sin ^ sin X sin 6 cos 6\ 

= F-\- i sm 6 sin X log .^ . ,^ . — ^ . , . ^T j I , 

2 ^ V^^ + A? sin 6 sm \ sm <^ cos <f>j ' 

where as above 1 = A'tan^tanX. The formula CDables the 
reduction of a logarithmic function of parameter — A;*sin*^ 

in absolute magnitude greater than (1— A;') [or for which 
tan > -=] to a like function of parameter in absolute 

magnitude less than (1 - k') [or for which tan < -jJ\ . 

But it is convenient, not using the formula, and therefore 
without thus restricting the value of 6^ to retain — Fsin*^ as 
the expression for the parameter. 
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162. In the same formula {g) if the parameters are both 
circular they may be taken to be n = cot*^ and n'= — 1 + fc^siu'tf ; 
and the formula becomes 

n (cot' ff) - ^l 'i°^.f^;f/ n (- 1 + p sin'^ 

_ 1^ sin'* 6 ^ BinO cos _i sin <^ cos ^ A {k', 6) 
~1-A:''sin»^^"^ A{A',^) ^^^ tan^A(A:,<^) ' 

which is a formula for the reduction of a circular function of 
positive parameter cot' ^ to a circular function of negative 
parameter — 1 + A:'* sin' 0. 

163. The above formula 

cos'^ n (- F sin'5) + cos'\ n (- le sin'X) 

n , ^ ' rx ' ^ ^ / A6 — A:* Sin 5 Sin X sin 6 cos d>\ 

= jp" -f A sm ^ sm \ log -jr-^ — ,^ . ^ . , . T ^ 

° \A<I> + At sm ^ sm X sin 9 cos <f)/ 

may be written under a slightly different form : viz. expressing 
it first in the form 

cos'^ [n (- ^ sin'^) -'F] + cos'X [H (- Jb' sin' X) - F] 

= (1 - cos'* - cos*X) i^+ 4 sin ^ sin X log fl, 

and dividing the whole by sin sin X ; then reducing the 
coefficients of the several terms by means of the relation 
1 = A;' tan X tan 0, and finally restoring the value of ft under 
a slightly altered form the equation becomes 

COS^A^TTT, 7-2 • 2/i\ -m . COSXAXprr/ 72 • «^ \ m 

-^[n (-Fsm'^) - iT] + _j_^[n (-A;^sin«X) - J'] 



sin 



A;* ^ /I t:t 1 1 /A;'A6 — A;^cosXcos^sin6cos6\ 
= F'"^^^"°^^--^+^^°g U'A!ii + A»co8Xcos^sin^cos^ j' 

where as before 1 = A;' tan X tan 0. 

164. If to fix the ideas we consider herein 0^ X as positive 
and less than Jtt, then writing 5' = tt — X, the relation between 
0, & will be A:' tan ^ tan 5' = — 1, {0 and ^ each positive but 
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^<jf7r, ff>^7r). Substituting for X its value ir — ff the 
formula becomes 

COS0A0 rrr / 7S • 2/i\ m COsO'AO' j-rr / 7S • s/i/\ -m 



sin 



A; ^ ® A? A^ — Arcos^cos^sm^cos^ 

which is a form used in the sequel. 



The general Case resumed. 
165. Returning now to the general equation 

f Jl+/wr'' 

write n = -ifc»sin*;), 

n' = — A'sin'j, 
m^si — lt^ sin* 5 ; 

then introducing these values we have 

(f = — A;* sinp sin q sin 0, 

p^ — jii cos'p cos* J cos* ^, 

jfc'«(l + ^«=(l-.jfc»sin*p) (1-A;*sin*ff) (1-Jfc»sin*^); 

or writing this last under the form 

A?'(l + ?) = ApAffA^, 

we have A:'(l — A;*sin^sinjsin^) =ApAqA0 

as the relation between the parametric angles p, q, 0. This 
is in fact equivalent to the transcendental equation 

Fp-^Fq-F0'-F^^O, 

and it suggests the introduction into the formulae in place of 
0, of a new angle 0\ such that F0-^F^ — Fff and consequently 

Fp-^Fq-Fff=^0. 
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166. But let us first express B in terms of the original . 
angles J?, j, 0. We have 

^^ m»+(2 + ?)m» + (l+2g)ym + gifc' 

m (m — w) (m — n') * 

the numerator is 

-^•sin«^ 

+ (2 — A* sin ^ Binp sin q) fc* sin* 

+ (1 — 2k^ sin sinp sin j) . — A;* sin* ^ 

— k^ sin ^ sin J? sin q, 

= - A;* sin [sin ^(1 - 2 sin» ^ + i" sin* ^) 

+ sin;? sinj (1 - 2i»sin'^ + i'sin*^)], 

= — ^* sin [(sin ^ + sin j? sin q) cos'^ A* 

— A;'" sin* (sin ^ — sin p sin 3)]i 
and the denominator is 

- k' sin» (sin* ^ - sin* p) (sin* ^ - sin* q), 
whence 

^ _ cos* A^0 (sin ^ + sin ;? sing) — A;'*fiin *g (sin ^ — sin ;? sin q) 

k^ sin^ (sin* - sin* p) (sin*~^ - sin* j) 

167. The relation between 0^ 0' may be written under th^ 
forms 



sin ^ = — 



cos^ 



cos^ = 



A0== 



k' sin ff 
Ad' ' 



sin^ = 



cos ^ = — 



cos^ 
k' sin 



A0 ' 



A0' = 



A0' 



Hence in the last-mentioned expression of B, the nu- 
merator is 



rsin*^V cos^' 

, +sm 



A 

which is 

k'^ 



m'6/ / 
'0' [ 



Aff 



. N , Pcos*^/cos^' . . \ 
mp sm yj + -^^^ ^-^^ + sm;? sm jj , 



= As^' [^" ^^^^ ^ (- COS ^' + sin p sin j A0') 

+ cos* ^' A* 0' (cos ^' + sin p sin j A^')]. 



COS ff. 



v.] THE THREE KINDS OF ELLIFTIG IKTEQBJLLS. 129 

But in virtue of the relation between |>^ q^, ff we have 
cos ff = co%p cos J — sin/) sin 2 A^, 
or the numerator is 

= ^5^ [i" sin* ^ (cospoos J — 2cos^) ^-cos"^ A'^.cospcos j], 

ife" 
say this is "a^^ 

Then we have 

cos;} cos 2 = (cos* ff A*ff + A:'* sin' ff) cos^p cos^q 

— k'* sin* ^ . 2 cosp cos 2 cos ff. 

But 

1 - cos*|) — cos* q — cos' ff --V sin*/? sin* j sin* ^' 

= — 2 cos p cos J ( 

say H Bir?ff — cos*/) — cos* j = — 2 cosp cos jcos ^' 

L 

where iJ = 1 — A* sin*/? sin* j. 

Hence 

Q cosp cos J =s (cos*^ A*^ + &'* sin*^) cos*p cos* q 

+ i" sin* ff {B sin* ^ - cos'p - cos* q), 

= (1 - 2i? sin* ^ + Jfc* sin* ff) cos*/) cos* j 

+ P sin* ^ (5 sin* ff - cos*/) - cos* q), 
= cos'/) cos* 2 

+ sin* ^' [— 2A:* cos*/) cos* j — A:'* (cos*/) + cos* q)], 

+ sin*^ [A* cos*/) cos* 2 + ^"(1 -A* sin*/) sin* 2)], 
which is 

= cos*/) cos' 2 

— sin* ^ (cos*/) A* 2 + cos* 2 A*/)) 

+ sin*^A*/)A*2, 

> = (cos*/) — sin* 0' A*/)) (cos* 2 — sin* ^ A* 2), 

so that numerator is 

&'* 1 

= -TTEf (cos*/) - sin* 0'A^p) (cos* q - sin* ^' A* a). 

A* ^ cos/) cos 2 -r/ V :z a/ 

n. Q 
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168. Denominator is 

A* cos ff f . , cos' ff\ f . , co^ff^ 



ff f . t cos' ff\/. . cos'^N 



which is 

= _ ^|,f (cosV - sin'p A*0^ (cos»^ - sin*j A'fl 

= tbzt- (cos' p — sin' ffA*p) (cos* j — sin' ff A'; 

whence 



&* cosp cos q cos ^ ' 
Write 



3/= 



-A^ / -k' 



V A;' cos » cos q cos 6 J ' 



J?=if 



^'* sin ff Qo^p cos J V ^ cos^ cos q cos ^> 

then 

A^in£ / _ ,> cosgAg \ 

cos ffLff V sin 5 ; ' 

and similarly 

sinp 

^,^^cosjAy 
sm; 

169. The equation is 

AUn + A'Un' + ^Hm + J 2?'= f , f "^ , , 

f j 1 + /MJ* 

or since 

^ + ^' + 5 = 1-^,* 

• We have i"*= - fc* sinjp sin g sin 9, 

and henoe this equation is 

^LO' ( ooapAp cos^Aj ^'sing^ ^ 

Ae* sin ^ oos|> COS 9 ( sin jp sing cos &L& \ 

=1 ^ 

ib^sinpsinjcos^ 
an identity which may be verified. 



n 
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this is 

that is 
mp ^ ^ ' sm J ^ ^ ' sin tf ^ ^ 

where Dp, &c. are writtea in place of 11 (- i' sin';)), &c. We 

have 

— A;' * A;* 

i/ = To -Ry p = — 775 cos' ©COS* o' cos* 5, 

Arcosjpcosjcos^ ^ iz^ ^ ^ ' 

hence 

_. f ^"^ — 1 ^' /— 1 \ 

-tf i 1 + /wr* ~ * Jf A;* cos|> cos g cos ^ ^ *^ 

- A;* cosjp cos g' cos 6 sin <^ cos <^ 
lo ^^ " (1 + ?sin'0) A 

1 — ^ cos p COS q cos ^ sin <^ cos <^ * 
F (l + ?sin«0)A 

and the formula thus becomes 

£2i£^ (n^, _ iF-) + £2ii^ (n J - i^) - ^-^ (Htf - iT) 

sm|> ^ "^ ' smg' ^ ' sm^ ^ ^ 

= jr> cos^ cos g cos , jP 

- , A;^! + ?sin' <^) A<^ — If cos p cos q^ cos 6 sin <^ cos <^ 
^ ° A;'(l + fsia* 0) A0 + ^ cos^ cos j cos Q sin cos ^ ' 

170. Representing, for convenience, the logarithmic term 
by \ log n, so that 

^ __ A;' (1 — A;'sinjp sin j sin^sin'^) A<^— A;*cosjpcos jcos5 sin <^ cos <^ 
A' (1 — A;*sin^ sing sin^sin'0) A^+A^'cos^cos jcos^ sin^cos^ * 

9—2 
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we have, ante No. 163, writing ff for \, and — ior (thereby 
passing from the relation F^ = t\ + F0 to the actual relation 
F.^Fff-'FO), 

— r—^(Tl0^F) r—^-'{U0'-'F) = ^'j-iCos0cos0'.F 

sin^ ^ ' sm^ ^ ' k 

-- A'AA+i'cos^cosdsinAcos^ / -, 11-^8 \ 

and using this to introduce into the formula 

in place of 

sm ^ ^ ^ 

the formula thus becomes 

cosj,Ay cosyAg cosg;Ay 

sm^ ^ -^ ^ smq ^ ^ ' sm^ ^ ^ 

= ^7(cosj?cosg-cosy)€08g.J^4-^log ^p^Q^|^_^ , 
where the coefficient of F on the right-hand side is 
Tj sin p sin j A^ cos 0, = A' sin^ sin j sin ^, 

171. Introducing into the logarithmic terms 0" instead of 
0, we have 

D r^ 7' /-I . 72sino sing cos ^ . s A . . 
F-Q = k ll-^-Ji? — ^ ^^ sm'</> 1 A</> 

— -^ sin 0' cos ^ cos q sin ^ cos ^, 

or, multiplying by A0' and omitting the factor A?', say 
F— Q= ( A^ 4- Aj'sin^? sinj cos ^'sin'^) A^— Aj'sin ^cosjpcos jsin <f> cos ^, 
= [A^ A<^ — A' sin ^ cos ff sin ^ cos ^] 

+ A;*sind'sin<^ COS0 [(cos 0'—cosp cos 5), =- sinjp sinj A^] 
H- &■ sin |> sin 2 cos ff sin' A^, 
= A^A0 — A?"sin^cos^sin0cos0 

4- A:* sin/? sin q sin <^ [cos 0' sin ^A0 - cos <^ sin ffA0'] ; 
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/ 

I and similarly 

P+Q= A^A<^ + i*8in^cos^sin0cos^ 

+ A;* sin|) sin y sin ^ (cos sin ^A^ + cos ^ sin 0Lff), 

Also 

T> a 7/A f . A'X?' sin ^ cos ^ sin A cos A 
5 + flf = A?A<^ + -^ — ^ ^, 

oty multiplying by A^ and omitting tbe factor A?', say 
R + 8=^ Aff^<f> + A;* sin ^ cos ff sin ^ cos ^ ; 

and similarly, 

B — /S = A^A<^ — ^ sin ^ cos ff sin <f) cos <^. 

172. Write for shortness 

A^A<^ ~ A;" sin ^ cos ^ sin ^ cos <f> = A, 
AffA<f> + ^ sin ^ cos ^ sin <f>coB<f} = A\ 
cos ff sin 0A0 — cos ^ sin ffAff = 5, 
cos ^ sin ^A0 + cos ^ sin 0'Aff = B, 
then the logarithmic term is at once expressible in terms of 
these quantities, and substituting in the formula, we have 
cos^A;, cosgAg cos^Ag; 

smp ^ ^ smj ^ ^ smr^ ^ ^ 

-'^ ^ * ^[^ +A;'sinpsmj8in<^.£'] J. ' 

"which is in fact the formula connecting the three functions 
lip, IIj, n^, or in the original notation 

n (- A;* sin'i)), H (- k' sin' q), U (- k' sin'* ff) ; 

the angles p, j, ff being, it will be remembered, connected by 
the algebraical equivalent of the equation 

173. This apparently complicated formula is wonderfully 

simplified by introducing into it Jacobi's notation ; viz. writing 

8in|)=sna, sinj=snJ; and therefore sin^=sn(aH-i); also 

sin0=snt^ ; then omitting a common factor 1 — A;* sin' sin' 0, 

we have 

A= dn (a + i + w), 

A'= dn (a + 6 — u), 

- B = sn (a + 6 - w) dn (a + 6 + 1*), 

B=^ sn (a + J + w) dn (a + J - u), 
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and the formula becomes 

n (m, a) H- n (w, b)'-Tl(u, a + b) = Jc^sna sn6 sn (a + 6) . w 

J , 1 — i* sn a sn J sn (a + J — t^) SI 
° 1 + fc" sn a sn 6 sn (a + i + tt) SI 

viz. it is in fact a formula for the addition of the parametc 

Interchange of Amplitude and Parameter, Art. Nos. 174 tc 
174. Starting with 

n=r ^ 

Jo(l + nsin»^)A' 
and taking tbrooghont the integrals in regard to <f> froc 
inferior limit 0, we have 

dH _ f —n sin* <f> d(f> 
(l+nsin'<^)'A 



dU_f 



J {l + n 81] 



-n. 



sin* (l>y A 
But writing a = (1 + w) f 1 + — ) we have 

2a r d(f> Asin</>cos0 ^' f /i • 2jj\^i> 

^j(r+^sin«"^)rA~"i + nsin«<^ 'n'J "^^^^^^^ ^^ A 

/ . 2 + 2^ 3^»\ r # _ 

■^r"^ n "^ TiViO+wsinN 

as may be verified by diflferentiation: or since 

I?j(l+n sin'<^) ^ = (Jfc* + w) i^- nE, 

^ 2H-2A;' . Si* 1/^ , AA 1/^ da\ 

71 n^ n\ nj n\ dnj 



this is 



2a r d^ _ Asin<^cos0 A;'^, 1 , ^^ ^^ 

w J(l + nsiii'0yA l+nsin*0 n^ n^ 

+ -(2a-n;T 
n\ d\ 

viz. we have 

2a f [___# ttI ^ Asin^ cos ^ _ A^ ^ 

7a' (j (l + n sin* ^y' A J l+nsin*<^ n^ 
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175. This equation may be written 

dn 1 H- w sm* n' n ^ ' an 

or, what is the same thing, 

2a(ffl[ + nrfa = Asin<^cosA= — *i_^-ifc»F^-(F-^)— , 
viz. multiplying each side by ^"*, this is 

rf.n VS = iA sin ^ cos <^ %Trr - h 1^F4''r 

(H-nsin*^)Va nWa 

w Va 

where of course a, = (1 + ti) [ 1 + — J , is regarded as a function 
ofw. 

Integrating each side we have 

nVi=a + iAsinAcos0f —^ i^]^F\-%. 

^ ^ ^J(H-nsin»</>)Va ^ JnVa 

JnNOL 
where the constant of integration may of course be a function 
of i, ^, but it is independent of n. 

The formula is simplified by representing the parameter n 
under any one of the foregoing forms cot' 5, — 1 + A" sin* 6y 
- ¥ sin" ft The last is the most interesting case, but it is proper 
to consider them all three. 

First case, n = cot' d, 

176. Here 

, 2cos^,. /- L{h\e) 

sm' (^ * sm ^ cos 6 ' 

and the equation becomes 

sin^cos^ Jcos^d /^[k, 0) ^ ^]A(k\0) 

... . f cos' d0 

- A sin <^ ««« <^ J (ini^^l^Ev^^3?^)X(Fr^' 
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where the integrak in regard to 6 may be taken from the 
inferior Kmit 0. 

The integral 

^^ is =F{k\0) 



h 



A {k\ 6) 
and we have 

d0 sin' sin 






A(k\0)-E{k\0). 



cos" A (A;', 0) cos 
Moreover, writing cot' <f> = n' we have 

^ '^^ * "^'*J(siD"^ + sin^<^cos'^)A(A;',^ 

Asin</)r rfg A _ f d^ 

"■ cos</> JA(Jfc', e)"^sin^cos</>j(l + r^'sin'^)A(A?', e)' 

cos 9 V ' / smcpcos^ \ ^ ' / 

Substituting these values and for greater clearness writing 
n {n, k,<f>), A (fc, </>), J^(fc, ^), ^(ifc, «^) instead of H, A, Jp; E, 
putting also for C its value = ^tt, determined as presently 
mentioned, the formula is, (w = cot' 0, n* = cot' 0) 

-.^-^^)-. n («. ik. ^) 4- -^-^^ n K ;fc', ^) 

sm ^ cos ^ \ » > TJ sm cos ^ ' 

(i') ie^r. p. 133. 

177. If in the formula, instead of ^tt, the term had been C, 
then C is independent of 0, and by the symmetry of the 
formula it must be independent also of <^: it is thus an 
absolute constant: to determine its value take 5, <^ each 
indefinitely small: then 

F(k,<l>)^i;{k,<l>)^<l>, F(k\0)=E{k\0)==0, 

n(ri, iv*)=frT-^-«:i=-7=^*an-^^V7i = ^tan-^f, 
^ ^^ Jl+n sm' (f> ^/n " 
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and similarly 



we have therefore 



(7 = tan"'^? + tan~^-jr, =i7r, 



which is thus the value of G. 

178. Write <^ = iw — CO, CO being indefinitely small: then 
n = cot' = tan' co = ©' is indefinitely small, and therefore 

n (^' h' m - f ^^ - f d0 , f gin' dd 



and thence 






sm^cos^ \ > > / cos</> V > / 

COS <f> \sm V ^ ' ^ cos<f> sm<f> J^{k,0) 

The coefficients on the right-hand side are 

1/1 . j\ cos 6 1 n' co' 

t(-^— T-sm0 , =-:-^ and r, = r : 

cos (p \sm 9 ^/ sin 9 cos 9 cos 9 



viz. writing cos <f> = oi)y these each contain the factor co, and the 
function on the left-hand side is thus = ; hence the equation 
becomes 

f ^5^ \ U, (w, ife) = ^TT + ?^ FJc A (^', 5) {k') Leg. p. 134. 
sm^costf iv » / 2 cos^ ^ ^ ' ^ ^ ' ^ ^ 

+ i?;^i^(A;', d) - FJcE{k\ 6) - ^,A;i^(&', 5), 

viz. we have thus an expression for the complete function 
IIj (n, k) in terms of the functions of the first and second 
kinds. 

A' 
179. If in this equation we write - in place of n, and 



sin 
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assume also — = cot' \, so as to write \ in place of 0, ' 

n 

have 

sin X cos X ^ Vn / ^ cos X ^ \ > / 

^-FJcF{T<!, xyFJcE{k\ \yEJcF{k', 

180. Adding the two equations together, we have 

iin ^ cos ^ * ^ ' sin X cos X ^ \n ) 

^ (cosr cos\ J 

^F^{f{]e, &)^Fqi, \)-E(k', e)-E{Jc', \ 
-EMF{k',d) + F{k',\)}. 

But in virtue of cot' cot* \ = li^, or k tan tan X = 1, we ha 
F(k',0) + F(k',\) = FJe', 

E {k', 0)+E (k', \) = EJc' + k" sin \ sin ^, 

and further 

. ^ cos^ ^ A;sin^ a/k ^\ ^ 

sin X cos X sin ^ cos ^ ' ' 

8inXA(^',X) ^/~ .' ,^ singA(A;^i9) _,;-^,^,^ 

^^-^ — ^ = V a sm* X, n = va sura; 

cosX ' cos^ 

hence the equation becomes 

Vi|n,(«,A)+n.(^.&)} 

= TT + F^k { Va (sin' 5 + sin' X) — A" sin sin 

+ F,;fc (i?;jfc' - Ejc') - EjcFjc: 

181. But we have 

. ., , , -^ cos'^ ^''sin'^cos'^ k 

1 -sm'0-sin'X = cos ^-^-^^T^^ A'(A', ^) ' =" ^a 
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that is 

sin«^ + sm»X = l + — or Va(8m»d + sin»\) = Vi+ ^ , 

. ^ . y, sin ^ cos d 1 

whence on the right-hand side the second term is FJc^a, 
or the equation may be written 

J'a |n,(«, jfc) +n, (^ , A;) -fA = TT+FJcF^k'-FJcEJo'-EJoFJc', 
which is in fact a consequence of two former results 

U,(n,k) + U,(^^.k)-F,k=^^, 

and 

FJcF.k' - FJcEJc' - FJcFJc' = - K 

viz. the equation is hereby reduced to the identity ^7r= ir — ^tt. 

Second case, n = — 1 + &'* sin' 0. 

^o« TT n A?'' sin ^ cos ^ d/i ojn\nf /t\ 

182. Here *^OL = —ir-.r~^r—, -^ = 2de A(k, $), 

and taking as before the integrals in regard to from the 
inferior limit 0, the general equation, ante No. 175, becomes 

Fsin^cos5„ ^.fjp ^T^ f d0 jj^j^ f d0 

^{k'^0) " = ^"'^^"^^JAWrg)"^^J (l-A;-sin'g)t . 



A • ^ j.f d 0,/^(k\0) 
+ il sm © cos 9 I — o , . y/a . au • 8 « • 
^ ^ J cos^ ^ + A; ' sm* sm' 



We have 



/A(f^ = ^(^''^)' 



/• dg 1 „,,, ^>,_^ sin g cos 

^"""^ i(l-Psin^^)»~^ ^ ' ^ k'- ^{k',d)' 



I 
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moreover, writing ^ 

A?'* tan' <f>=^n!, 

we have 

A • ^ ^ f ^ (^'» ^) ^^ A sin <l> fMk\ 0)d0 

A am ^ cos j ^^^, ^ ^ ^,, ^j^,^ ^j^. ^ , =-^^^ j i ^. ^' gin* <^ 

^^Acos^ A nKfc-,g). ' 

sin^ ^ ' ' sin</>cos9 

Making these substitutions, and writing also A {k, (f>) instead 
of A, &c., the formula becomes 

(n = - 1 + F sin' 0, ti = &'» tan' ^,) 

sm 9 COS 9 "- ^ ' ^ 

+ i^(ife, ^)Fq^, e)^E{h, <f>) F{k\0)-F{k, <f>) E{k\ 6), 

the value of the constant C being here = 0, since the two sides 
each vanish for = 0. 

183. Write ^ = i7r — ©, © being indefinitely small; it is 
to be shown that 

^^^pi in', k; 0)-^'4.Fiy, 0)] = J.. 

which being so, the equation becomes 

= Jtt + i^.Ai^'CA;', ^ - EJcF(]c\ 0) - i^^A^ (A:', 0), 

giving the value of the complete function 11^ (w, k) for the form 
in hand ri = — 1 + A;'* sin' 0. 

184. As regards the subsidiary proposition, observe that 

A'' 
^ = W — CO gives n = A;'' tan' (= A;" cot' »), that is -7= cot' <&, 
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stan*co; so that from the first formula in No. 160, writing 
therein k' for h^ and interchanging and 0, we have 

n(n. A;', ^ + n (tan«G>, k\ 0)^F{k\0) 

sin <^ cos (f> _i A (k, <^) tan ^ 
"*" A (*,</>) sin</>co8<^A(ifc', ^)' 

but tan a> being indefinitely small, 

n (tan'o), A', ^ =i?^(&', tf) +a)*if, 
where M is finite : the equation thus is 

n (»', k; ^ +«« Af =^^i£^ tan- -.-^M^^- . 

^ ' ' A (fc, 0) sm cos ^ A (fc , tf) 

that is 

.j^m^ n K a; ^) + ^l^AM^ = tan- ^4(^4^^ , 

sm ^ cos ^ \ ' ' / sm 9 cos 9 sm 9 cos ^ A (A; , ^ ' 

or putting herein ^ = ^ — ©, then since -r vanishes, and 

the function under the tan"* becomes infinite, we have 

sm<^cos0 V > ' y a * 
whence the required relation. 

ITiird case, n=^ — I^ sin' 0. 

^ dn 2Jc^sin^0 , , 

185. Here Ja = iA {k, 0) cot ^> J= = "" aIOT' 

general formula becomes 



0A(k,0) 



ie^m^0d0 



. A • i f f At sin' ^c 

+ A sm cos ^ 7^1 — yo . ,^ . , 

^ ^;(1 — Arsm'^sm' 



(l-A;»8in'5sin«^)A(A:, ^)' 

where as before the integrals in regard to may be taken from 
the inferior limit 0. Since in the present case the modulus as 
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regards both the <f) and the functions is k, we may instead 
of A (&, ff) write simply A^ and so F0, E6. We have 

and moreover writing n = — A* sin* 0, then 

j(l-A:*sin*^sin*0)A(9"j(l + n'sin»e)A(9 

sm 9 
whence the formula becomes (n = — A:* sin' d, r^' = — A^ sin' 0) , 
cot 0M\U (n, </>) - F(l>] = (nO Ze^r. p. 141. 

cot ^ A0 [n (n, 0) - F0] + E0 F(j> " F0 E(j>, 
the constant in this case being evidently = 0. 

186. Writing <^ = ^tt we have 
n.« --P; = ^ (F,E0 - E,Fd), (p') Leg. p. 141. 

which is the value of the complete function H^n, or say of 
IIj (n, k), for the form n^ — h^ sin* 0, 

The formulae marked (i'), (A?'), (Z'), (w'), (n'), (p') are those 
given by Legendre, TraiU des Fonctions Elliptiques, t. L 
ch, XXIIL, in the pages severally referred to. 
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CHAPTER VI. 

THE FUNCTIONS 11 {u, a), Zu, ©U, Hu. 

The functions referred to all depend on the modulus k, 
which may be expressed when necessary: as regards n(ii, a) 
this is seldom required, but the other functions will be fre- 
quently written Z{u,k), ^(u,k), H{u,k), so as to put the 
modulus in evidence. 

Introductory. Art. No. 187. 
187. The function 11 (u, a) has already been defined as 

^^ sn a en a dn a sn'u du 



=/. 



1 — A:* sn' a sn* u 



and the several properties already obtained for the function 
n (n, k, <f}) admit of being translated into this new notation. 
But in the present chapter the theory is established in a 
diflferent manner, by expressing this function IT (w, a) in terms 
of the new function ©m. This function @u may be considered 
as originating from the function Zu, which has already been 
mentioned as introduced in place of the function JE(k, ^), viz. 
writing E to denote the complete function E^k, we have 



^M = w f 1 — -^j — A?' Jo sn^udu, 



or, what is the same thing. 



E 

= — -^tt + Jo dn'tt du. 
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The new function @u is in fact 

where the exterior factor k/ is fixed upon for reasons 

which will appear: the original function Zu is thus expressible 
in terms of the new function %u and its derived function, viz. 

we have Za = ^— , but the employment of the symbol Z as 

a separate notation is nevertheless convenient. 

The function 0w is one of a series of four functions, 0ti, 
e (t« + iK), e (w + jK'), e (w + Z^ + %K') ; but it is found con- 
venient instead of (w + iK') to introduce a new function 
Hu, and write the four as 0w, jBw, (t^ + K), H(u + K). 

The following article is in the nature of a lemma. 

Values q/* n (w + a, a) in the three cases a = J iK', a = |Z, 
a = JZ + J iX' respec^tVrfy. Art Nos. 188 to 190. 

188. We have 

^ TT / . \ i'sn a cn a dn a sn' (w H- a) 
du ^ ' ' l-A:'sn'asn*(tt + a) 

first if a = J ijST', we have 



i Vl + A; 



sniiZ',cniiX',dnJtX' = -^, JLi-IJ:::, Vl + i, 

2/ .1 '•p^\ 1 (1 + ^) snu + icn wdnw , ^ t.^ -^«» 

sn' (w + i za") = J TTT-JN ^ J — > («w^ No. 103). 

^ A; (1 + A?) sn w — i en w dn tt ^ ' 

The right-hand side of the foregoing equation is therefore 
a fraction, the numerator of which is 

ih (1 + Jc) [(1 + Aj) sn w + ^ en w dn u\, 

its denominator being 

h [(1 + i) sn w — t en w dn w] + A; [(1 + A?) sn w + 1 en w dn w], 



VM^-» 
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viz. this is = 2A; (1 + A;) sn u, a mere multiple of sn u: and we 
thus have 

or observing that = -r- log sn u, and integrating so that 

the value may vanish for m = — J iK\ we have 

ii(l+A;)(u + |tX')-ilogsnM + ilog(=^*). 
189. Secondly a = ^K, 

8 , . 1 t:^x 1 dn li + (1 + A') sn w cn w 
^ ^ ' 1 + & dnw+ (1-A;)snwcnw' 

^d then 



or observing that 






d ^ , — A;* sn w en M 

;7- log dn w = 



du ^ dni6 ' 

and integrating so that the value may vanish for u^ — ^K, 
we have 

n(w + iir, jr) = Kl-*')(^ + i^)-ilogdnw+ilogVF. 

190. Thirdly a^^K+^ iK\ 
m{\Kf\iK'), cTi{\K^\iK\ dn ( J ir+ i iX') 

= y-^, /s/^,^-Hc'ik + ik'), 



«/ . 1 77 . 1 .7^/\ A;+zfc cnw+ (A — ti) snt^dntA 
^ * a / ;;. cnw+(A; + tA;)snwdnw' 

c. 10 
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and theu 



-^ ^ ^ \ CXiU J 



cnw ' 



whence observins: that 



to 



df , — sn w dn w 

-7- log en w = , 

du ^ cnu 

and integrating so that the value may vanish for. 
we have 






The Function Zu. Art. Nos. 191 to 196. 

191. We now proceed to consider the function -2w: it has 
already been, ante No. 131, seen that we have here the addition- 
equation 

Zu^- Zv — Z{u -\-v) = ¥^nu^Tiv sn {u + v). 

192. Starting from the equation 

-^a = — ^ w + /o Av?u du, 
■ti. 

and writing herein iu for u and k' for fe, we have 

Z (tu, k') = — -^z i^ + i Jo dn* (iX A;') c?tt, 

(which observing that dn {iu, k') = may also be written 



E' . . fdn'w , \ 



n] THE FUNCTIONS 11 (u, a), Zu, Su, Hu. 147 

and it is to be shown that we have 

ry snudnu ttw . .^.. .« 
cnu zKK ^ ' 

I stop to remark that u being indefinitely small this equa- 
tion is 

„(i_|)=„_-^_„(i_|,), 

which is true in virtue'of 

E E ^ IT 



K' K' * 2KK" 

193. To prove the theorem, we verify without diflSculty 
that 

(Z snwdntA , « dn*i^ ^ 
du CUM en i^ 

we have therefore 

(Z snwdnw , • . j «/• tin ^ 

-^ = dn* u + dn' (lu. A; ) — 1, 

dv, cnu \ ' / ' 

or integrating from w = 0, 
sn t« dn t^ 



cnw 



= Jq dn' udu + /odn' (m, i') £?w — u. 



But the integrals in this formula are 

= 2!u'\--r^u and '-iZ{iu, h')-\- j^u 

I 

respectively, and substituting these values and reducing by 

E . E ^ TT 



+^-1 = 



K' K 2KK' ' 

we have the required formula 

CUM 2^^^'^* '^ '*^^- 

194. Writing in this equation «= i^, and observing that 

Z{- K', k') = - Z{K', k') = 0, 

10—2 
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since Z{K'f k') is what Z{K) becomes on writing therein Id for 
&, we have 

^^'^^ 3KiF W 

which is infinite^ =A;7, if 7 is the infinite value of snt-K"'. 
Writing in the addition-equation u = v = ^%K\ we have 

2Z {iiK') = ZiiK) + &» sn« i ilC sin iK\ 

Sn t^dn iK^ . , « • i • r^^ • • rr/ **"" 

= r^, hArsn'MA smiK — ««-, 

en 1 A ^ 2 A 

1— cni-T 
or substituting for sn' ^ i-ff' its value = ;j--— i — r^ , this is 

. ™, (dniK' . A'Cl-cntX')) w 
==''''*^ X^^W^ 1+dntZ' }"2Z' 

where the first term is 

sin ig (dn JK' + A^ en ig + ifc") 
cntiTCl + dntiT) ' 

and substituting herein for siniiT', cntK"', dntiJ" their values, 
= 1, —il, —tkl respectively, and then making I infinite, the 
term is = « (1 + k), and we thus obtain 

Z{iiiK')=\i{l+h)-^. 
It will be recollected that 

and we thence by the addition-equation find 



195. Starting from 



E 

Zu^" -^u +/o dnV du, 
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we have - . 

E 

Z(u'\-a) = - -g-Ct^ + a) +/^dn* {u + a) du, 

E 

= - -g. (w + a) + /g dn* (m + a) rftt + J^* d n* ti dw, 



= — ^1^ +/j,dn' (w + a) (fi^ + 2a, 



that is 



E 

/, dn* (t/ + a) rfw = -^ 1^ + Z ( w + a) — -2a. 



And similarly, observing that Z (— a) = — Za, we have 



IT 

/jdn* (w — a) (Zm= g. w + Z (w — a) + Za, 



whence 



/,dn'(w + a) rfw-/odn*(i^ — a) rfM = -Z'(w + a) — Z(w - a) - 2Za. 

196. We find without difficulty 

d cnt^dnt^ en't^ , , 

-7 = 5 dn't^, 

du sn u sn u 

= dn»(w + ;5")-dn»M, 
and thence 

snw J \ 'I ^ 

= C+Z(u + iK')-Zu. 
To determine the constant, write w = — J tjET', we have 

- °°*'f.'^?'^ -ct2za.-g).. 



< 
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or substituting for the functions of \ iK' their values^ this is^ 



nr 



and therefore 






hence the equation is 



snw 2iL ^ ^ 



The Function ®u. Art. Nos. 197 to 199. 

197. The definition has been given at the beginning of 
the present Chapter. 

%u is obviously an even function, (— w) = ®u \ and we 
have 00 = a/ • 

We have 



-J.,. V /2MK iLzivuydu 



and therefore also 



0(;„,A:')=y/?^.'/»^«»'*'»''». 



198. From the equation 

^ snwdnw ttm , .«,.. ,^ 

^ 3Eli 2KK' + *^^*"' *^' 

multiplying by du and integrating from z^ = (observing that 

sni^dnt^ d . . , 

= — J- log en u\ we have 

CUM du ° ^ 

/o Zudu = -logon u - "^^^/ + iJ^Z{m, 1c), 
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and taking the exponential of each side and expressing the 
values in terms of we have 

199. From the equation 

rw cnwdnt^ iir , ^, .rr^, 

snw 2K ^ ' 

we deduce in like manner 

and, in order to determine the constant, writing herein 
%^-\%K\ we find 



(7=-sini;^'/^^ = -4=^"^ 



whence the equation is 



% 



VA snw ^ ^ ^' 

an equation which will presently be proved in a different 

manner. 

Expression of IT (w, a) in terms of ®u. Art. No. 200. 

200. We have 

, . . . , V 2snwcnadna 

sn m + a)+sn(i^--a)== — ^ — 5 j-, 

^ ^ ^ ' 1— Asnasn*!^ 

/ . V . V 2snacn'zidni^ 

sn m + a) — sn m - a) = — =^3 — = s— , 

^ ^ ^ ^ 1 — At sn* a sn'* w 

* This is in effect Jacobi's formula, Fwnd. Nova, p. 163 (5), viz. interchanging 
therein h and Tcf^ it becomes 

e (ttt, ^) i^, e («, X;) 

6(0, ;&') ^ 0(0, fc)' 

that is 

or substituting for 9 (0, h'), G (0, k) their values, this is the formula of the text. 
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I 

and thenco 

8a'(« + o)-8n {u-a) (i_yga«„s^««). ■ 

^ d eaacnadnasn'tt 
du' 1— i;"sn*a8n'tt ' 

as is at once verified from the relation ^- sn u = en u dn ii. 

du 

The equation may be written 

-idn"(w + a) + idn'(w-a) 

_ d A:'snacnadnasn*t^ _ ^ n^ 
" du' 1— Aj*sn*a8n'w ' ""ciw* ^ 

whence multiplying by du and integrating from w = 0, 

-i/j,dn*(w + a) Jw + J/odn'(w-a)c?M=j-n(M, a), 
or, what is the same thing, 

-T- n (m, a) = Za + J Z{u — a) — J Z(m + a). 

Substituting herein for ^^'(w — a), Ziu-k-d) their values 

e'(u— g) e'(u4-a) 
0(w-a) ' 0(w + a) ' 

multiplying, by du and integrating from w = 0, we have 

n (u, a) = uZa + i loff ^r-7 — ; — { , 

where for Za we may of course substitute its value, = ^— . 

The Function @u resumed. Art. Nos. 201 to 206. 
201. We have 
d rr / \ ^'sn a en a dn a sn't* 1 ^ i /1 7^ « 1 

that is 

^0a + e(tt-a) eOH^" rfi» ^^ ^ ^' 
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^^vhat is the same thing, 

log (w — a) + T- log (m + a) 



da 



= 2 ;t- log 6a + J- log (1 — A;'sn' a sn' t^). 



da da 

Integrating in regard to a we have 

0(w-a)0(w + a) = (7®'a(l-A;'8n*asn'w), 

ihere of course the constant of integration C may be a function 
^i %. To determine it write a = 0,. we have 

TT 

ind then the equation is 

(m - a) (w + a) = ^^ 0' w 0' a (1 - A* sn' a sn* u) . 

202. Writing the differential formula under the form 

A:^ sn a en a dn a sn' t^ rr . i r^/ \ i r^/ . \ 

— - — rj — J J = za + iZ{u - a) - i ^(1*-+ a), 

1 — A;*sn*asn'*w ^ / -4 \ /» 

f we herein interchange a, u, this becomes 

i'snwcnwdnwsn'a «. , ^^ v . ^, . 

ind adding the two together we have 

Zu + Za — Z(u + a) = A' sn w sn a sn (m + a), 
iriz. we thus reproduce the addition-formula for the function Z^ 

203. Starting with 

n(u,a)=w^-ilog^^j^, 

Bmd writing herein w + a in place of w, we have 

TT/ N / \ r?- 1 1 0(w + 2a) 

n(w + a, a) = (w + a)^a-ilog— ^^^^^^ — -\ 

we have in the present chapter found the values of 11 (w + a, a) 
in the several cases a = J iJST', a = i Jf, a = | -£"+ i i^'. 
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204. First a = J iK, we have 

it(l + A;)(« + itX')-Jlogsn« + |log(^) 

that is 

log sn « = {i (1 + i) - 2Z (J ilC)] (m + J iif') 

+ logy+log-A__. 

which substituting for Z(| i-K"') its value becomes 
= 2^(« + ^Z')+log|-^-i^-_i}, 

or writing the first term under the form — 2~^(^'"~ ^iw), an 
taking the exponentials of each side, 

205. Secondly a = | -K", we have 
Hl-A;')(t^ + iir)-ilogdnw + ilogVF 

= Za^(t.+ iiO-.Jlog®i^t^ 

that is 

log dn M = {1 - A;' - 2^(i iT)} (m + J ^) 

+ logVi' + log-!^-^, 

where the term in w + ^ -K" vanishes by reason of the value o 
Z{^ K), and passing to the exponentials we have 

206. Thirdly a='^K+^iK',Yfeha,ve 

i{k + ik'){u + iK+^iK')-ilogcnu + ilogJz^ 
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that is 

log en « = {& + ik' - 2Z{^K+ liET)} (u + iK+ 1 tK') 

+ logV^ + log-^— g^i -' 

or substituting for ZQ^K-k-^iK") its value, the first term is 

• • 

o^(m + ^K+ i iK^, which is = — Tf^i^' — 2t*M) + -r '• hence 
passing to the exponentials and observing that 

*s. /rw ,-. /'^W Ik' 



we have 



cnt* = e ^^ 



. ' (r-2iu) /A' (w + ir + iX') 






®M 



Eecapitulation. Art. No. 207. 

207. We now see that the elliptic functions sn u, en u, dn m, 
that the elliptic function of the second kind considered as a 
function of u, and for convenience replaced by Jacobi's Zu, and 
that the function of the third kind considered under Jacobi's 
form n (u, a), are all of them expressed in terms of the single 
function (w), and the ^-functions K, K\ viz. that we have 



IT • 


(-) 


en M = e"*^ "" """' y^l (m + r + iK'), 


(-) 


dnu= VF @{u + K), 


H 


denom. = 0m, 





viz. these are fractional functions having the common denomi- 
nator 01^, and having also 0-functions in their numerators; and 
farther that 

&u ^ . . 0'a . n ©(w-a) 

Zu = -77- , 11 iu, a) = w -pT- + i log FTT ( • 

• 0w' ^ ' ^ 0a ^ ^0(w + a) 
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and conversely that ©w is a function derived from sn u by the ; 
equation 

(involving the A;-function E, Legendre's E^k). 
And we have also proved the formula 

or as this may also be written 

and the fgrmula 

(w + a) 0(K-a) = 2FZ®'"®'^ (1 -A;'sn»i^sn'a). 



2%^ Function Hu. Art. Nos. 208, 209* 

208. If introducing for convenience a new function JBt**, 
we write 

and therefore also 

* If instead of Jacobi*s O, If we use the four functions Qu, QjU, Q^u, 0,u, 

1 /F /- 

=Gtt,--p -BTm, a^ i^M(u+K)y\/l(^e{u+K) respectively, then OjU, O^u, GjU 

are the numerators, and Ou the common denominator, for the three elliptic 
functions sn, en, dnu. The four functions O^ 0„ 63, 6 have been tabulated 
under the superintendence of Mr J. W. L. Olidsher, and are in course of 
publication. 
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theii the formulae for the elliptic functions become 

&TLU=^-=.Hu, (-^) 



f 



en 



u^j^^H(u + K), M 



dnu = ^&(u + K), (4-) 

where denom. = 0u. 



It hence appears that Hu is an odd function of u, which for 
tt indefinitely small becomes =• a/ - 



'2kk'K 
u. 



IT 

209. Combining with 

TT 



e (w + a) (w- a) = 2Jp2.0V0»a(l - jfc'sn'wsn'a), 

the equation 

, . . , V sn*w — sn*a 

sn (t/ + a) sn [u-a)- -z — ri — , ,- , 

^ ' ^ ^ 1 — At sn' M sn* a 



and attending to the expressions of sn u, sn a in terms of H, 0, 
we have 



2%« Functicm 11 (w, a) resumed. Art. Nos. 210 to 215/ 

210. We deduce the addition-equation for the function of 
the third kind IT (w, a), viz. we have first 

n (u, a) + IT {v, a) — n (w + v, a) 

-, 0(w-a)©(t;-a)0(i^ + v + a) , n ^ v 

where the logarithmic term containing the functions may 
be in three different ways made to depend on the functions sn. 
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211. First we have 

0(w-a)e(i;-a)=^0'i(^-^)0'(i(^ + ^)-«) 

{l-A;»sn«K^-v)sn'(J(w + t;)-a)}, 

{l-A;»sn4(t^-t;)sn»(i(u + t?)+a)}, 

0a (m + V - a) = ^^,g &l (u + v) & (J (i^ + v) -a) 

{1 -fe'sn'i (i^ + v) sn« (i (i^ + t;) -a)}, 

1 

0a (i^+v + a) = Q5Q0H(^ + v)©'(i(M + v) + a) 

{l-A;»sn'i(w + t;)sn'(J(w + t;) + a)}, 

and taking the product of the first and fourth expressions 
divided by that of the second and third, we have 

{l-A?'sn^K^^-^)stiXK^+^)-«)}{l~^sn'^ (^+^)sn'(K^+^)+^)} 
{l^khn^(u''v)sn'{^{u+v)+a)}{l-^^^ 

212. Secondly we have 

0'(r^-a)0'(w-a)=0'O.0(t*-v)0(t* + t;-2a) 

-f- {1 - &* sn" {u - a) sn' (v - a)}, 
0' (lA + a) 0'(v + a) = 0*0. (u- v) (i* + v + 2a) 

-r {1 - Ar'sn'* (u + a) sn* {v+a)}, 
0'a0^ (i* + t? - a) = 0'0 . (m + v) (2^-f V - 2a) 

-r {1 -A;*sn*asn*(M + t; — a)}, 
0»a0^ (i^ + v +a) = 0*0 . (w + v) (t* + v + 2a) 

-T- {1 — Ar* sn'* a sn'* (w + V + a)}, 
and then in like manner we obtain 



-v/R^ 



— k^ sn* {u + a) sn'*(v + a)} {1 ~ i*sn'a sn'* {u-^v — a)} 



{1 — k* sn"* {u — aj sn'' (v — a)} {1 — Aj'sn'^a sn' {u + v +a)} 

213. But, thirdly, from the form originally obtained for the 
addition-equation, the same quantity should be • 

^ __ 1 — Aj* sn a sn w sn v sn (w + V — a) 
1 + &* sn a sn i^ sn V sn (w + V + a) ' 
The transformation is effected as follows : 
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We have 

{1 — i* sn' ^ (u + v) sn' i (w — v)] snusnv 

= sn' i (i^ + v) — sn' J (w — v), 

{1 — k* sn' i (w + v) sn' (| (w + v) — a)} sn a sn (w + v — a) 

= sii'i (w + v) --sn'(^ (w + v)-a), 

and taking the products of the two sides each multiplied by 
— A;*, and adding a common term on each side, we have 

X {1 — Aj' sn a sn t^ sn t? sn (w + v — a)} 

-A;'{sn'i(w + v)-sn'|(t*-!;)} {sn^^ (w+i;)--sn*(J(i^+t;)-a)}, 

= 1 +A;*sn*|(i*+ t;)sn'|(w-v)sn''(J(i^ + t;) -a) 

— Fsn*J(w + i;) — Aj'sn*^ (i^ — t;)sn*(i (i^ + v) —a), 

= {l-.i»sn*i(i^+i;)}{l-i'sn'i(t^-v)snXi(t*+t;)-a)}*. 

Changing the sign of a we have a second like equation, and 
dividing one by the other, we find the required equation 

{1 ~y sn' J^(^+ v)sn'(j^ (u+v) -a)} {1-^'sn' j^ ju-v) sn' (j^ ju-hv) 4- a)} 

_ 1 + i' sn a sn w sn v sn (i^ 4- V + a) 
~ 1 — ft' sn a sn 2^ sn v sn (w + v — a) * 

214. The conclusion is 

IT (u, a) + IT (v, a) - IT (w + V, a) =ilogn, 

where ft is expressed in the three forms just obtained. 

215. In the equation 

n(t*, a) = ttZa + ilogQ-||^j-, 

* The identity, writing therein 

Uf a, V for i (tt - v), 4 (w+ v), ^ (« + v) - a, 

becomes 

^ ,. , X / N / ^ f X {l-ifc'sn*a}{l-Psn2f4sn«t;} 

l-A[«Bn(a + u)sn(a-ti)8n(a + t;)sn(a-t;) = n— Vs — z 5— rri — Fa — i i-r- 

^ ' ^ ' ^ ' ^ ' {l-fc*sn*aBn*w}|l-ifc'sn*asn"v} 



i 
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interchanging u and a, we obtain (observing that © is an even 
function) 

and thence 

n (u, a) — n (a, u) = uZa — aZu, 

which is the theorem for the interchange of amplitude and 
parameter. 

And we hence deduce 

n (u, a) + n {u, 6) - rr (i^, a + 6) = 

n (a, u) + U (6, w) - n (a + 6, u) + u {Za + Zb-Z {a ■{•}>)]. 

Here on the right-hand side by the addition- theorem the 

first term is = J log ii', where ii' is the same function of a, 6, m 

that ii is of u, V, a: we have thus ii' in three forms one of 

which is 

^, _ 1 — i' sn a sn 6 sn (a + 6 — w) sn 1^ 

1 + A;' sn a sn 6 sn (a + 6 + w) sn w ' 
and the second term is, by the addition-theorem for Z, 

= &' sn a sn 6 sn (a + 6) w ; 
we have therefore 

n (u, a) + n {u, 6) - n (m, a + 6) 

= A;" sn a sn 6 sn (a + 6) w + i log fl'i 

which is the theorem for the addition of parameters. 

Multiplication of the Functions Su, Hu, Art. Nos. 216, 217. 

216. From the equation 

&^u &% 
@{u + v)®{u--v)= V^|^(i^i»sn«wsn«v), 

we deduce 

e(2«)= |^(i_A^sn*tt), 



M = ®^ (1 - &» sn* 2u), 
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and it is hence easy to see that nu -^ 0** (li) is a rational and 
integral function of sn'w of the degree Jn' or ^ (n'— 1) (that is 
71* orn'— 1 in sn u) according as n is even or odd. More pre- 
cisely we may say that %nu . 0**"^ h- &^u is such a function, 
reducing itself to unity for snu = 0; and it thus appears that 
considering sn nu, en wm, dn nu as expressed in terms of sn u by 
the multiplication formulae, in such wise that for w = the de- 
nominator is = 1, then this denominator will be 

= 0nu,0*'-'O-0»V 

217. And it hence of course follows that the three numera- 
tors are 

= y/| 5^ (nw + JT) 0~'-' - 0** t*, 

= VF 0(nM + in0'*'*'O -v-0*V, 

respectively. It will appear in tlie sequel Tiow we thence 
obtain the expressions of these numerators and denominator. 



c. 11 



CHAPTER VII. 

TRANSFOBHA.TION. GENEEAI. OITTUNK 

,1 

218. The theory of transformation is considered in the first 
instance in regard to the differential expression -y= f which, for 

the elliptic integrals, has the particular form j » 

and then to the elliptic functions sn, en, dn. 

i 

Case of a general quartic radical VX Art. Nos. 219 to 222. 

219. Consider the differential expression -^ where F is a 
given rational and integral quartic function of y. Write herein 

y^-y where U and V are rational and integral functions of a?, 

one of them of the order p, the other of the order p or jp — 1: 
such a fraction is said to be of the order p. It is to be shown 
that the coefficients oi Uy V may be so determined as to lead 
to an equation 

Mdy _ dx 

where X is a rational and integral quartic function of a?, and 
3f is a constant. We have 
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where considering Y as a, homogeneous quartic function of 
(1, y), then ( V, Uy is what this becomes on writing therein 
7, J7 in place of 1, y respectively: viz. {V, U)^ is a homogeneous 
quartic function of U, V, and therefore of the order 4p in a:; 
VU'— VU, i{ V, CT are of the same order jp, would at first sight 
appear to be of the order 2p — 1, but in this case the coefficient 
of a?^^ vanishes and the order is really =2p — 2; viz. whether 
the orders of U, Fare p, p or p, p — 1, the order of FCT'— V'U 
is = 2p — 2. The foregoing values give 

di/ ^ {vu'^ ru)dx 

220. It is at once seen that if (F^ TPf has a square factor 
[x - ay then a; - a divides VU'- V U. Similarly i{{V,U)' has 
2p - 2 such factors, or if it is = T'X, where T* is of the order 
tp — 4 and therefore X of the order 4, then the product T of 
the roots of the square factors divides VU' — V'U, and since 
VU'— VU and T are each of the order 2p — 2 the quotient 
' K(/'— V'U)-¥T must be an absolute constant M'^, But in this 
jase we have 

Mdy ^ dx 

m equation of the required form. 

221. Eegarding CT, Fas being each of them of the order ^, 

the expression -~ contains 2p + 1 constants, and in determining 

CT, F so as to satisfy the condition ( F, IT)* = T^X we deter- 
tnine 2^ — 2 of these : there thus remain three arbitrary con- 
stants : this is as it should be, for if the required condition is 
satisfied by any particular values U, V, it will also be satisfied 

by the new values obtained by writing in the fraction «.> ^^ 

OL 4" Sx 

place of X, the function t^^— with three arbitrary constants. 

We may by such linear transformation make either ?7 or F 
to be of the order p — 1, or if we please begin by assuming this 

11—2 
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to be 80. But we cannot have either J7 or F of an order 
inferior to jp — 1; for if this were the case VV— F'J7 would be 
of an order inferior to 2p — 2, while in fact it divides by jT which 
is of the order 2p — 2. 

Considering y as a given quartic function of y, the function 
X is obtained as an arbitrary linear transformation of a deter- 
minate quartic function of a?: or what is the same thing, it is a 
quartic function containing a single parameter which cannot be - 
assumed at pleasure^ but is a determinate function of the coeffi- 
cients of Y, different according to the different values of the 
number p : which number is termed the order of the transform- 
ation. 

222. It is to be observed that we cannot have any other 

really distinct transformation of the differential expression -^ 

into the form -—j=.- with the same radical VX and a con- 

vX 

stant value of Jif : for suppose that such transformation existed; 
say by writing y = Function (z) we could obtain -7== — t=- 

where Z is the same quartic function of z that X is of 

J XT • X X xT_ dy M'^dx N'^dz ^, ^ . 

X and iV IS a constant ; then -^ = — j=^ = — ;=- , that is 

VF VX ^fZ ' 
—j== = .— ; such an equation is integrable algebraically when 

M, N are commensurable, that is proportional to integer 
numbers m, n ; and from the form of the integral we infer that 
the equation is not integrable algebraically unless M, N axe 
commensurable : hence N, M must be commensurable or the 

last-mentioned equation must be of the form -7= = —7=?; and 

^ ^ ' ^IX ^JZ' 

we have thus a known algebraical relation between the quanti- 
ties ip, z such that by means of it we can pass from one to the 

other of the transformations y=y, y = Funct. {z) : the two 

transformations would on this account be regarded as not 
essentially distinct the one from the other. 
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The standard form , . Art. No. 223. 

223. The theory applies in particular to the case of a diffe- 
rential expression of the form 

Vi-y«.i-\y' 

viz. this by a transformation of the form y = ^, of the order 

«, can be converted into one of a like form in regard to x, that 
is we obtain a relation 

Mdt/ dx 



where, A; or \ being given, the other of them and also the value 
of the multipKer M are each determined, not uniquely but 
by means of an equation called the modular equation, between 
h and X: more precisely, if A? or \ be given, the other of them 
may be taken to be any particular root of the modular equation, 
and then the coefficients of TT, F, and the multiplier Jif, are 
determinate functions of k, \, 

Distinction of cases according' to the form of n, 
. Art. Nos. 224 and 225. 

224. In the case where n is a composite number = jr, the 
modular equation breaks up, and the transformation in fact 
decomposes into distinct transformations. That this may be 

the case is clear d priori, viz. if we have « = -=^ a rational 

function of x of the order q, giving rise to a relation 

M^dz dx 



and y = -=» a rational function of z of the order r, giving rise 

^% 
to a relation 

M^dy dz^ 

VI - 3/« . 1 - xy " vr^7i - Pi^' ' 
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then for z substituting its value in terms of x, we have clearly 
y = p. a rational function of x of the order qr, giving 

M^M^dy _ dx 

but to show that the case is of necessity so would require 
further investigation, and the question is not entered upon in 
the present work. 

Assuming the property in question, it appears that the 
transformations belonging to the several prime numbers need 
alone be considered ; viz. the cases w = 2 and n an odd prime =p. 
The case n = 2 presents certain peculiarities. 

225. n = 2. There are in this case two distinct rational trans- 

ux 

formations, one of them of the form y = —--- (viz. here y 

1 — A' 

vanishes with x)y for which the new modulus is \, = ^ ^ , 

and the other of them of the form y = -j-^ , for which the 

new modulus is 7, = zj-— r : these will be considered. 

It is to be observed that for the case in question w = 2, 
\ and 7 correspond respectively to the real moduli \ and \ 
belonging to the case w, an odd prime, as presently mentioned : 

viz. we have the equations 9"T'~"^~^p' P^^^^ely coire- 

1 A' IC A ' 

spending to the equations "X""^^^"/^ afterwards men- 
tioned. But in the case of n an odd prime, \, \j are roots of 
one and the same irreducible equation: moreover (as afterwards 

appears) y, = sn / ^, \j and y, = sn f jjj , \J are each given 

in terms of Xy = sn w, by a rational transformation of the form 

y = ^ where y vanishes with x : whereas in the present case 
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n = 2, the corresponding functions 



y, = sn (1 + A;'w, \)> y, =sn(l + A;w, 7) 

are (as will be seen) given in terms of x, = sn u, the former 
by an irrational, the latter by a rational transformation, y in 
each of them vanishing with a. 

Instead of at once proceeding to the case of n an odd prime, 
we take in the first instance, n any odd number whatever. 

n an odd number : further devehpment of the theory. 

Art. Nos. 226 to 231. 

226. We have here the formula 

^ " (1, a;^)*(«-i) ' 

viz. the numerator is an odd function of the order n, and the 
denominator an even function of the order n — 1. We may 
proceed somewhat further in the determination of the form : 
for this purpose take P, Q even functions of x, such that 
P + Qxis of the degree J^ (n — 1) : for instance 

n = 3, P+Qx==a + I3x, ord.P = 0, ord.Q = 0, 

n=5, P+Qx^a-hfix + ya?, ord.P=2, ord.Q = 0, 

w = 7, P+Qx = a + l3x + ya? + Sx\ ord.P = 2, ord.Q = 2, 

n = 9, P+Qx = a + l3x + ya? + Sa? + €x\ ord.P=4, ord. Q = 2, 

and 80 in general ; viz. w = 4p — 1, the orders of P and Q are 
each =2p — 2, but 7i=4p + l, order of P is =2p and that of 
^is=2|)-2. 

227. This being so, assuming 

l-y ^j P-Qxy l^x 
1+y {P+QxY 1 + x' 
we see that 

_ x{P'-^2PQ+Q'x') 
is a function of the above-mentioned form ; and not only so, but 
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forming the equations 

where 

denom. = P» + 2PQa? + Q'a?, 

we see that 1— y and 1+y have each of them the required 
property of having in the numerators a square factor of the 
proper order. 

228. It is next to be observed that the functions P, Q may 
be so determined that the expression for y remains unaltered 

when we simultaneously change x into -r-- , and y into — . 

To see how this is, write for shortness 

^_ a>N{l, a?) 
y~ D{\, a?) ' 

N, D being as above functions each of the order J (n — 1) 
in a;*. We have 

and considering the coefficients, say of ^(1, a?*), as given, 
we can at once determine those of D (1, a?) in such maimer 
that, fl being a constant, we have identically 

In fact the coefficients of JD will be those of ^ taken in the 
reverse order and multiplied each by the proper power of k. 
This being so, we have 

and this identical equation, writing t;- for x, becomes 

whence identically 

Nil, ^ n{\, ^)=^D (1, x") D (l, ^ . 
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Suppose that writing t- for x, y is changed into y, then 



kx 
3^ = 






or multiplying by y and reducing by means of the result just 
obtained, we have 

_ n« 

O" 1 « 1 

viz. writing tit = T ^® hsiye y = r- ; and thus we may simul- 

taneously change x, y into r~ » T~ > *^® theorem in question. 

229. Or, in a somewhat diflferent form, the theorem is 
at once seen to hold good provided we have 

^ (l-A;^aV)(l~Af6V)...' 

for then, making the change in question it becomes 
1 ^ 1 (l~A;'aV)(l--A;^6V)... 

\y MK" {ab. . .)* f^_^h_^\ ' 

V aVV by'" 

which is in fact the original equation provided only 

X = iPF(a6...)\* 

m 

We thus in effect determine \ as a function of k (viz. these 
are connected by an equation called the modular equation), and 
then the coefficients of P, Q are determined in terms of k, \. 

230. The required condition being satisfied, we may in the 
formulae which give 1 — y, 1+y make the same change; and it 
is easy to see that the resulting formulae will be of the form 

l-\y = (P'-Q'xyil-ks), H 

l + \y={F + Qxy{l + kx), (-!-) 

* Comparing with the former equation ^=7S' ^® ^*^® ^=M{ab...)*, 
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the denominator being of course the same as before: hence the 
required condition as to the square factor is also satisfied by 
each of the functions 1 - Xy, l+\y; and the integral relation 
between y, x leads thus to the required diflferential equation 

Mdy dx 



231. Supposing that n is not a prime number it will be the 
product of two or more odd primes, and the transformation will 
break up into distinct transformations each of which may be 
separately considered. We therefore now assume n an odd 
prime: the modular equation is in this case an irreducible 
equation of the order 71+ 1, so that k being given we have 
w + 1 diflferent values of \; and corresponding to each of them 
we have a distinct formula of transformation. This modular 
equation is conveniently expressed as an equation between the 

two quantities u = \lk, and v = v \, viz. it is an equation of the 
form {u, v)=0 where {u, v) is a rational function of the degree n + 1 
as regards each of the quantities (u, v) separately. It is to be 
added that Ar* being as usual positive and less than 1, there are 
two and only two real values of V (which values are also posi- 
tive and less than 1) : and corresponding to them there are two 
reed transformations: but this is a property which may in the 
first instance be disregarded. 

Application to the Elliptic Fwnctions. Art. No. 232. 

232. We havlB in what precedes a purely algebraical theory 
of transformation: in particular, in the case where the order 
n is an odd number, if in the formulsB we write y = sin;^, 

X = sin 0, the diflferential equation becomes ^ ,^ ^ > = ^ ./ ,. ; 
^ ^ ^ ^{\X) A(A, 0)' 

and further assuming sin % = sn {v, X), sin = sn (u, A;), then 
it becomes Mdv=^du^ giving (since u and v vanish together) 

v = -^; whence a? = sn (t^, A;), ^=i:snf-v^, \j : and the theory 
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is an algebraic theory of traDsformation^ serving to express 
sn [-jT^, \] in terms of sn {u, k). 

The theory may be completed algebraically without much 
difficulty in the cases n= 3, 5, 7; but there is great difficulty in 
doing this generally for larger values of n: and it is in fact 
completed by'Jacobi, not algebraically but transcendentally, 
by expressing \ and the coefficients of the transformation by 

means of the sn, en and dn of (m and m! integers), 

or say by means of the functions dependent on the n-division of 
the complete functions K, K', 



n an odd-prime, the ulterior theory*. Art. Nos. 233 to 235. 

233. In particular when n is an odd-prime, there are as 
already mentioned two real transformations ; b, first transforma- 
tion from A to a smaller modulus \, involving the functions of 
■^ 

— ; and a second transformation from A? to a larger modulus \. 
n 

iK' 
involving the functions of . And in these two cases (taking 

K, A, Aj, K', A', A/ for the complete functions to the moduli 
k, \, \, k', V, X/ respectively) the modular equation is replaced 

by the equations x~^~^' "W^^^l^ respectively: viz. these 

transcendental equations contain the relations between the 
original modulus k and the new moduli \ and \ respectively. 



* Observe that X, heretofore used to denote any one whatever of the n+1 
roots of the modular equation, is in what immediately follows used to denote a 
particular root, and \y another particular root, the roots belonging to the first 
and second real transformations respectively. In Nos. 237 et seq. X is again 
used at the beginning to denote any root, and (X) a determinate root correspond- 
ing thereto, these are taken to be first the particular roots (X, Xi), and secondly 
the particular roots (X^, X). It would, abstractedly, be advantageous to reserve 
X as the symbol of any root whatever, using X^, X, for the particular roots : but 
this would have occasioned a very frequent alteration of Jacobi's notation. 
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234. The equations just referred to are obtained from the 
following ; 

A — — A ' — ^^ 

which present themselves in the theory. As regards these 
equations it may be observed here as follows : 

235. The first transformation is a relation between 

snf^, Xj, sn(w, A)^ and it leads to the equation A = -^. 

Effecting on the transformation-equation Jacobi's imaginary 
substitution, we obtain from it a complementary first transform- 
ation, giving sn (-j^, X'j in terms of sn (w, A?'), and this leads 

to the equation A' = -^. 

Similarly the second transformation is a relation between 

f u \ . , K 

sn f ^, \J, sn {% k), and it leads to the equation Aj = — . 

Effecting on the transformation-equation Jacobi's imaginary 
substitution, we obtain from it a complementary second trans- 
formation, giving sn f ^, VJ in terms of sn(w, k'), and this 

leads to the equation A/ = — ^ , or recapitulating, 

K 

first transformation gives A = — =^ , 

complementary first „ A'= -j^, 

second „ A, = jgr , 

1 

complementary second „ A[ = -^ , 

the chief object of the complementary transformations being in 
fact the deduction of these second and fourth equations. 



m] TRANSFORMATION. GENERAL OUTLINE. 173 

Connexion with Multiplication. Art. Nos. 236 to 24fl. 

236. The theory of transformation is connected in a very 
remarkable manner with that of multiplication. This is the 
case as well for an even as an order number n, and indeed 
the connexion will be exhibited in the case, w = 2, of the 
quadiic transformation, but here one of the transformations is 
irrational : and it is convenient to restrict the attention to the 
case n an odd number, where the transformations are both 
rational; or rather (this being the only case which has been 
completely developed) we may at once take n to be an odd- 
prime. 

237. This being so, starting with the transformation-equa- 
tion y = -p, of the order n, which gives 

Mdy _ dx 

Vi-y.i-xy-vi-ajMT^Fa:^' 

we may imagine a new variable z connected with y by a 

p 

transformation-equation ^ = 75 of the same order w (P, Q 

rational and integral functions of y) giving 

Ndz dy 

^ Vi-^M-WV^Vi-yM-xy' 

where (\) is not of necessity the same function of X that \ is of 
Jfc, but a like function ; viz. \, h are connected by the modular 
equation, and changing herein h into X and X into (X) we have 
the relation between X, (X). And we have then z a fractional 
function of x such that 

MNdz fl^ 

Vl-^. l-(X)V"vr=^. l-li?a?' 

238. It is a property of the modular equation that we may 

have (X) = h, and further that when this is so MN=^ - : the last- 

mentioned equation then is 

dz ndx 
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viz. X being as before taken = sn (u, k), we have z = 8Ji (nu, k) ; 
and the relation between z, x then gives sn (ww, &) as a function 
of sn (t^, A;), viz. the expression is a fraction, the numerator being 
an odd function of the order n' and the denominator an even 
function of the order n* — 1 ; this is in fact the expression of 
sn (nt^, Ic) in terms of sn (m, A?) given by the multiplication- 
equation. Observe that for obtaining in this manner the trans- 
formation xtoz (or sn (uy k) to sn (nw, A;)), the transformation 
X to y may be any one at pleasure of the diflferent trans- 
formations, but that regarding it as given we must combine 
with it a determinate transformation y to z, the resulting 
transformation a? to ;» being of course independent of the 
selected a? to y transformation : there are thus as many ways of 
obtaining the final x to z transformation as there are trans- 
formations X to y. In the case n an odd-prime, this may be 
considered more in detail. 

239. Selecting the root \ of the modular equation we have 

a real transformation (Jacobi's^r^^ transformation) y = -- giving 

[M real) 

Mdy dx 



Vl-y\ 1-Xy ^ll'-a?. 1-F^' 
and selecting the root \, of the modular equation we have a real 

transformation (Jacobins second transformation) y = ^ giving 

(Jfj real) 

M^dy dx 

Vl-yM-\y~Vl-a;M-AV' 

Now \ is in fact the same function of k that k is of \: this 
at once appears from the before-mentioned relations 

a;_^ ^ K' _ A/ 

Hence taking z such a function of y, \ as -^ is of a;, k, the 
differential relation between z, y is 

Ndz ^ dy 

Vl-^M-F^^Vl-y^. i-\y' 
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and consequently, MN being = - , we have 

dz ndx 



240. Or again, taking z such a function of y^\dj& y is of 

a, A?, the differential equation between z, y is 

N^dz % 

and consequently, -S/i-ATj being = - , we have in this case also 

dz ndx 



so that in each case, x being = sn [u, k), we obtain the same 
value 2; = sn {nu, k) : viz. in the first case we pass by a first and 
then a second transformation from k through \ to A; ; and in the 
second case by a second and then a first transformation from k 
through \ to k. 

1 1 

241. As regards the equations MN^-, M^N^=^ — , these 

follow from the before-mentioned equations 

viz. N being what M^ becomes on changing therein k, \ into 
\, k, and N^^ what M becomes on changing A?, \ into \, k, we 
derive from these 

and thence the equations in question. 

Jacobi in connexion with the equations "t = ^ -^ aiid 

A ' IK' 

-r-^ =-^fF remarks, FundaTMnta Nova, p. 59, that if n be a 

A^ n K ^ 

composite number =^nn^\ then, in the transformation of the 
order n, there is corresponding to each real root of the modular 
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A' n' K' 
equation a relation of the form "T = ~ "^ • whence in particular 

A' K* 

if n be a square number, the equation is -t" = -^ > viz. we then 

have X = A, showing that in the case where n is a square number 
there is among the transformations of the order n one which 

gives the multiplication by Vn. 

He further remarks, p. 75, that \ being any root whatever of 
the modular equation there exist equations of the form 

aK-VibK' 



aA + ifiA'^ 



dA: + i^A^ 



nM ' 

a'K' + ib'K 
nM 



where a, a, a, a are odd numbers, 6, V, )8, ff even numbers, 
such that aa + bb' = 1, aa + ^^ = 1 : and (same page in a foot- 
note) as follows: "Accuratior numerorum a, a\ b, 6',&c. determi- 
natio pro singulis ejusdem ordinis transformationibus gravibus 
laborare difficultatibus videtur. Immo haec determinatio, nisi 
egregie fallimur, maxime k limitibus pendet, inter quos modulus 
k versatur, ita ut pro limitibus diversis plane alia evadat. Id 
quod quam intricatam reddat quaestionem, expertus cognoscet. 
Ante omnia autem accuratius in naturam modulorum imagina- 
riorum inquirendum esse videtur, quee adhuc tota jacet quaestio." 
That some such equations exist may be inferred without difficulty 
from the general formulae of transformation, but the strict proof, 
and certainly the determination in question, would depend upon 
investigations out of the field of the Fundamenta Nova. The 
property is used by Jacobi to show that the proof which he 

1 W'^ dk 
gives of the equation if * = - -rrji -^ , where \ denotes in the 

first instance the real root, applies to the case of any root what- 
ever. 
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CHAPTEK VIII. 

THE QUADRIC TRANSFORMATION, 71 = 2; AND THE ODD-PRIME 

TRANSFORMATIONS n = 3, 5, 7. PROPERTIES OF THE 

MODULAR EQUATION AND THE MULTIPLIER. 

242. The case n = 2, although very analogous to the case 
n an odd prime, presents, as remarked in the preceding 
Chapter, some essential differences ; there are analytically dis- 
tinct transformations relating to the two new moduli \ and 7 
respectively, viz. these are not roots of one and the same 
irreducible modular equation : and it is an irrational trans- 
formation which in some sort corresponds to one of the real 
transformations in the other case. There is an d priori 
necessity for this: viz. as sn2t* is not a rational function of 
snu, we cannot have here two rational transformations leading 
to the duplication: the duplication must arise from the com- 
bination of a rational and an irrational transformation. It 
should be noticed that the case may be studied quite inde- 
pendently of, and in fact previous to, the general theory ex- 
plained in the preceding Chapter. 

The Quadric Transformation. Art. Nos. 243 to 258. 

243. It has been shown geometrically that, considering 
a new modulus \ connected with k by the equation \ = -r—p > 

and establishing between <f), the relation \^in^ = sin (20 — 0), 
or, what is the same thing, 

sm ^ = ^-^==4=^ , 
Vl-A;"sin»<^ 

c. 12 
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we have between <f), the diflferential equation 

(l + y)d<^ _ d0 
A{k,<f>) A(\,0)' 

Writing herein sin0 = x, sm0 = y, the relation between y, x is 

this is in fact the first form of quadric transformation, and 

(as is about to be shown) it is connected with a second 

. (1+A;)aj 

form y= \ . , -, . 

Modular relatione, 

244. From the original modulus k we derive two moduli 
7, X; these form a decreasing series 7, k, \ the relations 
between them being 

_ 2 VJfc - 2\/\ 

'^"1+7' ^"*r+T^ 

and the corresponding complete functions T, F, K, K', A, A', 
are connected by the equations 

(l + X)A=K=jl-^r, 
whence also i -r = tf = 2 ^ . 

'^ A K r 

First and Second Transformations. 

245. We pass by a quadric transformation from the 

diflferential expression , to or 
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dy 



, viz. in the former case the transformation is 



from {x, k) to (tf, X), in the latter case from («, k) tQ (y, y). 

The first form is 

(l + k')x'/r^^ 

Here, taking throughout, denom. = 1 - J^t^, we haye 

1- y = {l-(l+A;V}* (-), 

l-Xy={l_(l_A;Oa!'}» 

Vl-yM-xy = l-2»» + A»a!« 



and therefore 



(1+X)d!y 2(fe 

Vl-2/'.l-xy*Vl-iB'.l-&'aj'' 






As a? passes from to , ■ . v passes from to 1, and as 

a? continues to increase to 1, y diminishes from 1 to ; we thus 
obtain the relation 2.(1+\)A = 2K, that is (1+\)A = K, 
which is one of the above-mentioned integral relations. 

246. The second form is 

Taking here, denom. = 1 + ka?^ we have 

1_ y^{\-x){l-kx) (+), 

1+ y = {l+x){\-\-kx) (-h), 
l_^ = (l-ajVS)» (4-), 

i+7y=(i+»VS)" (-5-), 

consequently 

>Jl^f.l-rfy'^{\-kar)^l-a?.l-T<?a? (+), 

and rfy = (1 + k) {l-ka^dx (-5-), 

12—2 
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in which two formulae 

•denom. = (1 + kofYy 
and We have therefore 

dy ^ (1+A;)da? 

Here a? and y increase simultaneously from to 1 : hence 
taking the integrals between these limits we have another of 
the above-mentioned integral relations, F = (1 + A;) K. 

Complementary Transformations. 

247. If in the first form we effect Jacobi's imaginary trans- 

tX iY 

formation, that is write a?= , =r and y = —, — , then 

dy idY 



and 



Vl-2^M-\y Vl - Y\ 1 - \'^r»' 
dx idX. 



Vl-a^.l-iPar' Vl - i:M - A;'*Z» ' 

and the differential relation is therefore changed into 

0.+\)dY 2dX 

Vl-F».l-\T'~Vl--X:M-FJf*' 

the integral equation is changed into 

Y ^ (1 + ^')X 
VlITp Vl - i:M - ib'-Z* ' 

viz. this is F»(|^|^. 

which integral form gives therefore the last-mentioned differ- 
rential relation: observe that this integral form is what the 
second form becomes on writing therein X, Y for a?, y, and for 
k the complementary modulus k\ 

Moreover since X, F increase simultaneously from to 1, 
the differential equation leads to (1 + \) A' = 2K', which is 
another of the above-mentioned integral relations. 
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248. Similarly, if in the second form we eflfect' Jacoti*s 
imaginary transformation, then the diflferential equation is 
changed, into 

dY ^ {l+k)dX 

vi-]r.i-7'^,r' yi - XM - A?'*z» \ 

the integral relation between x, y is changed into 

VTITf^ 1-(1 + A;)X^ ' 



leading to ^_(l+^)XVl^XV 

vi-rxv 

which integral -form gives rise therefore to the last-mentioned 
differential relation: observe that this integral form is what 
the first form becomes on writing therein X, Y for aj, y, and 
for k the complementary modulus k'. Moreover as X passes 

from to , Y passes from to 1, and as X, continuing 

to increase, passes to 1, Y passes from 1 to : the differential 
equation gives therefore 2r' = (1+ A) K', which completes the 
set of integral relations. 

The Duplication Theory. 

249. We may in two different ways combine the two 
transformations, and thus in two different ways obtain a 
"Duplication by two quadric transformations." 

First duplication (through \). Writing 



,_ (1+X)y (l + A;')a;Vl- 

Z "^5 -- ■ " ■■■ — V/ ■! ——" " w — ...^^ 

l + Xy* ' * -Jl-iea? 



a? 



we have by what precedes 

dy 2 dx 1 dz 

and therefore 

<fe _ 2dx 
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where, from the asmimed integral equations, 



« = 



l-k^x* 



250. Second duplication (through 7). Writing 

"- Vr^y« ' ^" l + kt? ' 
we have by what precedes 

dy _ (l-\'k)dx 

Vl-.y».l-7^y»""Vl-a^.l-ifc»aj«' 



and therefore 



df^ 2dx 



■; A ■■■ i.'jf a ge 



V 1 - «M - A V Vl - iB* . 1 - ifc^ai" ' 
and the two integral equations give^ as in the first duplication! 



= 



l-h^x* 



251. In the first duplication, assuming a? = sn («, A?), 
y = sn {v, X), z = sn {w, k), and observing that u, v, w vanish 
together, we obtain v = (1 + fc') t^, w = 2u, and the formulae are 

0? = sn (u, k), 

fTTP ^\ (1 + A;') sn (w, ^) en («, A?) 



^ ^ l+Xsn»(l+A'«,X 
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and similaxly in the second duplication the formulss are 
a? = sn (u, k), 

y = sn(l + Am, :/) = VvV— 27^-W > 
if \ >^j 1+Asn'(u, k) 



sn 



^=8n(2ti, h) - a + 70sn(l+fc t.,7)cn(l+A;u,7) 

dn(l+fcu, 7) 

Transformations of the Elliptic Functions sn, en, dn. 

252. Take the first and second y-formulae as they stand. 
In the first ^-formula change k, \ into V, k\ and for u write 
4 (1 + fcO u. In the second ^-formula change k, 7 into 7', k\ 
and for u write i (1 + ^) ^> observing that i (1 +7') (1 + Aj) = 1. 
We thus obtain the formulae : 

Qn (16^ n7) 

sn (1 + A u, 7) = 4= — J a/ V\ (from second y-formula), 

r ,, (1 + A;) sn(i^, A;') cn(M, &') ,- , - , . 

sn (1 + A; u, 7) = ^^ dn (^ fc^ ^ ^^^^ ^-formula), 

and we may complete the system by adding the values of the 
functions en, dn. 

253. We have thus the formulae : 

0n= cn= dii=: 



(1 + h% X) 



(1 + ku, 7) 



(1 + fc'M, V) 



(l + *w,y) 



(l + Ji/)snttonu 


l-(l + A/)sn»f* 


l-.(l_fc^sn«f* 


(l + A;)Bnu 


cnudnu 


1 - fc sn* u 


(l + *08»lW 


cn^ u dn^ u 


l-A^BIli'tt 


(l + /f)snit*cnifi 


1 - (1 + A;) sni» tt 


l-(l-*)Bni«tt 



-^dnt• 



-^(1 + A;fln»«) 



-f-(l+A;'sni«w) 



-T-diiiU 
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where in the first and second lines snu, &c. denote (as usual) 
sn(w, k), &c.: and in the third and fourth lines sn^w, &c. de- 
note sn(w, A:'), &c. 

Third and Fourth Transformations. 

254. In what precedes we have a complete theory, or say 
" the standard theory/* of the quadric transformation, but we 
may add a third and fourth former 

The third form is : 

_ l+\-2a:» 

Here, denom. = 1 -f X, — 2\a?, we have 

l~y =2(l-\)«« (--), 

1+y =2(l+X)(l-ai») (-), 

1-X3^ = X'« (-), 

l+X2^=(l+X)'(l-.A?aj^ (-), 

and thence, denom. = (1 + X — 2Xa?')*, we have 

Vi-2/".i-xy = 2X'^ (1 + X) a? V l^^TI^ifcV, 

and consequently 

(;i + X).dy ^ >2da? - 

255. To connect witb the standawi form, o'fiserve that 

2 
writing a? :■ sn (ifc, £), y = sn (v, X), we have dt; = — = — r^ rfw, 

= — (1 + ^') cf«, that is, v^C—{l +k') u, or (since for a; = we 
have y = l, that is for w = we have v = A) the value is 
V = A — (I + A;') w, and the integral equation is 

/A 1 . 7f ^N 1+X — 2 snVifc, A;) 

or, wliat is tbe same thing, 

_ l-{l + k')sn\u,k) 
t-(i-k')sn*{u,k)' 
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but the left-hand side is = en (1 + fc'w, X) -r- dn (1 + A^w, X), and 
substituting herein the values of the two terms £rom the table 
No. 263 the formula is verified. 



256. The FmJtHh fonn is 



1-Vka? 



. 


*~2Vyb.a>' 






Here 


1- y = _ (l_a;V)k)* 


(H-), 






1+ y= (l+a^VA)* 


(-), 






1 — <yy = _Y(l— a) (1 -fee) 


(-X 






l+7y= 1 0- + x) {JL + he) 


w. 




where 


denom. = 2 Vfcc, 






and hence 








VI -/. 1 -7»2^ = -7(l-Aa;^ VI -ai*. ] 


I -/&»»» 


(-), 




djf =-2Vifc(l-A;a!»)da! 




(-). 



where denom, ^^^ha?. 



Consequently 



dy 



_ (1 + A;) eZar 



Vl -y». 1 -tV Vl -a?". 1 - fcV * 

257. To connect with the standard form) putting a? = sn (w, h)y 

y = sn (t?, 7), we find v = C + (1 + A;) w,.and then, since a?= 1 gives 

1 + jfc 1 
y = — y=^, =-, we have ^ + ^T'= (7+ (1 + A) K, or since 

(l + A;)K = r, this gives (7=ir', and therefore t; = iJF + l+A?w 
and y = sn (iF' + 1 + A; w, 7) : wherefore the equation is 



sn 



^ ^ 2 Vfc sn (tt, Ar) 



The left-hand side is 

1 



1 + A;sn'(w, k) 



7 sn (1 + A; w, 7) ' 7 (1 + *) sn (w, A;) ' 
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or, what is the same thing, = — 7= \.J—l ^ ^iiich is right. 

2 Wk sn (u, k) 

258. Making in the third form Jacobi's imaginary trans- 

. ,. iX iY .^, lY 1 +yX' 

formation a?= . ^ , 7= , , it becomes , ^^ = ^i — tt-^ i 

giving F= — TT^ — , viz. this is %\iq fourth form, writing therein 

Xy YioT X, y, and for k the complementary modulus k\ 

And similarly making in the fourth form Jacobi's imaginary 

^Y 1— r+xx* 

transformation, it becomes Jl_Y^ '^ 2^/lx^/T^^ ' giving 

1 + X' — 2 JT* 

^=1 — T^ — 6)^ / ya > viz. this is what the ^Aird form becomes 

on substituting therein X, F for a?, y, and for X the comple- 
mentary modulus X'. 

259. The cases n = 3, 5, 7 are worked out in accordance 
with the general algebraical theory explained in the preceding 
Chapter. In the case w = 3, it is to be observed, that the 
process introduces a single indeterminate quantity a, in terms 
of which the moduli A?, X are expressed ; the resulting form, 
containing only this parameter, is an interesting and valuable 
one, but it is nevertheless proper to obtain the modular equa- 
tion, and express the formula in terms of the two quantities 
«, V connected by this modular equation. I have in regard to 
this same case w = 3 gone into some details to connect the 
formulas with the transcendental ones depending on the trisec- 
tion of the complete functions, as obtained from the general 
theory for the case of an odd-prime. 

The Cubic Transformation. Art. Nos. 260 to 262. 

260. We write 

l+y^yi + ax) 1+x' 
. . a;{2a + l+aV} 
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and then the conditions in order to the change x, y into 
feu* Xy' 

X=*^ 

1 

It is moreover clear that -^ = 2a + 1. 

M 

261. We have at once everything expressed in terms of a, 
viz. we have first H = a', and thence 





'"- 2a+i ' "-"vaa+i; ' 




and then 








l-y = (l-flur)»(l-a). 


(-). 




l+y=(l + fluB)''(l + a!), 


(-), 




\-\y = {^-\^ i^-ho). 


(-). 




H-Xy=(H-^a>y(l+fcr), 


H. 


where 


denom. = 1 + a (a + 2) «', 




and thence 







rfy ^ (2a + 1) dx 

Vl-^/M-Xy'Vl-a^^.l-iV' 

the factor 2a + 1 being obtained directly from the consideration 
that, X and y being small, y = (2a + 1) a?. The modular equa- 
tion is here replaced by the two equations 

*" 2a + l ' ^ "l2a + i; ' 
which in fact determine X in terms of h. We obtain 

7/« _ (!-«) (!+«)' ,^„ (l + a)(l-a)' 
" ~ 2a + l ' ^ (2a + iy . ' 
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[vni: 



and thence 



2a + 1 2a + 1 



hence VfcX + Vfc'X' = 1, which is a form of the modular equation. 



We have — = a*, that is writing !^k = u, ^ = v, we have 

At 

a = — . Moreover VA?\= J^ , ., , that is uV= ^ , ., , or 
v Ja + 1 ZcL + 1 

(substituting herein for a its vahie), 

^^ "■ t;(2t^» + t;) ' 

or u (u^ + 2v) = v^ (2w' + v), 

thatis t^* - v* + 2t^t; (1 - w't;*) = 0, 

which is the modular equation, expressed as an equation be- 
tween u = ^k, and v = /^X. 

262. Introducing into the equations u, v in place of a we 
have 

1 + ?;*y = v" (1 + UVxf (1 + t**a?) 
1 — -y*y = v^ (1 — wt;a?)* (1 — U^x) 

where the denominator is in the first instance obtained in the 
form 'i?^i?{u^-v2v)x^\ or, altering this by means of the 
modular equation, we have 



denom. = v' {1 + vu^ (v + 2ii^) a?} ; 



and then 



vdy 



_ {v + 2^°) dx 



Vl-t/M-vV Vl-fB^.l-t^V' 



y 
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The QwivMc Transformation. Art. Nos. 263 to 267., 

263. We write 

l-y^ (l-a;)(l-aa!+/3a;')* 
1+y (l+a;)(H-aa:+/3a^)" 

giving y- i + (2/8 + 2a + a')a;«+09* + 2a/8)a!* ' 

And then the conditions in order to the change x into 
1, y into 1, are 

A?*(2a + 1) =ll(^ + 2a^), 

ifc^ . 1 

where fl* = — . It is moreover clear that -t>= 2a + 1, 

264. Assuming A? = t^*, X = v*, we have fl' = -j , and thence 



V 



u^ 



/3=*^n = — . Substituting these values the last equation be- 



V 



comes (2a + 1) wv* = u^ + 2av, that is 

2at;(l-wt;») = t^(t;*-t^*X or 2a=: ^// "''2 > 

The second equation becomes 
(t?«-i(») (2^ + a") = w*(l - wM 2a, 

that is 2^ + a' = !i'(^ + f^^7"'"^ 
whence a* = — {- ^ ^ ^ — 2w' • , 

V I 1 — ttV* j ' 

V 1 — uv^ 
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And dividing this value by the value first obtained for 2a, 
we hav« 

_W(lWv) _ u{v*- u*) 
^'^~ !;• + «' ' ~«(l-«t;*)' 

whence — (t;" + «*) (»* — «*) + \mv (1 — «»*) (1 + u'd) = 0, 
or, what is the same thing, 

tt»-t/'+ 5ttV («*-»*) +4«t> (1 -«V) = 0, 
the modular equation. 

265. We then have 
2a+l= "-«' 



»(1 -«»»)' 

and hence 

_ r (i) - «') a; + «' («* + «*)(<)- «') a^ + M^' (1 - up*) a;' 
2^ "•»• (1 - Mt/") + «»»(»''+«')(»-«') a? + t/'«*(t;- tt") a:* ' 

or if we please 

2 (1 — ttv ) t; ^ 

leadiog to 

v (1 — wv") dy ^ (t; — w') do? 

Vi-3^.i-ty""V]rr^.i-i4V' 

266. If from the original equations we eliminate A?, fl, we 
obtain 

(a» + 2a^ + 2)8)'(2a + )8)-(a« + 2a+2)8)^(2a + l)/3 = 0, 

viz. this is 

2a'(l-i8){a»-2)8(l + a + )8)} = 0. 
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But a=0 gives simply 7/ = x; 1—^ = corresponds to 
A; = \ = l, and does not give a transformation; rejecting these 
factors, we have 

a«-2^(l + a + )S) = 0, 

viz. if a, )S are connected by this equation, and 

l+y~l+aj\,l + ax + 0a^) ' 
then there exist values of M, k, X, such that 

Mdy dx 



viz. we have j^= 2a + 1, Af = (2ag + 2)8+ ') ' ^^* ^® ® 

same thmg, k = — ^^ ^ — - and ^ = ^ : this is of course only 
another form of the theorem. 

267. It is worth while to consider the case ^ = 1 : as 
already mentioned this gives A;^ = X^ = 1 : we have 

1 — y_l— ar/l— flfa7 + a?\^ 
1+y "" 1 + x [l+ax + a!') ' 

_ a; f2a + 1 + (a'4- 2g + 2) a^-hx"} 
giving y-"l + (a» + 2a+2)aj^ + (2a + l)aj*' 

and calling the denominator D, we have thence 

1-3/'=;^ (1-^0(1 + (2-0^+^?. 

Moreover dy=^ jr^ (1, s?ydx, but the numerator (1, a?y con- 
tains, not the square, but only the first power of 1 + (2— a') (c'+a;*; 
we in fact find 

dy = -^{2a+l + (-a*-4a+2)aj»+(2a+l)aj*}{l + (2-aV+a?'ldi», 

and consequently 

dy __ 2a + l + (-a'-4g + 2)a^ + (2a + l)a;* dx 
l^f^ l + (2-a*)jB' + a^ 'l-iB*' 
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viz. the factor which multiplies ^j 5 is not a mere constant; 

and we have thus no quintic transformation. 



The Septic Transformation, Art. Nos. 268 and 269. 
268. We write 



1-y _ 1-a? / l-aa; + i8a^-7a?V 



^ ^V 

and thence the conditions in order to the change a?, y into 

kx' \y 

A;* 08* + 2/37 + 2(»y) =^ (2/9 + 27+a*), 
fe* (2/3 + 2a/3 + 27 + a') = fi (/3* + 2a)8 + 27 + 2a7), 
Ai* (1 + 2a) = fi (7» + 2/S7), 

where il' = — . Writing as before A; = «', \ = «*, we have 

At 

ft = — J- , and thence 7, = Vft , = — . Moreover, by taking x and 

y each indefinitely small we obtain at once 1+ 2a = -^ , and 

substituting these results in the last of the four equations we 

find2^ = wV[-T^ — 4): and the second and third equations 

become 

t;'(^ + 2/37 + 2a7) = i^« (2/3 + 27 + a''), 

wV(2/3 + 2a/3 + 27 + a') = i8' + 2a/S + 27 + 2a7, 

in which equations a, )S, 7 are to be considered as given 
functions of t*, v, M\ the equations therefore determine the 
relation between u and v (the modular equation); and they 
also determine the multiplier Jf as a function of u, v. 

269. The final results are simple: but it is by no means 
easy to deduce them from the equations, or even to verify 
them, when known : we have 
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fi this may also be written, 

{v-u^) {u-v'') + 7uv (1 - w)* (1 - wt; + w'v")" = 0, 

he modular equation: and then M is given in either of the 
forms 

7u (1 — uv) (1 — wv + tt'v*) TLf^^O-" wv) (1 — wt? + wV) 



u — v 



v — u 



es which are identical in virtue of the last-mentioned form 
le modular equation. And then -as above 

2.4-1. 2a..v(^-^:). r=^, 

jh are the values of the coefficients a, )S, 7. 

?orms of the Modular EquMion in the Cubic and QaintiG 
TransformaMons. Art. Nos. 270 to 273. 

570. In the cubic transformation, the modular equation is 
nally given as an equation of the fourth order between 
) : but we thence easily derive equations of the same order, 
itween (y?, v*) (2^*, v*), and {u^y if) : the forms are 



I. 



u 



tt= 



tt» 



u* 











+ 1 




+ 2 
























-2 




-1 











=0, 



n. 






V* 



iQ% 



V' 



tt" 



tt« 



tt" 



tt« 











+ 1 




-4 












+ 6 












-4 




+1 











=0, 



13 
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[V 



m. 1 

1 



M* U^ U^* M^® 



V^ 



tlS 



ac 











+1 




-16 




+ 12 








+ 6 








+ 12 




-16 




+1 











=0. 



IV. 





1 


tt8 


ttW 


tt« 


mW 


1 










+ 1 


r8 




-266 


+384 


-132 




,,16 




+ 384 


-762 


+ 384 




r" 




-132 


+ 384 


-256 




rsa 


+ 1 











=0. 



271. Here I. is the original form t^* — tr* + iuv (1 — w*tr^ 

II. may be written (1 — -w") (1 - 2;^ = (1 — i^V)*. Jacobi 
tains this. Fund. Nova, p. 68, as follows: we have 

(1 -t^*) (1 + t,*) = l-uV + 2uv {l-u'if) 

= (1 - wV) (1 + w)', = (1 - w) (1 + 

(1 + w^) (1 - 1;*) = l-'uV-2uv (1 - w*t;0 

= (1 - w*t/0 (1 - wt;)', = (1+ w) (1 - 
whence the form. "Writing 

the equation is k'\'^ = (1 — VAyX)*, 

or, what is the same thing, 

\/AX + \/iV = l, 
the irrational form obtained ante, No. 261. 

Ill may be written (w*-vV-16wV (1-t*') (1-v^ 
which form can be at once derived from II. under the ] 
(1 - u^) (1 — v^ = (1 — wV)*, by writing therein 
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V. may be written 

(ifc»-X«)* = 128JfcV.(l-i;»)(l-X«)(2-i;»-X» + 2A;V), 

I. Nova^ p. 67, viz. this is the modular equation expressed 
nally in terms of /<;', X*. Writing, with Jacobi, j = 1 — 2A;', 
— 2\', it becomes 

572. In the quintic transformation the modular equation 
iginally given as an equation of the order 6 between w, v : 
may be expressed as an equation of the same order 6 
een [u^, v^), {u*, v*), (^, 7f), viz, the four forms are 



L 


1 

V 

V2 

V* 

r6 

1 

V* 
V8 

V8 
i;10 

via 


1 


u 


«« 


w' 


w* 


M« 


m8 
















+1 






+ 4 






















+ 5 




- 
























-5 






















-4 






-1 










« 


■ 


n. 


1 


ws 


u* 


M^ 


m8 


wio 


m" 
















+1 






-16 








+ 10 












• 


+ 15 














-20 














+ 15 














+ 10 








-16 






+1 















=0. 



=0, 



13—2 
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[vm. 



m. 





1 


u* 


«« 


uw 


l|16 


u^ 


mM 


1 














+ 1 


»« 




- 266 




+ 320 




- 70 




tfi 






-640 




+ 665 






t;l« 




+ 820 




-660 




+ 320 




v" 






+ 666 




-640 






r«o 




- 70 




+820 




-266 




r" 


+ 1 















=0. 



IV. 



1 

•i48 



U 



16 



lU 



u 



ss 



i40 



U 



48 













+ 1 




- 66636 


+ 163840 


-138240 


+ 43620 


- 3690 






+ 163840 


- 133120 


- 207360 


+ 133136 


+ 43620 






- 138240 


- 207360 


+ 691180 


- 207360 


- 138240 






+ 43620 


+ 133136 


- 207360 


- 133120 


+ 163840 






- 3690 


+ 43620 


- 138240 


+ 163840 


- 66636 




+1 















=0. 



273. Here I. is the original form 

u' - V* + 5uV (u* - O + 4^v (1 - uV) = 0. 

II. may be written {v!' - v'Y - 16t^V (1 - t*^ (1 - 1;«) = 0. 
This Jacobi obtains, Fund. Nbva, p. 69, directly as follows: 
writing the modular equation in the form 

(z*» - v^ {u* + 6ii'v* + V*) = - 4i^t; (1 - wV), 

from this we deduce 

(U^ - V') {U - V)\ = {U- VY {U + V), = - 4iUV (1 + u*) (1 - v'), 



and thence the form in question. 
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The form IV. may be transformed into: 

(t^«-v^)« = 612t^Vinto 



r' 



.8 



V 



16 



V 



U 



f|8 



U 



16 



M> 



tt»« 



+ 128 


-820 


+ 270 


- 86 


+ 7 


-320 


+ 260 


+ 406 


-260 


- 86 


+ 270 


+406 


-1360 


+ 406 


+ 270 


- 86 


-260 


+ 406 


+ 260 


-320 


+ 7 


- 86 


+ 270 


-820 


+ 128 



and thence into : 



(u» - vy = 512 uV (1 - tt") (1 - «") into 





1 


m8 


ttW 


««* 


1 


+ 128 


-192 


+ 78 


- 7 


t;8 


-192 


-262 


+423 


+ 78 


tjW 


+ 78 


+423 


-26» 


-192 


v^ 


- 7 


+ 78 


-192 


+ 128 



which is the modular equation expressed rationally in terms of 
t^^ v^ = i?, \\ If we herein write j = 1 - 2^?", ? = 1 — 2\*, this 
becomes: 

(2- Z)' = 256 (1 -2*) (1 - O inta 



1 
I 

2» 







+406 






+48ft 




- 9 


+406 




-270 






- 9 




+ 16 



which ia equivalent to the form given Furhd. Nova, p. 67. The 
equation may also be written 

{q - I)' = 256 (1 - q') (1 - P) {IQql (» - ql)' + 9 (45 - ql) {q - T)% 
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Properties of the Modular Equation for n an, odd prime. 

Art. Nos. 274 to 277. 

274. The cubic, quintic and septic transformations supply 
illustrations of certain properties of the modular equation for 
any odd prime value of n. It may be convenient to mention 
here that the equation has been further calculated for the odd 
prime values 11, 13, 17 and 19, by Sohnke, in the Memoir, 
Equationes modulares pro transformatione functionum ellipti- 
carum, Crelle, i. xvi (1836), pp, 97 — 130; the results are given 
in a tabular form in my Memoir on the transformation of 
elliptic functions, Fhil trans. 1 164 (1874), pp. 397—456. 

The degree in u, v respectively is = » + 1. 

275. The equation remains unaltered if for u, v we write 
therein — u, — v respectively. 

Connected herewith we have an important property not 
explicitly noticed by Jacobi. In general an equation F(u, v) = 
of the order v in u and v respectively can be transformed into 
an equation of the order 2v, in w', i^ respectively: viz. the 
transformed equation is 

F{u,v) Fir-u.v) F{u,-v) i^(-w,-v) = 0, 

where the left-hand side is a rational and integral function 
of u\ v' of the order 2v in these quantities respectively. But 
as regards the modular equation, since F{—u,''v)^F (w, v), and 
therefore also F{—u,v)^F[u, — v)^ the transformed equation 
may be written J?'(m, t?) i^(w, — v) = 0, and it is thus an equa- 
tion in w^, v^ of the order r, = w + 1, only. It has just been 
seen how in the cases n= 3 and n = 5, we obtain equations 
not only in (w*, v*), but also in (t**, v*) and in (w^ t;^, of the 
same order, 4, 6, in these quantities respectively: and the same 
thing might easily be shown in the case n = 7. 

276. The modular equation remains unaltered when for 

% V we write therein v, (— ) u ; viz. n = 3 or 5, (v, — u), but 

n = 7, {v, u) in place of («, v). Taking the equation in 
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(^'» tO> {^*'> ^*) ^^ (w^ ^^) ^^^ merely means that the equation 
is symmetrical as regards the two variables, but as regards 
the original form as an equation between (w, v), we have, as just 
stated, w = 3 or 5 (mod. 8) a skew symmetry, but n = l or 7 
(mod. 8) a complete symmetry. 

The above change w, v into {v, (— ) u] changes the mul- 

(— ) J<*"i> 1 
tiplier M into ^—^ — -^ — , and it thus appears that, given the 

expression of the multiplier in terms of (w, v), we can deduce 
the modular equation: thus, n = 3, 

,, V —1 —u 



whence (Sw' + v) (2t^ - w) - Zuv = 0, 

the modular equation. And so also, n = 5, 

^^ t; (1 -- t^ t/^) _1 '"u[l'Vu\) 

whence Suv (1 - uv^) (1 + u^v) - (v - w') (t/* + w) = 0, 

the modular equation, 

277. The modular equation remains unaltered on changing 
therein w, v into - , - respectively. 

The modular equation also remains unaltered on changing 
therein k^ \ into &', X' respectively, that is t^®, t;® into 1 — w®, 
1 — t?*; this appears from the equations expressed in terms of 
J = 1 — 24* and Z= 1 — 2\*; viz. by the change in question q, I 
are changed into — g^, — i; and the equation remains unaltered. 

Two Tranaformations leading to Multiplication, Art. No. 278. 

278. It appears from the property stated in No. 276 that 
we can by a twice-repeated transformation obtain a multiplica- 
tion, thus, n = 3, 
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gives 

dy _ t; + 2u' (^ ^ 

and writing (v, — w) for (w, v), and (^, y) for (y, a;), 

_ u (u - 2t;') y + ^^ 
*^w' + uV(w-2t;»)2/" 

gives 

<fo •• "~ 2^' ^y 

Jo; 



= -3 



Vl-a^.l-wV 



279. Similarly^ n = 5, 






gives 

<^ _ v — tt' dx 

and 
gives 



wlience 

= 5 



Vl-^M-uV Vl~a;M-i*V ' 
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The Midtiplier M. Art. Nos. 280 to 284. 

280. The above-mentioned values of -3^ -^v lead to con- 

M 

venient expressions of nM*', thus 

' U (2tt' + v) 

uv — u^l + uv 

It will be shown that we have in general 

^^W^dk _ v(l-v')du 
^^ ~A;P"d\'""w(l-tt«)dt;' 

or, what is the same thing, if ^ = be the modular equation, 
then 

a formula which is here to be verified in the three cases n = 3, 
n = 5 and n = 7. 

281. In the case n = 3, we have 

t; + 2tt*" 3u ' 

also 

du_ 2v^-u + 3tt V 

and the equation becomes 

2t/»-M 1-1)8 2v"-w + 3wV 



But writing 3 = ^^ ^ , then in the last fraction 

the numerator becomes = {2v^ — w) (1 4- uh^ + 2uh), and the 
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denominator = (21^^* + v) (1 + mV — 2ti/t/^) : and the equation 
thus is 

_ l-v' 1 + t^V + 2u°t; 
1-u* • l + wV-2Mt;*' 

But we have 

1 - u« = ( 1 + u*) { 1 - v* + 2 Mv (i - u V) } , 

= 1 -ttV + u*-i;*+ 2uv (1 + u') (1 - uV), 
= 1-uV + 2m^(1-wV), 
= (l-ttV)(l+uV + 2M'^t;), 
and similarly 

l-i/8 = (l-wV)(l + wV-2Mt;'^), 
which proves the theorem. 

282. In the case n = 5 we have 

;if - ^ (1 "" ^^0 _ t^ + v" 

and the equation becomes 

(1 - uv^) {u + v'^) _ 1-v^ du 

The modular equation may be written (by No. 273) 
(i^«- «;'')«= 16 wV (1 - w') (1 -t;'), 

whence differentiating and multiplying by w" — i;*, and reducing, 
we have 

Quv (1 — w^ (1 — v'^ (udu — t;c?v) 

= i^(w'^-t;")(l-tt')(l-5t;Vv + v(«*'-0(l-0(l-S'*Vw, 

or, as this may be written, 

V (1 -?;P) (5w»-t*"^ + v'- 5wV) dtt 

that is 

i; dw 1 - v' 5i;'- v^+ 1*'- 5wV 



u dy 1 - u" 5»* - tt'** + V* - 5uV 



8».a > 
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or, observing that from the modular equation, we obtain 

5^« _ v^o + 14» - 5ttV = (1 - wV) (tt» + 5ty^ - 4ut;0, 

this is 

y c?u 1 — / _ u' + Sv* - 4ut?' 

and the equation to be verified is 

w (v - tt*) (1 + tt'v) " t;* + 5tt' + 4M"t) * 

283. Write 

then we have 

and the equation becomes 

AD _ uA + 5v D 
BO' vC+5uB' 

or, what is the same thing, 

vACD + 5uABD = uABC + 5vCBD: 

but from the modular equation 5BD = AC, and substituting 
this value and throwing out the factor -4C, the equation 
becomes vD-\-uA = uB + vC,yvhich is true since each side is 
= M* + 1;*. 

284. In the case n = 7, we have 



_ t; (1 — uv) (1 — -Mt; + uV) _ u — v' 

"" v — u' "" 7w (1 — uv) {1 — UV + uW) ' 



and the formula is 

u— v^ ^1 — v^ du 
v — u^ " 1 — u^ dv' 
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Starting from the modular equation 

^, =(l-u«)(l-t;')-(l-ur)«,=0, 
we have 

and thence 

= - 1>' (!-«»)'+ (!-«•)« {1-uvy, 

= (1 - uvy (tt - 1)*). 

And similarly 

whence 

the formula in question. 

Further theory of the Cvbic Trcmsformation. 
Art. Nos. 285 to 294. 

285. The cubic transformation may be considered from 
a converse point of view. Writing a? = sn (w. A?), -«: = sn (3a, A?), 
we have 

^('-^0-D('-?)('-?) 

* (1 - *»aV) (1 - l^^a?) (1 - lerfa?) (1 - 1?^!^) ' 
where 

o = sn -5-, p = 8a. 



3 ' '' "" 3 



• rrt 



7 = sn g ,8 = SIX g 
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these being the roots of 

3-4(l + ifc')a?* + 6A;«^*-JfcV = 0; 

and it is to be shown that this relation between z, x may be 
decomposed into two transformation equations between (y, a?) 
and {z, y) respectively. 

286. We take these to be 



i(i-i) m{^~^ 



giving respectively 

Mdy _ dx 

Vl -yM^^ " Vr^*. 1 -k'a?' 

and 

dz ^Mdy 

Vl - z\ i-yz"" " VI -y". 1 -xy ' 

where observe that a, which enters into the relation between 

y, a:, being as above the real root sn -^ , the equation between 

«> 

y, a; is a first transformation, and consequently that the relation 

between z, y ought to come out a second transformation. 

287. Writing 



we have 



Vl-a*=cn*^, Vr^^' = dn^, 

o o 



8K f,^ ^K\ 4>K 

sn -s- = sn 4a — ;:- = — sn 



..(«-f)- 



3 ' 



thati 



18 



and nmilarly 

2 Vr^^ VI -F/3' = - (1 -F/3*). 
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Also 

yS = sn 3 sn 3 i:rpz*0" 

. _ 2)3 Vrr^ VI - Fg« -/3(l-ya«) 

and thence 

/3 + (y + 8) = ^'^'^^^'-^ 



^CT+!)+Y8-=4a^, 



that is 

/9 + 7 + S = - **a*/87S, 

or, what is the same thing, 

1 1 , 1 _ M» 



1 1 1_ ^ 

/3 "*■ 7 ■*" 8 ~ ~ /37S ' 



and, moreover, since 



•K'-S('-D('-^('-? 



= 3 - 4 (1 + *^ as* + CFa;* - A;V, 
we have 

^ — k\ ora'/3»7'8» ^,. 



M\ aV 
288. Determination of tf= — ^ , leading to 

1 — A?'aV 
Mdy dx 



VI -3^M -\y Vl-^.l->fc»aj» ' 
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We determine M so that a? = 1, y = 1 shall be correspond- 
ing values^ viz. we have 

and then (denom. = 1 — A;'aV), writing 

i-3,=(i-i'«'^-j(i-g H, 

the term in { } is taken to be a perfect square, = (1 — 7.) 
suppose, viz. this being so we have 

2_ 1-FaV l_Vl^W\ 

1 1^ l-^'g' 

/*~ Mr 1-a" 

which agree; and then 

i-2^=(i-^)(i-|y w. 

whence also 

l+y = (l + a:)(l+?y (^). 

We next determine X, so that a? being changed into r- 
y shall be changed into — : we thus have 

1 1 l-Jfc»aV 






a ' 



a» 
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or, multiplying by y, 

1 1 



that is 

Observe that, a being real, we have 1 — a* < 1 — Jt^a*, and hence 
X < A:", viz. we pass from a modulus A; to a smaller modulus X. 

And then the expressions for 1 — y and 1 +y lead to 

l~Xy=(l-fcr)(l-A»* (4-), 

l+\y = {l + kx){l+kfxy (-), 

so that we have the required equation 

Mdy dx 

Vl -y . 1 -xy " Vl -oi". 1 -ifc^o?*' 

289. Modular equation. 

Next, for finding the modular equation, we have 

where the term in { } is 

1 - 4A^a» + 6JfcV - 4;fe»a« + Fa" 
- F + 4A;V - 6A;V + Wa' - k'a\ 
= (1 -F) {1 +ife' + F-4 (F + A;^ a* + 6JfcV-A;V}, 
= (1 - ¥) {(1 - F)* + F [3 - 4 (1 + jf) a* + 6Fa*- Fa']}, 

= (1-F)'; 
that is 

^'=ri 7TT^> orvX'A;' = 



(l-AV/' ^* "^'^ l-;fcV' 
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and hence 

that is 

the required equation. 

290. We have next {0 being arbitrary) 

(denom. as before = 1 »-A;Va:^). 
And taking 

then l-| = l-^«V+^3(l-^) H. 

and similarly 

also, changing a;, y into y:- , r— » 

1 -\^y = (1 -ifc/3a?) (1 -ifc7a?) (1 - A?S^) H, 

1 + \^2^ = (1 + A;/3a;) (1 + hyx) (1 + khx) (-r); 

consequently 

« ^(^-g)('-g)('-g)('-g) 

1 - Ve'if (1 - iVaO (1 - Fitf'/) (1 - lya?) (1 - /r'SV) * 
We have 

. 1 ^yS , .,1 a»/9'7'S' -3 

c. 1* 
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g 
but X = APl^a^, hence ^ * - jlT« and ^*^= - SJiPi^of ; whence, 

1 — a* A. 

putting for shortness Jf, = — =-7:; ttt: > = — rn > we have 

'^ ° ' a" (1 — kra) a*Ji 

291. It is to be shown that d is connected with X as a is 
with k; viz. that we have 

3-4(l + X»)^ + 6X»^-X*^=0. 

Substituting for 6^, X'^ and X^ their values, the expression on 
the left-hand side is 

(-4 = 1 — a", 5 = 1 - /b^a*), viz. the term in { } is a function (1, a*)' 
the coefficients of which are 

27, 

- 64 - 54i', 

27 + 90;fc* + 27A;*, 

- 4-18i5;*-18Jfc*- ik', 

- 2F-46Jfc*- 2Jfc», 
14ifc' 4- 14ifc», 
- Zj' + lO^k*- jfc", 
- 2A;'-2;5^, 
- y, 

and this is equal to the product of 3 — 4 (1 + i*) a' + 6k\* — k*u* 
by a function (1, a*)*, the coeflBcients of which are 

9. 
-6-6Jf, 
1-4^+ A;*, 
2F + 2k\ 
k\ 
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viz. this other factor is = {3 - (1 + i*) a» - i'a*}". The first 
tabCtoT vanishes and we have thus the required relation 

3 - 4 (1 + V) ^ + ex'^^ - X*^ = 0. 

1 o ^ 

We have ^ = — -i^ ^^ > where M, a, yS are all real but ^ is a 

pure imaginary, hence also ^ is a pure imaginary. Now the 
equation in z, y corresponds with the dififerential relation 

dz _ ^Mdy 

Vl-^.l-A;*?""Vl-2/'.l-Xy' 

and we thence see that 6 must denote one of the quantities 

4A UM 4A + 4iA' -4A+4iA' 
sn -^, sn-g-, sn g , sn ^ ; 

and, being as just shown, a pure imaginary, it clearly denotes 

4iA' 

sn , viz. the transformation from 2? to y is a second trans- 

t> 

formation. 



Writing now 



z = 



we may determine N so that corresponding values shall be 
z = l,y = — l {ox z = — l,y = l), viz. this will be the case if 



. -.itll 



or say Js = — — — , 



and the value of N thus determined wiU be = 5^ . To verify 
this we have to prove the equation 

Substituting for CP, XB* and M their values, the equation is 

(^ = 1 -c^, 5 = 1 - Jfc'a*, as before). 

14—2 
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We have B — l^A = 1 — A*, and the term -B* - k^A^ contains 
this same factor. Omitting the factor in question, 1 — &*, the 
term in { } is 

= -a•(l + ^«-3^V + ^'*a•)+3{l-(l + Jfc')a» + ^V], 

viz. this is 

= 3-4(l + A^fl* + 6i'a*-ifcV, 

which is = 0, and the theorem is thus proved. 
292. Starting from the equation 

where 1,-1 are corresponding values of z, y, and 

3 - 4 (1 + x') ^ + ex'^* - X*fl« = 0, 

we have 

i+^=(i-2,)(i-|y (H-). 
i-.=(i+3,)(i+iy H, 

l-^-^=(l+Xy)(l + \5r^)» (-), 

where denom. = 1 — X'^y, 

viz. in obtaining the above we have 

1 + ^ = 1 - X'%' + 3% (l - 1') (-), 



that is 



= (1 - 2^) {i + (3iw+ 1) y + ^/^ H, 
= (i-;y)(i-fy H. 



5' 
1_ 33/ l-X'g * 
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which agree. We have therefore 

dz^ SMdy 

and the proof is thus completed. 

293. The investigation would have been very similar if, in 
the formula 

a had dfenoted any other root of the modular equation, or, what 
is the same thing, if a were replaced by any other root )3, 7 or S: 
there would have been in each case a corresponding equation 
in («, y) giving by its combination with the assumed equation 
the triplication. In particular if the root had been fi, then the 
equation in x, y would have been a second transformation and 
the correspondiDg equation in (js, y) a first transformation. But 
if the root had been 7 or S, then in either case the equation in 
{Xy y) and the corresponding equation in [y, z) would have been 
each an imaginary transformation. 

294*. Returning to the quantities a, /8, 7, S, which denote 

4^K 4dK' 4Z + 4tX' -4Z+4iJ5r' 
sn-^, sn-y-, sn , sn -—^ , 

respectively the two equations obtained in No. 287 belong to 
a system which may be written 



a*= . . . -/87-i3S-7S, 
/8*= . -a7 + a8 . . +78, 
7*= afi . -uS . +/3S . , 
S^ = -ai3-f a7 . +^y . . , 



A;V/378=. -/8-7-S, 

A;'a^7*8 = a-/3 . +8, 
A;'a/378' = a + i8-7 . . 



But a?^y^S^ = -p,OT if for shortness 5 = iV3, then we may 

s 
write a^yS = — p or l^afiyB = — 5, and the last set of equations 

becomes 
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«a- 13- 7- 8 = 0, 
a + 8fi+ 7- S = 0, 
a- /8 + «7+ 8 = 0, 
«+ /8- 7 + «S = 0, 

which must be equivalent to two equations only: in fact the 
equations may also be written 

2i8-(« + l)7+(5-l)S = 0, 
-.(5-l)a +(5 + l)i8+ 27 . =0, 

-(«+l)a -(«-l)/3 ' . +28 = 0, 

which linearly determine any two of the quantities in terms of 
the remaining two, for instance a and )8 in terms of 7 and 8: 
but then, substituting for a and fi their values, the third and 
fourth equations are satisfied identically. 

A General Form of the Cubic Transforraabion. 

Art. Nos. 295, 296. 

295. Consider the two quartic functions 

X= (a, 6, c, d, e) {x, 1)\ Z' = (a', h\ c', d\ e') {x\ 1)\ 

we may imagine the variables a?, x connected by a cubic 
transformation so as to give rise to a differential relation 

Mdx dx 



f-=^^ > 



and this being so the modular equation will be given as a 
relation between the absolute invariants of these two quartic 
functions, viz. writing as usual 7, J 

(= ae — 4ibd + 3c*, ace — ad^-^ b^e + 2bcd — c', respectively) 
for the invariants of X, and similarly 7', «/' for those of 

7* 



X\ then the absolute invariants are fl = 1 — 27 -^s , and 
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Supposing the function U linearly transformed into 
1 — aj" . 1 — i^aj", and similarly IT linearly transformed into 
1— ^. 1— xy.' then it has been seen that the relation be- 
tween J^y X* can be obtained by the elimination of a from the 

equations 

„_ a^(2 + a) .,_ g(2 4-a)» 
'^" l + 2a ' ^"(l + 2a)»* 

or, what is the same thing, writing — /8 = = — ^, we have a, P 

connected by the equation 

2a/8 + a + /8 + 2 = 0, 

and then &' = -a'/8, X" = -a^, 

The theory of linear transformations gives 

^ _ 108&' (1 - 1(?Y ^,_ 108X'(l-xy 
""(ifc* + 14Jfc^+l7' ^ (X* + 14X-+1)'' 

the question therefore is between these equations to eliminate 
a, /S, A;*, X* so as to obtain a relation between fl, fl'. 

296. By considerations which I cannot, now recall I was 
led to assume 

^, _, (l + 2a)(2 + a)(l-ay (1 + 2/8) (2 + /3) (1-/8)* 

"~* (l + 4a + a»)'' '"-2 (1 + 4/3+/3'/ 

The equation between a, j8 gives 

1 + 2/8=. -3 + (l + 2a), 

2 + j8= 3a-5-(l + 2a), 

1-/3= 3(l+a)-5-(l + 2a), 

l+4/9 + )8» = -3(l + 4a+fl0 + (l + 2a)»; 

and we thence have 

^_ 27g(l + ar 
'^ "2(1 + 42+0*)" 

viz. in virtue of the identity 

(1 +2a)(2 + a) (l-a)*+27a(l +a)* = 2 (1 + 4a+o*)». 

■we find a' + j8' = l. 
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[Vffl. 



I'lu. 



We then have 

;fc' = o»(2 + a)^(l + 2«), 

i«_l = (a-l)(a + l)»^(l + 2a), 

k*+ 14A'+l=a*(2+a)*+14a'(2+«) (2a+l)+(2a+l)«, ) ^ 

= (a' + 42 + l) (a» + 3a*+ 16a» + 3a' + l) J " '>^■^^^• 

and consequently 

108 a* (1 + 2g) (2 +a) (g - 1 )* (a + 1)" 



(a« + 4a + 1)" (a* + 3a* + 16a' + 3a' + 1)» ' 

But 

a' = J(l + 2a)(2 + a)(l-a/ 
and thence 



-5- (a* + 4a + 1)». 



1 - a'= (1 + 4a + a")* - HI + 2a) (2 + a) (1 - a)'|_ 
= ¥«(! + «)* 



l + 8a'=(l + 4a + ay + 4(l + 2a)(2 + a)(l-a)') 
=9 (a* + 3a* + 16a» + 3a» + 1) J ' 



» 



»» 



whence 



a 



_ 64a'(l-a') 
(1 + 8a') 



/\8 > 



and similaxly 






where a' + /8' =^ 1. Writing a = J + ^, and therefore j8' = J - ^, 
we hare 

(5 + 8(9)'»fl = 4(l+2^(l-2(9)', 

(5 - 8(9)' fl' = 4 (1 + 2^)' (1 - 20), 

and the elimination of from these equations gives the required 
relation between H, H'. 

Proof of the Equation nSP = ^ ^ • Art. Nos. 297 to 299. 



297. The proof depends on the formulae for the differentiation 
of the complete fiinctions referred to at the end of Chap. IV. 
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We deduce 

d K' _ \ir 

and similarly, if A, A' are the complete functions in the first 
transformation, we have 

d A'_ ^TT 

dXA"" A^V* 

But -ir^'^-fT^f 

A K 

and we thus obtain 

d\ __ ndk dk K^ __ dk 

'ioJ^'^kk^K'' ^"^ ^^y \\" • ^' "" W'' 

K K^ 

But we have also A = -nrr, that is — -r-s = nJlf', and conse- 

nM nA' 

quently 

,-.« dX dfc ,^8 W'^ dk 



or writing A; = t/*, X = t;*, this is 

^^, ^vjij^^^ndu 

iA (1 - w®) dv ' 

298. J/ is given as a rational function of (u, v), the same 
function in the first and in every other transformation; and if we 

imagine -j- expressed from the modular equation as a rational 

fffj. 
function of (w, v), and substitute these values of iltf and -y- , the 

resulting equation must be true in virtue of the modular equa- 
tion, viz. it must contain as a factor the modular equation. 
And this being so, it follows conversely that the expression of 
3P, viz. 

holds good, not for the first transformation only, but for every 
transformation of the order n. 
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299. Jacobi, Fund, Nova, p. 74, effects the generalisation 

from different considerations. Writing in the first instance 

0= aK + bK\ Q = aK + b'K', where a, 6, a', V are constants, 

he finds 

d Q'_ jir (aV - a'b) 

dkQ" Q'kk'* ' 

and similarly if i = aA + /8A', i'ssa'A + ^yA', where cr, /S, a', jS' 
are constants, then 

d L' ^7r(a^-a^ff) 

viz. these correspond to the formulse of the last No. with only 
Q, Q\ Ly L' in place of K^ K\ A, A' respectively. But then 
using the equations 

.^.^., aK + ibK' 



a'A'+i/8'A = 



nif 



where aa + W = 1, txd ^-^^^ 1, (see end of Chap. VII.), the 
equations become 

, Q' _ _^ \nird'k tL' ^ ^dX 

or since -q^j-s j = ^-^^ we have as before wJf = > wa ^s • 

Differential Equation satisfied by the multiplier if. 

Art. No. 300. 

300. We have, No. 76, writing K instead of F, 

and similarly if X, A belong to the first transformation, 

XV«^ + (1-3V)$^-XA = 0. 

ok ^ ^ oK 

These equations may be written 
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But M^-jT, that ia K ss MA, or substituting in the first 
equation 



'^ dk 



J2jfcP ^+ (1 - ^^) m\ + kk'*M ^ = 0, 
which multiplied by Jf may be written 

But Jf = -tttotj whence the second term is 

ndk\ dK J'^ndkd\\ dK J' 

viz. this is = --J7 \A: the whole equation thus divides by A, and 

nafc 



it becomes 

dk 



ifk-|y+(l-3F,f-w} + l 



= 0. 



We have iP = ,,,a^ , and if we use this equation to eliminate 

nkk dX ^ 

d\ , , . 

-^v , we obtam 

a diflferential equation of the second order satisfied by the mul- 
tiplier M considered as a function of k. {Fund. Nova, p. 77.) 
Observe that this equation contains n, viz. it depends on the 
order of the transformation. 

It is in the proof assumed that X belongs to the first 
transformation : but it may be seen as in No. 298, (or we may 
as in No. 299 by using Q, L in place of K, A respectively 
show) that the theorem is true for any root whatever of the 
modular equation. 
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Differential Equation of the third order satisfied by the ??ioci*w X. 

Art, Nos. 301 to 305. 

301. If we use the same equation iP = — rT>2^' ^ ^li'^i- 

nate M from the foregoing dififerential equation, then since the 
terms of 



M 



\y,^d'M „ ^^^.dM , ,,) 



1 

all contain the factor -, which occurs also in the remaining 

term - —pr of the equation, this factor divides out, and we ob- 

tain an equation involving fc, \, but independent of n: viz. 
observing that the equation in M may be written 

1 

and putting for convenience M^ = - fl*, that is 

the equation in question is 



"IK^-^-i?)-*"} 






or, what is the same thing, 



dk) "^^ifcr-rp-"' 



""U"'^ 



where H is a given function of fc, X, and \ is any root whatever 
of the modular equation. 

302. In this form dk is taken to be constant (that is, k 
to be the independent variable), but taking dk, rfX to be each 
variable (in effect i, \ to be functions of a new variable), the 
eijuation may be written 

> J^3 [dk d (kk'^dil) - (Pi . kic'dn} - kiV + ^^tJ^S ^« = 0, 
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aad after all reductions we arrive at Jacobi's form 
3 {{cUcY ((TX.)* - {dKY ((PA;)'} - 2dk d\ (dk ^\-dX cPk) 

+ (dky w K^J (dky - (i±-g idKy} = o. 

303. It may be remarked that if 

■g7i=^^P> that is2) = log jp , 

and therefore I? = »j, , f = .. o^, , hU = ^ o^ , 

r-r-r, = dy, that is j = log-, , 

g«J 1 6* 

and therefore X' = = == , X" = = =, , XX' = 



we have 



"Vl- 



and the equation then is 



s > 



df 11' 

which is readily converted into 

where p\ p", jo'" and j , j ', j'", are the derived functions of p, j 
with respect to the independent variable. 

304. The equation in No. 301 is easily verified in the case 

1 — i' 
of the quadric transformation : we have here X = z — r? ; and we 

X "T" AJ 

thence find il =-; — n i -7t = — ^ r« . and the equation takes 

H-^'' dk A;'(l + jfc')i' ^ 

the form 

1 + i' tfc' rfJfc' r '^ rfA' U + k'j\ 1 + Jfcj "^ jfc'(l + A')l ~ • 
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viz. dividing by 2, and reducing, this is 

1 [k d ( -k'-\-K\ k \ {l-U)^ _^ 

l+k\k'dk\ l+V } 1 + 4 "*■ A;' (!+&';' 

But the first term is 

k -l + 2Jfc' + F k 



1 (k 

l+k'\k'- 



{1 + ky 1 + ^'J' 

k 



^(.1^,. =zfl::^|, 



k'{i+kr^ "•'^' k'(i+ky 

and the equation is verified. 

In the case of the cubic transformation, the equation in 
Jacobi's form No. 302, might be verified (although not without 
some difficulty) by means of the expressions, No. 261, 



^" l + 2a ' ^~''VlT2ar 



of the moduli k, X in terms of a parameter a : but the verifica- 
tion in the next following case of the quintic equation would 
apparently be very difficult. Jacobi remarks that if a method 
existed for finding the algebraical solutions of a differential 
equation, then, by means of the foregoing differential equation 
alone, it would be possible to obtain the modular equation in 
the transformation of any order n whatever: but, the mere 
verifications being so difficult, it does not appear that anything 
can be done in this manner in regard to the modular equations. 

A relation involving M, K, A, E^ 0, Art. No. 305. 

305. Immediately connected with what precedes we have 
a result which will be useful in the sequel: we have 



that is 



dK 1 

~dk^W^^~^"^' 

k 'kk^K^"^^-^' 



VIII.] RELATION BETWEEN Jf, K^ A, E, O. 223 

and similarly if A, O are the complete functions to the modulus 
\ (A = -FjX, as before, = E^, then 

X XX *A A 

Hence establishing the equation 

d\ OdK dAdk Edk dK 
X XX"'A"*"A~A; kk'^K^ K ' 

and observing that if = - -r and therefore -^rr = -^ — i- , we 

^ w A Jf jK^ A ' 

obtain 

<^ OdK dM _dk Edk 
X XX"A M^ k kk"K' 
viz. this is 

dk 



XX 



'S 



' , G \X*dM\_dkf.,^ E\ 
^ "A if (^j"ifcifc'»r ""J^/' 



d\ 1 dk 
or, eliminating e?A;, dk by the relation —-75 = — j^^ tt?^ , this is 



Jf't A if ciXj""'^ ■'^' 



nM 

which is the result in question. Observe that -^ is the total 

differential coefficient, viz. if M is taken to be a function of k, X, 
then in the differentiation, k must be treated as a function 
of X The equation, as involving not only K, A but also E, G, 
is in its actual form only true for the first transformation, and 
it does not readily appear how it should be modified in the 
case where X is any root whatever. 
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CHAPTER IX. 

JACOBl'S PARTIAL DIFFERENTIAL EQUATIONS FOR THE FUNCTIONS 
Hy ©, AND FOR THE NUMERATORS AND DENOMINATORS IN 
THE MULTIPLICATION AND TRANSFORMATION OF THE ELLIP- 
TIC FUNCTIONS sn Uy cn u, dn u. 

Outline of the Results. Art. Nos. 306 to 309. 

306. The functions ®u, Eu have an important application 
to the theory of multiplication, and theoretically a like one to 
the theory of transformation. To explain this, recalling the 
formulse 

V^ sn w = Hu (-r), 



y 



^cnw = JT(w + ir) (-^), , 



J^dnw = 0{tt + iir) (4-); 



•where denom. = ©w, 

and considering first the case of multiplication, it has already 
been seen that considering the expressions of 

*Jlc sn nu, kI -r, cn nu, jp dn nu, 

in terms of sn u, the three numerators and the denominator of 
these functions are respectively 

=J3nu0'^"'O, H{nu+K) ©'^'-'O, @{nu+K)&'^'\ ©ni^©'*'-^0, 

each divided by ®*^*u : where for shortness ©0 is written instead 

of its value =\/ . 
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307. The corresponding formulae in the transformation of 
the order n are that considering the expressions of 

^^Kf''^)' \/|^'^(:¥'^)' ;^'^'^(f'^)' 

in terms of sn w, the three numerators and the denominator are 
respectively = 

n\^, x) %r\ ^(j+ A. x) %r\ (|.+ A. x) 0;-^o, 

and0(|.,x)0;-V 

each divided by ©**!«; where for shortness 0^0 is written in- 

/2VA 
stead of its value = a/ : the proof need not be at present 

considered. Observe that for w = the denominator is 

0.-0^0-0. ={^}*". 

Now the functions ©w, Hu, ©(w + -£"), S'(w + Jr)> ®^t 
satisfy as will be shown a certain partial diflferential equation 

fPrr /J 

which in its most simple form is 37 "" ^ 3~ = 0, where the 

variables are 09, = -^ , and v, = ^-^, Jacobi, CreUe, t. ill. (1828) 

p. 306. And we hence deduce a partial dififerential equation 
satisfied by the foregoing numerator- and denominator-functions, 
as well in the case of transformation as in that of multiplica- 
tion : viz. if, in the case of multiplication by n, we write v = n\ 
but in the case of the transformation of the w*^ order v = n, 
then (in one of several forms) this equation is (Jacobi, Crelle, 
t. IV (1829) p. 185) 

+ i/(i/-l)aj«i?-2i/(a*-4)^=0, 

in which equation the variables are x, = yk sn u, and ^> = ^ + ;l- 
c. 15 



VF 
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308. The form is specially applicable to the denominator 
of the three functions of n% for this is a rational and integral 
function of k and sn* w, which when we introduce therein x, 

^*Jksnu, becomes a function of x and k^ which is unaltered 

1 

when k is changed into r, and is therefore a rational and 

integral function of x and a: and it is for the like reason 

specially applicable to the numerator of ^/ksnnu when n is 

an odd number. But the form is not in other cases the most 

convenient one; for instance as regards the numeratora of 

k 1 

77 cn 16, -j^ dn u, these do not thus become rational in 

regard to a, and it would be better to have jfc as a variable 
in place of a ; and in the case where the numerator contains 
as a factor an irrational function cn u, dn u or cn m dn m of 
sn Uy it is proper instead of z to consider z divided by such 
irrational factor, that is the other factor, rational in regard to 
sn u. But making the suitable modifications the formula is for 
multiplication a very convenient one : viz. we can by means 
of it actually determine the numerator- and denominator- 
functions. 

309. But for transformation the formula is practically use- 
less; for observe that \ is therein regarded as a function of k, that 
is of a; viz. the modular equation must be taken to be known. 
Supposing that it is known, we cannot even then determine by 
means of it the numerator- and denominator-functions; for in 
seeking a solution by the method of indeterminate coefficients 
the coefficients of the several powers of x would be functions of 
(u, v) not only unknown, but in form indeterminate (as admit- 
ting of modification by means of the modular equation): — ^and 
even when the actual expression of js as a function of {x, w, t?) 
is known, as of course it is for the cubic, quintic, &c. transforma- 
tions, it is, from the complexity of the modular equations, by no 
means easy to verify the formula: the process is in fact one of 
difficulty even in the case of the cubic transformation w = 3. 
This of course in no wise diminishes the interest of the result; 
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and the investigation of it being substantially identical in the 
two cases of transformation and multiplication, it is proper not 
to separate them. 



Partial Differential Equation satisfied by &u. 

Art. Nos. 310 to 312. 

310. It is to be shown that the function 

satisfies the dififerential equation 
We have 



da r 1 d.Kk' . ^ d E ^ . ^ -, dial 

311. The success of the process depends on a transfor- 
mation of the double integral 

j^duj,du^i\jo?u. 

We have, see No. 128, 

d ¥ h 

-^ dn w = pa sn w en w/jj en' t^ dt^ — 775 sn* u dn u, 

whence 

d 



dk 



2k ( ) 

dn* 1^ = — TTj - sn'ii dn'w — i^sn w en w dn uj^ du cv?u> ^ 

= — TTj \'&v? uAn? u + \l^ {-^ en? u\ j^duGv? u\ ^ 



15—2 
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and thence 

= — ttj •! /^ dw /o dw (2 sn' w dn' w — ft* en* le) 

+ iA'(/o^«*cn«u)j, 



But we have 

d" 

-pj sn* w = 2 (en' u dn' w — sn' w dn' w — A;* sn' t^ en* v) , 

= 2(ifc'»-2sn»Mdn»w + A?*cn*w), 
or multiplying by dvl^ and integrating twice 

sn* u = ^'' V — 2 /q dtt /q dw (2 sn' u dn' w — A' en* w), 

whence at length 

/,di^/,di^^dn'w=-iA;i^' + ipsn'w-2p(/odwcn'w)', 

the required value of the integral. 

312. Kesuming the investigation, we have 



dk 



^^~ kk' ' dkK'kk'^r \^ J ^*r 



and hence 



Substituting the foregoing values of -r-j , -r- , j?: i^^ t^^© 

differential equation, the several terms destroy each other, and 
we thus have the equation in question. 
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Same Equation satisfied hy JETu, &(u + K)f ^{u + K). 

Art. Nos. 313, 314. 

313. The equation 

is satisfied by or = 0m ; write for a moment u + iK = t?, then the 
equation 

av \ KJ dv dk 

is satisfied by <t^ = 0t;, = (w + iK') ; and transforming to the 
variable u, we have 

da^ _ d<T^ d*<r^ __ d^a da^ _ da-^ da^ dv 

du ^ dv ' du* "" d^ ' dk" dk dv dk * 
that is 

rfo-j _ da-^ rfVj _ rfV^ d(T^ ^ d^ d(T^ idK' ^ 

du" du' dv^ "~ du* ' dk" dk'' dv dk * 

whence the equation is 
which is at once reduced to 



ir(2itf-jr) 

It is easy to show that this equation is satisfied by <rj=e ^ , 
s= ^ suppose. 

Hence, assuming cr^ = Q<r, we find 

or obsemng « | ^-f , «U, i, the <«gind «,«>tion 
in <r : hence this equation is satisfied by 

ir(2ttf-Jg') 

<r=-fe 4if 0(w + t£"), 
that is by 0- = Eu. 
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&-^K^'-S^^^S-» 



314. Write for a moment w4--Kr=t?, the equation 

is satisfied by a^ = 0v or Hv^ that is = (t* 4- ^) or H{u + ff). 
But transforming to the new variable u^ we have 

du ^ dv * du* ^ dv* ' dk ^ dk dv dk ' 
that is 



dtTj _ d^ d*<r^ _ dV dcr^ _ der^ dcr^ d-ST 
dv ^ du* dv" dtt" ' dk ^ dk du dk 



'dk'^kk'^V K) du 



as the values to be substituted in the differential equation: 
viz. this becomes 

the original equation with a^ for a. We thus see that the 
equation in a is satisfied not only by the values 0m, jETw, but 
also by the values 0(t« + Z'), H{u + K), or, what is the 
same thing, by the denominator (0w) and the numerators of 

Ik 1 

t^k sn w, a/ T7 cnu and -j== dn u. 

Differential Equation satisfied by ® [-tj > ^)> &c. 

Art. Nos. 315, 316. 
315. Considering now the new modulus X and the multi- 

plier M in the first transformation (of order n) write t; = ^ , 

and consider the equation 

{G = JS^ (\), the same function of X that E is of k) satisfied of 
course by 

a, = (v, X), H {v, X), © (v + A, X), E(v-\-A, X). 
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Transforming to the new variables w, h, we have 

da^ __ 1 d<T^ 
du M dv 

and thence 



d^o'i__ 1 cPcTj rf<7j_ u dMda^ da-^dX 



du' M^ dv^ ' dk 



M^ dk dv d\ dk 



dv du * dv 



??■" 'di^' dK''\dk^Mlk Tajik' 



_ do^j ^ w dM d<T^ 
" dk dX M ~dK du ' 

and the equation thus becomes 

du' M' {[ a) M d\] du ■*■ Jf' d\ dk ~^" 

316. We have 

1 fA.„ (?\ XV d. 

M d\ 



M' 
XX" dk 



r "A;""ir dxj 



if'' dX 
and the equation thus is 
dV 

d2^* V 



= nifcF, 



-^"•(*'-D&'+'»'''&-«- 



Hence, writing a- for cr^, the equation 

f T - 2«« f r _ f) ^ + 2nkk'* ^ = 
\ ^/ OM dk 



du* 
is satisfied by 

<r=e(J, x), ^(^, x), e(^+A, x), ^(J+A, x). 

iVet(; /oTTw o/ ^Ae two Differential Equations. 

Art. Nos. 317, 318. 



and 



317. The connexion of the two equations 



'§=»- 



^^-2»„(.^-D^+2^.'J = 0, 
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may be established in a different manner thus: writing in 
the first equation 



irK' iru 



then observing that 






we have 



d<T ^ w da- d*<r __ tt' rfV 
dii^Mdi' di^'^iK^dv*' 

d<T ^ V /, „ _^\^^ ^ *"* ^^ 
dk^WV "KJdi^i^kk'^d^' 

and the equation becomes 

d V da __^ 

satisfied by <r = 0u, &c. 

318. Writing in the second equation 

mrK' mru 

this is in like manner transformed into the same equation 
~(j7fl^^J~ == 0' Hence whatever function of ^ and -^ satisfies 

the first equatioD, the same function of -^ and — ^r- satisfies 

the second equation. Let X be the modulus in the first trans- 
formation of the v!'^ order, and A, A' the complete functions, 

A' nlC , K ,1 ^ . nK' A' . nu u ., 

-^=-^andA = ^, thatis-^ = -^ and -^ = -^; or the 

u A' 

second equation is satisfied by the same function of ^, -r^. 

Hence the first equation being satisfied by a' = 0w, &c., the 
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second equation is satisfied by 

Partial Differential Equations satisfied by the Numerators 
and Denominator. Art. Nos. 319 to 327, 

319. Start now with the equation 

S-^«('--i)S+"*-i=«. 

satisfied by S = (jr , x) , &c. 
And assume 

S=(j,r)*<»-'>(z&')"*<"-"e««.^, 

say for shortness this is 

(where a denotes &u and consequently satisfies the equation 



du 

We find 



r2«(*^-|)S^^^S-»)- 



where in the coefficient of z we write for -j-, its value 
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thereby changing this coefficient into 

or in the term ^ -^r substituting for €i its value = (.Kfc')"*^'*"^^ 
this is 

.a...(„-i)(i.(g)--2„(*^-Dl| 



«^IS-¥|(^}- 



Hence dividing the whole equation by fl<r" it becomes 

320. Recurring to the investigation in regard to the func- 
tion (T, = 0w, we have 



J^-"(*''-D=*'^'''^""^'"' 



whence 



? (1)' - ^» ('■• - S ^ s - - "• ("■■ - D' -^ *■ <'■•'*' ■"■ «' '• 



Also 



2^" ^ ^ = X - *^^* " + "' ('^" - f y - '''* (/• ^'^ "^ ")*' 
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Adding these several quantities, the coefficient of n (n — 1) r 

dz 
is 1 — dn' u, = k^ sn^ u ; the coefficient of j- has also been 

au 

found ; and the equation thus becomes 

^,+2nh'{J,cn'udu)^ + n{n^l)J(?sn'u.z + 2nkk''^ = 0^ 
which equation is consequently satisfied by 



321. It is to be further remarked that if we had started 
with 



-^•»('^-|)s^^«''*'S-»- 



which equation is obviously satisfied by 2 = © {nu), &c., and had 
then assumed 

2 = ( Jtt)* ^'^'-'^ (ZJfcV * ^''"'^ 0''' (u) . z, 

we should at every step of the investigation have had v? in 
place of n, and should finally have arrived at the equation 






+ 2/i*iP^=0, 



which equation is consequently satisfied by 



z 



-m Vm«(~).*^ 



822. It will be convenient to include the two equations in 
the common form 

^, + 2plc'{J,cn'udu)^ + v{v^l)k'&n'u.z + 2pkk''^^0, 
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where for the transformation equation i; = w, and for the multi- 
plication equation v = v?. 

323. Write in this equation x^^slksn u. 
We have 

<?a? s= VA en M dn M rfw + fl dk, 
if for a moment 

= ^(^^8ni*), 

1 - 1 

= .- sn M + Vife TTj {& sn w en* M — i en w dn w /, en* u du], 

1 /, 2A^ , \ k^/k . f , . 

s=— y=snwll + -T;7cn' wl — t72- en u an u j^cir u duy 

1 ifcv^ 

= ^TirTT sn w (1 + if- 2A;"sn"M) - -p,- en wdn u j^cn^udu, 

and hence 

dz rr n dz 
■j-^wkcnndnu-j-, 
au cUc 

(Z<a: _ cZ^ ^ dz 
dk dk dx' 

where on the right-hand side -it is the new value of this 

differential coefficient, viz. that belonging to the assumption 
j5 = a function of a, k, or (as we may express this) « = « (a?, A). 
And thence also 

d^z J i J ^ d^z ^ ^/jdz d . J . 
T-a = k cnu dn^uj-^ "*" J" J~ (^^^ ^**) 

= k cn*w dn'tt ^-^ 

/— dz 

- VA sntt (1 + A;' - 2*' sh'tt) ^ • 
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Substituting, the equation becomes 
-^-5 . h cn'tt dn'w 

+ ^.-V&snM(l + A;'-2i'sn«i*) 

+ ^7- . 2i/i* vA CUM dnw/o cn'MtZw 
+ j5.i;(i/— l)&'sn"u 

4- -T- {i' Vfe sn w (1 + &* — 2]^ sn' w) — 2vV VA; en m dn w J^ en'i^di^} 

where, the term involving the integral disappears, and two 
other terms combine together; viz. the result is 

^— , . Jc cn'tt Aj^u 
dcxr 

+ ^(i/-l)\^sntt(l + i«-2ifc»sn»i^) 
+ 2J. 1/ (i; — l)&*sn'u 

aA; 
in which equation snw should be replaced by its value -;=. 
Introducing at the same time in place of h the quantity 
a, ==^ + T> tbe equation becomes 

+ i;(i/-l)a?*^-2i;(a'-4)^ = 0, 
where I recall that the variables are x^slksnu and a = ft + T . 
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The equation is satisfied by the numerators and the denomi- 
nator of V\sn(^, \), V^'Cn^^, \), ^^^ijj, >•) 
in the transformation of the order w, or {y = n") by the nume- 
rators and denominator of 'sllc snnw, a/ 7-, cnww, -7- dnnt^. 

324. As already remarked, the formula is not practically 
useful in the transformation-theory, but it is so for multipli- 
cation. As regards this last theory it has been observed that 
although with respect to the denominator-function, and the 
numerator of sn nu when n is an odd number, there is great 

elegance in taking as above the variable to be V& sni*, and 
in introducing a in place of A:, yet that for the other functions, 
this is not the case, and it seems better to have as the variables 
f, = SUM, and h. The transformation is of course easily effected, 

viz. writing f = -7=1, we find 

dz _ 1 dz 

dx »sjk d^ ' 

dz __dz f dz 
dk'"dk'^2k d^' 

dz 
where on the right-hand side -rr is the value belonging to 

the assumption z = z {^, k). Hence also jp = ^ jja > ^^^ 
the equation, finally restoring therein x in place of f , becomes 

g(l-»M-^;r^)+g[(2.A^-l-A0a'-2(i'-l)ft'«='] 

dz 

+ z.v{p^l) ifcV+ 2pk(l-k')^==0; 

viz. X is here =snw, and the equation is satisfied by the 
.numerators and denominator of *Jk snnu, a/ 77 cnnw, -y= dnnu. 
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We may of course get rid of the exterior factors, and thus 
obtain a system of four equations, viz. 

U (1 - a;M - ifc'x') + g [(2i/jfc» - 1 - A^) jB - 2 (v - 1) A»<1 

where A = v(Ji— i^, equation satisfied by numerator of sn nu, 
A = v 



A = vl^ 
A = 



if 



if 



99 



i> 



»> 



99 



cnnu, 
denom. of each function. 



99 



325. For instance n = 2, j; = 4, the equations ai'e 



dx 



dx 



satisfied by 



« = 



+ «■ 


4(1- 
12^0^ + ^^ 
^ 


9 
9 

i 

9 


| + S-«^(1 


= xs/ 


1-xM-itV, 
1- 2.c' + ifcV, 





-k*) =0, 



= 1 - 2JfcV + ifcV, 

= 1 — k^x*, respectively. 

As to the first equation, observe that writing for the moment 
X= (1 — ai* . 1 — 1^0?), we have z = x VX, and thence 

<Zg _ 1 - 2 (1 + ifc') a;' + 3A:V 
dx~ VX ' 



d'z _ 1 



{(-3-3]<^x+(2+lW+2k*)x*+{-9Je'-9k*)a?+6k*Jl, 



difc'VZ^"^"^''''^^'^* 
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327. But we may further develope the system of formulaB. 
When n is even the numerator of innu contains the factor 

Vl — a^.l — A;V; and when n is odd the numerator of cnni^ 

contains the factor Vl — a?*, and that of dn nu the factor 

Vl — A;V : and we may in the several cases find the differen- 
tial equation satisfied by the other, or rational, factor. There 
is no difliculty in the investigation : the results are, n even, 

2(l-ai».l-F^ + ^{(-3 + (2i/-3)A;^)a;+(-.2i;+6)fc^^} 

4-;5{(i'-l)-(i' + l)A:'+(i;-2)(i;-3)A;'^'}+2i/(A;-A;»)|| = 0, 

satisfied by numerator of sn nu omitting the factor 
Vl - ic^ . 1 — 1^0^: for example, n = 2 (i/ = 4) the equation is 

+ ;2{(3-5A:') + 2ifcV} + 8(ifc-A;'^)^ = 0, 
satisfied by 5J = a?: 
and, n odd, 

//'« dz 

^(l-^.l-A:V)+^{(-3 + (2i;-l)ifc')a: + (-2i; + 4)A;'a;'^} 

+ ;^(i;-l){l + (i;-2)A;'a?'} + 2i;(A:-7c«)^ = 0, 

satisfied by numerator of en nu omitting the factor ^/l — a?; for 
example, n = 1 (i/ = 1) the equation is satisfied by ;2? = 1 ; 

+ 2(i'-l)A^{l + (i/-2)a^} + 2j;(Jfc-F)^ = 0, 



satisfied by numerator of dn nu omitting the factor i^/l-k^a?; 
for example, » = 1 (i/ = 1) the equation is satisfied by » = 1. 
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Verification for the Cubic Transformxition, 
Art. Nos. 328 to 335. 

328. To show how the formulse apply to the case of trans- 
formation, suppose n = 3 ; then writing 

a; = VA sn (?^, &), y = V\sn(^, \J, 



X 

we have y = — 



|,(t; + 2«')+a^| 



1 + T (j; + 2m») a;* 

Hence multiplying numerator and denominator by a factor A, 
the denominator is 



= A- 



i + ^(« + 2m')^J; 



writiDg a? = 0, and observing that in this case the denominator 
should be =/v/y7^> or what is the same thing =a/p~oTf; 

we find ^=V 3^, or sb,jA = ^^. 

329. We have 

V« _ 1 - 1, « (v + 2m°)' 

or observing that the modular equation may be written 

(i/' — u) (» + 2w") = M (u - w*), 
this is 

X" _ l-t;* m'^-mV _ (1 + mV - 2Mt>') tt' (i; - w' )' 
riir~l-tt''i/' (/-«)" (l+MV + 2M»t;) «»(«•-«)*' 

but from the same equation we have 

(1 + mV - 2uv') m' = («' - «)*, 
(l+u*v'+2u'v)v' = (v + uy, 

whence the fraction is =( — ■ — -.), 

\v + uj 

16—2 
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or we have 



-s , and therefore -4 = a / — - . 



k'M v + vr 
It thus appears that we have the function 



•-\/'^s{'^>*M- 



satisfying the equation 

or, what is the same thing, the equation 



6a!'^r+2 



((t4)«-m*{l-(t+>)^..-)S.6*'|.0. 



Writing the foregoing value of z in the form A + Bx^, the 
equations to be satisfied by the coefficients A, B are 

5+3^^ = 0, 



330. We have k = m*, A;'* = 1 — m®, and in general, for any 
function O of (?*, v) 



dk 4iu^ \du dv l-u^ 2v^ — uj ' 



+ (1 + mV - iuv") (2w' + v) ^l , 
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or if, as will be convenient, we write 

u* = a, t;* = )8, uv — 0y then 



+ (l-2^<l+9^(2.+9)«S. 



It) ~^ tJj 

331. In particular if Q, = -4, = a/ , , 

then log -4 = J log (v - w') - i log (v + w'), 

and thence 



A dv v — u^ v + i^' t;*-'W** 



Hence 



^"* i^^« = „«_MV ° i8-a^ ' ®^ *^® modular equation 
is o-i8 + 2(?-2^ = 0; whence ^-o(?'=(o + 2^) (1-^: hence 

1 - ^ M't> 



4a (2/3-^) v'-u' 4a (2y3 - ^) (a + 2^) ' 
and consequently 

^"lf- = 4a(2^-ma-h2^) ^^(^ + ^^-^^')(^^-^) 

+ (1 - 2^8^ + ^) (2a + ^)} ^. 

Also 

B=''jv + 2ur)A,=l{2a + 0)A. 

332. Hence the first equation to be verified is 

*(2='+^) + (2^^+2^{-3(l + 2a^ + ^(2/9-^) 

+ (l-2/S^+^(2a + ^)J=0. 
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We have 

by the modular equation ; hence the equation ia 

4(a+2^-3(l + 2a^ + ^(2/3-^ + (l-2y3^+^(2a + ^, 

viz. this is 

6a - C/3 + (12 - 162)8) ^ + (8a - 8/9) ^' + 4^ = 0. 

But from the modular equation j8 = a + 2^ — 2^, on substi- 
tuting for j8 this value the equation becomes 

- 16a'^ - 32a^ + 32a(?* + 16^ = 0, 

viz. this is - a' - 2i^ + 2a^ + ^ = 0, 

which is in fact the equation 0^ = a^, = a (a + 2^ — 2^). 

333. For the second equation, writing for convenience 
B — QA, this is 



3^ + (jfc + |) QA + Zk'*.QA I 



1 dQ 1 ^ 
Qdk^ A dk_ 



= 0, 



or if for the term 3A;" • Q 777; ^® substitute its value from the 

first equation, = — QB, that is = — Q^A, then throwing out the 
factor A, the equation becomes 



3 + 



(^n>-«'+3rf = o, 



which should therefore be satisfied by ^= -^ + 2uv: viz. this is 
3 + (««+l,)Q_(2. + ^||^|(l+2«^ + ^)(2/9-^)«f 

or, what is the same thing, it is 

+ {1-2^0 + 0^ (2i+ 0) (1+ ^)} = 0. 
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We have Q = ^ + 25, and then 

viz. this will be the case if 

3.« + (a» + a) (I + 2^) - «* (| + 2^)' = (1 - ^' (2a + 6)*. 

or since a(^ + 29\ = 0' + 2a^ it is 

3a» + (a» + 1) (^ + 2a^) - (^ + 22^)' = (1 - 0y (2a + Of, 
which is to be verified. 

334. The equation ^ + 2^^ - 2a.d - a* = gives 

3a* = (-^ + 2a)(^ + 2a), 
thereby reducing the identity to 

-^ + 2a + (a' + l)^-^(2a + ^) = (l-^)»(2a + ^, 
that is 

^(a«-^ + (l-^)(2a + ^) = (l-^)'(2a + ^), 
or df-e" ={-d + e^){2a + d), 

viz. this is a* = — 2%d + 2a^ + 6^, the equation in question. 
The equation is thus 

(l-^)(2a + ^' + 2^|L_|(i + 2a5 + ^(2/9-^)(-|+^) 

+ (l-2/3^ + 0(2a + ^) (1 + ^)1 = 0, 

or multiplying by 2 (2/8 — ff) and observing as before that 
(2a + 6) (2/9 - ^) = 3^', this is » 

2^(1 -^ (2a + ^ + a |(1 + 2a^+ ^) (2/8 - ^) f-| + ^) 

+ (1-2^^ + ^ (2a + ^) (1 + ^)1 = 0, 
or, what is the same thing, it is 
2^ (1 - ^) (2a + ^) + {(1 + 2a^ + ^) (2/9 - ^) (a - ^) 

+ (1 -2/9^ + ^) (2a + d) (a + ^)} = 0. 



I 
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Multipljiog out, this is j 

(2 J + 22/3) + (? (6a - 2/3) + ^ (4 - 8a/3) - 4/3^ = 0, 

or, what is the same thing, 

a'' + 3.^ + 2^ + /3(a-^-4a^-2^) = 0, 

viz. substituting for ^ its value, this is 

o^ + 3a^ + 2fl* + {a-^-4a^-2^)(a + 2^-2^) = 0, 

or working out it is 

2a' + 4.^ - 4a'^ - 12a^ - 2^ + 8a^ + 4^ = 0, 

viz. this is 

(a' + 2ad - 2a^ - ^) (2 - 4^) = 0, 

which is right. 

335. The foregoiriT; differential equation, written in the form 

is further considered in iny two papef s " On a differential equa- 
tion in the theory of Elliptic Functions," Messenger of Mathe- 
matics, vol. IV. (1874) pp. 69 and 110, and in the last of them 
it is shown that the equation can be integrated generally : the 
process is, by the assumption 

to transform the equation into a linear equation of the second 
order 

^^^ ^U/c'^ k dk 1-*^"^""' 

we have a particular solution of the original equation in Q^ 
and therefore a particular solution of this equation in z\ whence 
by a known method, the general solution can be obtained. 

The result is expressed in terms of a variable 



where a is given in terms of k by the equation, ante No. 260, 

'^ lT2i • 
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CHAPTER X. 

TRANSFORMATION FOR AN ODD AND IN PARTICULAR AN ODD- 
PRIME ORDER: DEVELOPMENT OF THE THEORY BY MEANS 
OF THE W-DIVISION OF THE COMPLETE FUNCTIONS. 

The algebraical theory of the transformation has been 
explained : in the present Chapter it is shown how, by means 
of formulae depending on the 7i-division of the complete 
functions, the prescribed algebraical conditions are satisfied; 
and that we thus obtain the actual expressions of the trans- 
formed functions sn f -i^, \ ) , &c. 



ii-^y 



The general Theory. Art. Nos. 336 to 341. 

336. We have n an odd number; m, m any positive 
integers having no common divisor which also divides n ; 

mK + miK' 



0) = 



n 



8 a positive integer extending from 1 to J (w — 1) ; and when 
any expression depending on s is enclosed within [ ] , this 
signifies that the product of the |(n — 1) terms is to be taken. 
The formulae for the new modulus \ and multiplier M are 
assumed to be 

X = r [sn {K - 45ft))]*, 

JIf = C-)*^""'^ [sn [K - ^sco)Y -r [sn 4^', 
and we then assume between y and x a relation expressed in 
the several forms: 
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[X. 



y= 



X 

M 






l-y 



= (!-«) [l- 



- T 

sn {K— 45ft)) J 
_x T 



where 



^+y = (^+")[^-^ sn(A-l4.ft)) J 
l-\y=(l-A:a?)[l-Jfca?sn(J5r-45ft))]' 
1 +Xy = (1 4- Aw?) [1+kx sn (J5r-45ft))]' 
denom. = [1 — i* sn' 45ft) . a?*]. 



It has of course to be shown that the diflferent expressions of 
y as a function of x are consistent with each other: but as- 
suming that this is so, it at once follows that 

dy _ 1 dos 

and consequently that, writing a? = sn {u, k), we have 

y = sn(j.x). 



337. We start from the equation 



(i-y)-(i+y) = (i-a.)[i 



X 



T 



-r-(l+a;)ri + 



sn {K— 4«a>) J 

X 



sn{K 



I T 

-4««)J ' 



and show that, \ and M being assumed as above, this value of 
y leads to the other equations of the system. 

In the first place, it is clear that the assumed expression of 
^ gives for y a value of the form 



1+y 



^ a;(l,a;')^'"-" . 
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and if we show that y is =0 for a? = + sn 4^g), and = oo for 

+ 1 
X = . ~ , {t any integer from 1 to ^(n — 1),) then writing 8 
fc sn ^uoD 

in place of t, clearly the actual value will be 

1 ~v 

Moreover, if in the assumed expression of ^j — - we write 

a; = 1, we find y = 1 : hence the last-mentioned value of y must 
for a? = 1 reduce itself to y = 1 ; and we thus find 

viz. C = {—y " [en . 4sa)]' -r- [sn issoD . dn 45©]* ; 

or, what is the same thing, 

C = (-)*^""'^ [sn {K - 450))]' -r [sn ^sco]' ; 
viz. G= M; and the required expression of y is thus shown to 
be true. Combining it with the assumed expression of j—-, 
we at once obtain the required expressions of 1 — y and 1+y. 

338. It then appears that the change of x into j— changes 

1 .... 1 

y into — : viz. writing r- for a? the expression for y becomes 

Mkxl k'x'sn'^scoj • L^ a;' J' 

viz. this is 

= _1 r i- J i:'8n'4go).a;' 1 f ex? 1 ^ 
" Mkx [^ AV sn" 4501 J [sn' 4sa> — x^\ ' 

or, what is the same thing, 

1 [1-A;'sn'45a>.< ] 1 

"" Mkx [A?' sn' 4sft)] [sn* 45a)] \^ _ x^ ] ' 

L sn' 450) J 
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or finally it is 

" if" &- [sn 4«a,]*- 1^ ~*'^''***'^-^ ":¥ L"^ ""i?i^J' 
viz. observing that X = Jf %" [sn 45a)]* ^ 

this is = r— . 

Lastly, in the expressions for 1-y and 1+y, making the 

above changes x into r- and y into — , and combining with 

the value of y, we obtain the required expressions for 1-Ay, 
1 + \y ; and the system of formulse is thus completed. 

339. We have to prove the subsidiary theorem, viz. that, 

starting with the assumed value of ^ /' , the values of x for 

which y becomes = and = oo respectively are as stated above. 
And for this purpose it is to be shown that, x being taken 
= sn M, the formula may be written 

1 — y ___ [1 — sn (t/ + 45©)] ^ 
1 +y "" [1 + sn (u 4- 45©)] ' 

8 being any positive integer from to n — 1, and the [ ]'s de- 
noting the product of the n — 1 terms accordingly. 

For suppose this proved, then changing u into u + 4®, each 
factor is changed into that which immediately follows it ; except 
only the last factor 1 + sn(u + 4(n — I)©), which is changed into 
1 + 8n(w-f 4«a)) ; but, co being as above, we have sn(w+ 4na))=sntt; 
or the last factor becomes 1 T sn w, viz. this is the first factor : 
hence the value of the product is unaltered. 

340. Now for u = we have « = 0, and therefore (from the 
original assumed value of - )> y = 0: hence also y = for 

if 

u = 4q>, 8q> ... 4 (n — 1) G), that is for a; = sn 4(», sn So), ... 
sn 4 (n — 1) ft) : or since in general sn 4(n — ^) ft) = — sn 4fc), we 
have y = for a: = j: sn 4ft), + sn So), ... ± sn 2 (n - l)ft). 
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Similaxly for u = iK' we have a? = oo , and therefore y = oo : 

hence also y = oc for u=^iK'+4ia)y i-fiT'H- 8o>...iX^4-4(n— I)©, 

that is a; = sn(i^'4-4G)), ... sn(iir' + 4 (w — 1)©) ; or, what is 

the same thing, a? = sn (iK' ± 4©) ... sn (i-ST' + 2 (w — 1) co) say 

+ 1 
for x^sn{iK' ±4iS(o), which is = , ~. — : hence y = 0, and 

A/ sn 45(0 

y = 00 , respectively for the required series of values. 

341. To prove the formula 

1— y _ [1 — sn (m + 45' ft))] 
1 + y "" [1 -t- sn (m 4- 4* ft>)] ' 

we have in general 

f snw )* 

{l + sn(t* + a)}{l+sn(u^a)l^cn»a = jl+ — ^^— ^J (^), 

{sn u ) 

where denom. = 1 — A;* sn* i« sn' a. 

Hence 

{1 — sn (u + g)| (1 — sn (^ -- a)} __ 
"(1 + sn (w + a)] {1 4- sn (w + a)} ~ 



L sn w 1 ' _ f 1 , s^ ** I' 

t^ sn {K^ a)J • t^ ■*■ sn (K^^)] ' 



Write herein successively a = 4g), 8g),...2 (n— 1) ft): take on each 
side the product of all the terms, and multiply each side of the 

1 ^ sn u 
resulting equation by :j : then observing that 

sn {u — 4sft)) = sn (w + 4 (w - 5) ft)), 

and supposing as before that s has every integer value from 
to w — 1, the equation becomes 

[1 - sn (w 4- 45'ft))] -7- [1 + sn (w + 45'g))] 

viz. writing sn ia = a?, the right-hand side is (1 — y) -r (1 -hy): and 
the equation in question is thus proved. 
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Additional Formulce. Art. Nos. 342 to 347. 

342. We may in addition to the foregoing formulae write 

vi-xy = vr=rjfcv [i - k^i^ sn" (^- 45©)] h, 

where as before 

denom. = [1 — A;'^ sn' 4sft)]. 
And of course writing a; = sn w, the values of y, Vl — y\ Vl-t*j* 
are sn(J,x), cn(~,Xj, dn(-|,Xj. 

343. The expressions for y, Vl — y', Vl— A;*y*, writing 
therein a; = sn i^, may be transformed in the same manner as 
the expression for (1 — y) -;- (1 4-y). We have for instance 

(SD u\ 
1 ^J -r (1 — &* sn'a sn'it), 

and hence writing successively a = 4G), 8(»,...2 (n — 1) cd, and 
proceeding as before we find (5' = to n — 1 as before, or, what 
is the same thing but is rather more convenient, s' = — ^ (71 — 1) 
to + J (n - 1),) 

(-) J(n-1) 

y = -r^ [sn (u + 45' ft))] -7- [sn 45ft)]', 

and similarly 

Vl - y* = [en (w + 45'ft))] 4- [en 4sa)]', 

Vi-\y = [dn (u + 4s ft))] ~ [dn 4sft)]'. 

344. From the former expression of Vl — xy putting 
therein y = 1, we deduce a value of X', which (observing that 

dn (K—iiSco) k' . , 

— ^3 — z = J-K-. — ) may be written 

dn 45ft) dn 45ft) ^ "^ 

X' = A;'**^[dn45ft)]*, 



sn 
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and combining herewith the values of \, M we obtain various 
formulae in regard to the new modulus and the multiplier: 

y ^ = [dn isa]\ 

V\T^ = [dn(Z-4sa))]*. 

345. We may now write down the system of formulae 
X = i"[sn(Jr-4s<»)]*, 

X' = fc'"H- [dn4sa)]*, 

M= (-)*'""^' [sn (iT- 4sa))]' ^ [sn 4H*. 



sn 



/ tt^ N _ sn u F- sn*^ "1 ,_, 
\M' V~iri^~ sn" 4sa)J '^•''' 



= ^/y;;isa{u + ^'o>)], 



(J' ^) = «» « [^ ~ sn' (^-4.0,) ] ^^^'- 



cn -r? 



" V xF'' ^^^ ^^ ■*■ "^^'^^^^ 



dn [~ , \ j = dn w [1 — k^ sn* (-K" — 45ft)) sn* u] (-5-), 



= jsj^, [dn (M + is'a,)], 
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1 - sn Q , x) = (1 - sn .) [l - —^^"^^' W, 

1 - X sn [jj , X J = (1 — A; sn m) [1 — A? sn (^ — 4«a)) sn w]' (-^), 

1 +X8n [^, Xj = (1 + A? sn u) [1 -f A; sn (Z — 4sa)) sn w]* (^), 
Denom. = [1 — A;' sn' 4j«cd ^n' w]. 

346. To obtain a difiFerent group of fonnulae, observe that 
the equation between y, x may be written 

which is of the form x [a?, 1) — {a?^ 1) =0, where the co- 
efficient of the highest power a?" is = 1 ; 

and that the roots of this equation are 

a; = snw, sn (i^-h4ft)) ..., 8n(u4-4 (n--l)fl)); 

whence we have the identity 

*= [a; — sn (« + 4s'(»)] ; 
and comparing the terms in a^"' we have 

2 sn (« + 4«'6)) = ^ sn (-J , \) ; 

and similarly 

J(»-i) 

2 cn(M + 4s'o>) = —j^-^ en {^, \) , 

4(n-l) 

2dn(tt + 4s'6,) = tl^— dn(j.x), 
2tn(« + 4«'«)= ^ *°(J'^)' 
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in all which formulse «' extends from to n — 1, or, what is the 
same thing, from — J (n — 1) to + ^(n — 1). 

In the first equation the left-hand side may be written 
= sn w 4- 2 {sn(w 4 4«a)) + sn (u — 45ft))} ; « = 1 to ^{n—l), 

viz. this is 

_ ^ 2 en 45fi) dn 4isa . sn u 

"" 1 — A*sn'45ft).sn'w * 

and making the like changes in the other equations we find 



X 



/u ^\ L ^^ cn45ft)dn4«G) ) 



(-)^^""'^X /« -\ (, . ^^ en 480) 

'^ . ,, — en I -Ti . \ = en « -^ 1 + 22 = — r^ — 5-:— 



-J— ^U'N'=^""f-^^^ l-;fc'8n'4.,>,8n'4 ' 

V . /_w > \ X {1 + 22 dn 4gft? en' u \ 
:M \M* J \ cn'4sft) — du'4sft)sn'ttj' 



k 



347. The last formula, which is of a diflferent form from 
the others, depends on 

. / . V . x^/ N _ 8n(^ + a) en (u-^g) +sn(«-a) cn(u + a) 

tn {u + ol) + tn iu — a ), = -, — ; — v 7 v » 

^ '' ^ ^ en (i^ + a) en (u — a) 

where the numerator, = sin {am (w + a) + am {u — a)}, is 

=: 2 sn u en u dn a, (-r) 

and the denominator is 

= en' a — dn*a sn' u, (-f-) 

the common denominator, 

= 1 - A;* sn' a sn' u, disappearing. 

c. 17 
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The 2(o-formvi(JB. Art. Nos. 348 to 351. 

348. The above may be called 4G)-formul8B : we may change 
them into 2(»-formulaB. For this purpose observe that the 
series of values 



sn(w-h4(»), sn (w4-8g)) ... sn(u + 2n— I)© 
is in a different order 



= (-)'"sn(w-2a)), sn(w+4G)), (~)'"sn(M-6(») ... + sn(M + n - 1©), 



where the last term is sn(ti + n — lo>) or (— )*"sn(t4 — n — Iw), 
according as n — 1 is evenly even or oddly even. 

To prove this, write U + 2t' = 2n, then 

u + Uco-iu- 2t'(o) = 2wG), = 2mK + 2m!tK\ 

whence sn {u + itco) = (— )*" sn (u — 2^'©). If ti — 1 be evenly 
even, = 4i;, then giving t every value from 1 to J (n — 1), 4^ is 
less than w, and the term is retained in its original form ; but 
giving t the remaining values from J(w + 3) to J(w — 1), the 
corresponding values of t' are from 1 to ^ (w — 3), and the term 
sji{u+4itco) is changed into (— )"*sn(w--2^'a)). So if n — 1 be 
oddly even, = 4j; — 2, then giving t every value from 1 to 
i(7i— 3), 4^ is less than n, and the term is retained in its original 
form; but giving t the remaining values from J (n+1) to J (w— 1) 
the corresponding values of t' are from 1 to J (^ "" 1)> ^^^ ^^® 
term sn (u + iitco) is changed into (— )** sn (u — 2<'a)). We have 
thus the theorem^ 

349. Repeating the result, and writing down the analogous 
results for en and dn, 



series sn {u + 4©), sn {u + 8ft))... sn (w + 2n — Icd) 
is in a different order 

= (-)*^ sn {u - 2ft)), sn (u + 4ft)), H*" sn (w - 6ft)) . . . 

+ sn(w + n — lo)); 
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series cn(u + 4iO)), cn(M + 8a))... cn(w + 2n — Iw) 
ia in a diflFerent order 
= (-)»»-^' en (w - 2a)), cn(w + 4a)), H'^^cn (u~6ft))... 



+cn (m+ yi— lo)); 

series dn(w + 4Q>), dn(w + 8<w)... dn (m + 27i — Iw) "I 

is in a different order 

(-)*"' dn (m - 2a>), dn (u + 4&)), (-)*"' dn {u - 6©)... 



+ dn(w±7i — 1ft)). J 

350. It will be at once seen that these formulae, on writing 
therein u = 0, give for the series of sn, en, dn of 4!&), So), &c. 
the several values 

(--)'^"*'' sn2G), sn 4g), (-)'""*'^ snGo)... +sn(w-l)G), 
(-)»»^^ en 2fi), en 4ft), (-)*^+«' en 6ft). . . ± on (n - 1) ft), 
(-)"*' dn 2g), dn 4ft), C-)"*' dn 6ft) . . . ± dn (n - 1) ft). 

The results are also required for u=^K: as to this, observe 
that in general 

sn {K+ a) = - sn (- ^+ a) = sn (K- a) ; 
en (ir+ a) = - on (- K+ a) = - en {K- a) ; 
dn(ir+a)= dn(-ir + a)= dn(^-a). 

Hence we see that 



series sn (K + 4ft)), sn {K + 8ft)) ... sn {K+ 2n — 1ft)) 

is in a different order 

(-)^sn(ir + 2ft)), sn(jBr + 4ft)),(-)'"sn (5^+66))... 

+ sn {K+ n ~ Ift)) ; 



series en (-Sr+ 4ft)), on {K + 8ft)) ... on {K+ 2n — 1g)) 
is in a different order 
(-)'^^'+^ en (5^+ 2ft)), cn(Z + 4ft)), (-)'"-^'^^^cn(^+ 6ft>)... 

± cn(£'+n— 1ft)); 
17—2 
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series dn {K^ 4a)), dn (iT + 8a)) . . . dn {K+ 2n - lai) 

is in a different order 

H"^dn(iir+2a)), dn(ir+4a)), (-)"^ dn (^+ 6©)... 

± dn {K+ n-la) 

in each of which formulsB we may for a) write — to. 

351. It will be observed that in the formulae which ( 
tain only snw, cnw, dnu (i.e. which do not contain sn(w + 4 
&c.) and squared functions such as sn'4«a), &c,, the chaDg< 
form is effected simply by writing 2a) instead of 4aT : in 
other formulae there are signs to be changed, and it is safe 
retain the 4a)-fonnul8e, making the change of form only if 
when it is required. 

We have thus : 

X = A:^ [sn (Jf - 2sa))]*, 

V = A;'" -^ [dn 250)]*, 

M = [sn {K- 28fo)Y ^ [sn 2sa)]\ 



sn 



en 



[m' V" Ml sn*2sa)J ^ * ^' 
M^ ^J = ^^^L^" sn-(g-2H j ^^^' 



dn(^, x)=dnu[l-A:"sn»(^-25a))sn'*M] (-^) 

denom. = [1 — i" sn^ 25a) sn'w] ; 

but I do not write down the other formulae in their 2a)-fom 

The change from the 4g)- to the 2a)-formul8e is, as 
appear, a very essential one, and it is important to take n( 
of it 
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n an odd-prime; the Real Transformations, First and 

Second. Art. No. 352 to 359. 

352. We have cd = , where m and m' are 

n 

^positive and negative integers having no common divisor which 

klso divides n. It is convenient to take n an odd-prime: there 

here n + 1 distinct transformations corresponding to n + 1 

values of 0) which may be taken to be 

K iK' K-\-iK' K+2iK' K+{n~l)tK\ 



n n 


n • 


n ' 


n 


or to be 








K iK' 


K + iK' 


2K+ ilC 


(« - 1) K+ iK' 


n' n ' 


n ' 


n 


n 


or again to be 








K ilC 


K±iK' 




K±^(n-l)iK 



n' n ' n ' n 

Two of these transformations are real : the former of them 
corresponding to the value o) = — , and called the first trans- 
formation, is a transformation to a modulus \ which is less 
than k\ the latter of them corresponding to the value 

iK' 

to = , and called the second transformation, is a transfor- 

n 

mation to a modulus \ which is greater than h 



First Transformation, o) = — (to a smaller modulus X). 

353. The general formulae apply at once to this case, but 
it is convenient to slightly alter them by omitting the factor 
(_)**-« which presents itself in M. This comes to writing 
^_j4<»-Wy in place of y : so that in the new formulae a? = l, in 
place of giving y = 1, gives y = (-)****"" 1, or say y = + 1, the 
upper sign answering to an evenly even value of w — 1 and the 
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lower sign to an oddly even value of w — 1. It will be convenient 
to give the formulae as well in the 4a>- as in the 2g}- form. 

In the formulae which contain + or + the upper sign is to 
be taken when n — 1 is evenly even, the lower sign when it 
is oddly even. 

354. For the conversion of 4x0- into 2a>-formulae, observe 
that the series 

/ 4<K\ ( SK\ ( 2(n-l)^\ 
snftfcH 1, snfwH J... snIwH — ^^ — 1 

is in a diflferent order 

/ ^K\ ( 4X\ / QK\ 



/ (n-l)^\ 



the series 

/ ^K\ ( SK\ I 2(w-l)ir\ 
cnlwH 1, cnli^H 1... cnfwH 1 

is in a diflferent order 



6^\ 
n J 



and the series 

is in a diflferent order 
= dn(«-^), dn(« + ^). dn(«-^)... 

a.(..(=L:i)£). 

In all the formulae 8 has the diflferent integer values from 
1 to J {n—1), and s' the diflferent integer values from — ^(n— 1) 
to4-i(w — 1); or as regards the 4ft)-formulaB, we may consider 
8 as having the diflferent integer values from to (n — 1). 
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Second Transformationy a) = — {to a larger modulus XJ. 

iK' 

356. Write in the general formulsB o) = : the formulsB 

n 

in the first instance present themselves in an imaginary form : 
these are given as well in the 4©- as in the 2©- form. For the 
conversion observe that the series 

/ . UK\ ( %%K\ ( 2(n-l)iir\ 
snfwH J, snfwH j... snlwH — ^^ 1 

is in a different order 

= s^(^~-irj' '^r+-^j' '"^r"""^;- 

the series 

is ia a dififerent order 

and the series 

is in a different order 

357. There is a further change of form to be made in some 

of the formulae. We have A; sn v = — -. r==7r . and thence 

sn (t? + %K) 

, ^dK' 1 1 

— A; sn = ' 



n 

sn 
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Putting for a moment n — 25 = 2^ — 1, we see that s having 
the positive integer values 1 to ^(n — 1), t has the same series 
of values in a reverse order ; whence finally writing s instead 

of t — Asn has the same values as ' ,^ -.x »r^/ > or say 

n (2s-l)iK "^ 



sn 



n 



the series 



, 2iEr , 4/ff'' , {n-l)iK' 

— A: sn , — A; sn .... — A: sn ^ 

n n n 

is in the reverse order 

1 1 1 

W' ZiK'*"' (n - 2) iK' ' 

sn sn sn -^^ 

n n n 

and similarly k sn (K J has the same values as 

We have moreover 

, 2,iK' ., (n~25)tX' (n-2s)iK' 

k en = t dn ^^^ -¥• sn ^^ 

n n n 

. 2siK' lw28)iK' (n'-2s)iK' 

dn = en ^ r- sn ^^ , 

n n n 

which may be similarly transformed by putting therein 

n-2s=2t-l, 
and finally s instead of t, as above. 

In all the formulae s has the difierent integer values from 
1 to J^(n— 1), and s' the different integer values from — J(w— 1) 
to + J^ (w — 1) : or we may in the 4a>-formula9 consider s' as 
having the different integer values from to (n — 1). 
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The Second Transformation under a real form. 

359. The formulae may be presented in a real form by 
means of the transformations, 



,. J. tsn(u,k') 
sn (lu, k) = — ; J ,/ , 



en (iu, k) = 



en(u,A?') 



'\ » 



sn [K tu, k) - ^^ ^^^ jfc) . - dn («, k') ' 

Writing for shortness sn', en', dn', to denote the fanctions 
to the modulus k', we have for instance 

f u ^\ sn w r, . sn' u "I 



n 



~ri+ifc»tn'*^'sn»J, &c.; 



but I do not think it worth while to give the entire series of 
equations. 

Two relations of the Complete Fimctions. 
Art. Nos. 360 and 361. 

360. In the first transformation, taken in the 2(o-formy 
(observe that this is essential) 

/M _ \ snw f- sn"w 1 , V 



n 
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On the left-hand side the least real and positive value for 
which snf^jXj vanishes is ^=2A, and on the right-hand 

side it is w = — : hence we have J/A = — or —17^= A. 

n n nM 

361. In the second transformation 

f u ^\ snwf sn'w 1 , . 

tn 

n 

On the left-hand side the least real and positive value for 
which sn ( ^, xj vanishes is -|^= 2Aj, and on the right-hand 
side (since here the only factor which can vanish is sn w) it is 
u = 2K: hence JfjAj = iT or ^ = Aj. 

K K 

Observe these equations, — ^=A and-v|^=A,. 

The Complementary and Supplementary TransforTnations, 

Art. Nos. 362 to 367. 
The first complementary transformation. 

362. Stai-t from the first transformation : this may be pre- 
sented in the form 

Writing herein iu instead of w, and recollecting that 

tn {iu, Tc) = i sn (w, k'\ 
the equation becomes 

(|.^0=v^[-("-^.^)] 

"^ V V ®^("'*^ snU-h -^, & j sn \u —>'^) U 

5 = 1 to J (n — 1) ; 
C. 18 



sn 



274 TRANSFORBCATION FOR AN ODD ORDER. [l 

,M«.i.^-)."[„(?^..)]■^/|•.n.[.-^^■ 

-5- Tl -k'*sn*(^, jfc') 8n»(M,Jfe')| ; 

or, since clearly the outside multiplier must be = «■ , 
this is 

I 

This is the first complementary transformation giviD 
snf-^,\j in terms of sn (i^, A;'). Observe that its form 
analogous to the second transformation. 

The second complementary transformation. 
363. Start from the second transformation ; this is 






5' = - J (n — 1 
to + i(n-] 



The formula is 1^ =(-)*^*^^j sn'-^^ | a/ -tt, which of course may 



tsn 



verified directly : we have sn' ( j = -> , and thence 



en 
n 






whence the formula becomes 

|2 



which is right. 
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Writing herein iu instead of u, and recollecting that, as 
before, 

tn {iu, k) = i sn (m, k'), 
the equation becomes 

= (-) y'^sn(M,^) 

r / IsK' ,\ I IsK' ,A1 
X [^sn (^« + ^- , & j sn ^« - -^ , A; JJ , 

s = l to J(w — 1); 
/F-r 2sZ-]' , ,„r sn' («,&') 1 

~ Fl - F sn« i^^ , A;') sn» (i^, A;')] ; 

where the outside multiplier must be =;ir-. The formula 
is therefore 



sn 



{— ^ A - ^^ (^> ^') T-i s^^' (^> ^0 1 



- Fl - A" sn' f ^ , ^') sn* («, ifc')l J 



which is the second complementary transformation giving 
snfvjr,\j'j in terms of sa {u,k'): observe that its form is 
analogous to the first transformation. 

364. Writing the first complementary transformation in 
the form 

(u A SD.(u,k') [, . sn'(w,^') 1 

and considering the least real positive value of u for which the 
two sides respectively vanish: these are on the left-hand side 

18—2 



! 

7 

I 



f 
I 

I 
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^=2A', and on the right-hand side u = 2K': hence we have 

ifA' = jr or A' = 5\ 

M 

I Similarly from the second complementary transformation, 

fu ^ A sn (w, k') r^ sn* (u, k') 1 . . 

the least real positive values for which the two sides vanish ar( 
■^r^=2A/ and w= , whence JfA-' = — or A/ = —tt . 

365. We have thus obtained the equations 

A' — — A ' — _ 

to be taken along with the foregoing equations, No. 361, 

A = —77 and A, = ^rr . 
nM * J/j 

Eliminating If and M^, we obtain 

A'_ k;^ K' _ A/ 

the first of which is an equation between X and k, and th< 
second is the same equation between k and \: and it thu 
appears that X is the same function of k that k is of X^. Th< 
equations show that X is less than k, and \ greater than k* 

The first supplementary traifisformation, 

366. In the second transformation 



sn 



/ u \ _ snw r^ sn't^ " ] ^ r sn*^ "] 



sn -■ •- sn' 

n n 



change k into X, and therefore \ into k : writing for a momen 
N^ as the new value of Jf , the formula becomes 



sn 



(u y^^ __ SD (t^, X) [^ sn' fa, X) "I 
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Change also u into j^ ; then observing that 

-Jf = -r-, and therefore JV^ = -^=— o- or w = ^r3^r7-, 

the equation becomes 

P sn' (ii7>^) -I 
sn(n«,^) =«ilfsn (J,x) [^ " ^^. /ggJA^ x J 



"[' sn»(^^--^>-^'.x)^' 



which is the first supplementary transformation. 
Combining herewith the first transformation, 



sn* 

n 



we see that the two together lead to an expression of sn (wm, h) 
in terms of sn (w, k). 

The second supplementary transformation. 

367. In the first transformation 

/u _\ snttf- sn-t* "1 r^ ,- ^2sK , ~| 



n 

change k into X^, and therefore X into k: writing for a 
moment iV as the new value of M, the, formula becomes 



sn 



fu ,\ sn (u, \) Pt sn' (u, \) "1 



. -^[l-X^n'(?^.X,)sn«(«,X.)]; 
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[X. 



change also u into -jr ; then observing that 



1 .u . • 1 

-^ry tnat IS w = -T7nrr) 



J/=-T-:, and therefore N=-jhi 
A K 

the equation becomes 

P sn' (-TF i \) -I 

.[l_X,-s.-(?^,X,)s«-(J_.X,);, 

which is the second supplementary transformation. 

Combining herewith the second transformation, 

f u ^\ sn (w, k) 



M 






n 






n 



we see that the two together lead to an expression of sn [nu, h) 
in terms of sn (w, h). 

The MuUipltcation-formulcB. Art. No. 368. 

368. For the actual determination of the multiplication- 
formulae, observe that the first supplementary transformation 
may be written in the form 



sn (nu 



'*) = Vl['^( 



u 2s iA 



.A.) 



or, what is the same thing, 




sn 



M . 2m' I A' 
But the first transformation gives 



,'=-i(»-i) 

to + i{n-l); 

m'=-i(n — 1) 
to+i(n-l). 

s' = -i(n-l) 
to +i(w-l); 
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or say 

and wntinff herein u-\ for u, -j^ becomes 

° n M 



u 2m iK' __ u 2m lA 



and the formula is 

, J<«-i> (u 2m'iA' \ /¥T ( 2mK 2mVZ'\"| 

where on the right-hand side m has the last-mentioned values. 

Giving herein to m the diflferent values from — ^(n — 1) to 
4* i (n — 1) and multiplying the results together, observing that 

we obtain 

or, the left-hand side being = (— ) A/rnSn(wtt,i), the 



formula is 






where on the right-hand side the { } denote the double product 
obtained by giving to w, m' respectively the values -^{n — 1) 
to+|(n-l), or say the values 0, ±1, ±2, ...±i(^"l)- 

And in the same way 

/l\i(n«-i)r / 2mK 2m{K'\\ 
and dni2u= ^ f ^(,^ + -^ + -¥-j}' 

which are the formulae obtained Chap. IV. 
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CHAPTER XI. 



THE J-FUNCTIONS: FURTHER THEORY OF THE 

FUNCTIONS H, ©. 



369. In the present Chapter we start with the transforma- 
tion of the order n in the form of the first supplementary 
transformation, whereby the functions sn {nu, k), &c. are given 

in terms of snf -jt^jX) : writing first - for n, we make w = oo, 

and (as will appear) we thus obtain the elliptic functions sn (w, i), 
&c., as fractions, the numerators and denominators being re- 

ITU 

spectively obtained in terms of the circular functions of ^^, 
viz. as products depending on these functions, and involving 

also the quantity e , which is put = q : the elliptic func- 
tions have been already in Chapter vi. expressed as fractions 
by means of the functions H, : and identifying the two ex- 
pressions, we obtain the expressions of these functions as series 
involving powers of j, or say as j-series. 

Derivation of the q-formulce. Art. Nos. 370 to 378. 

370. The first supplementary transformation is 



sn (nu, k) = nM sn ( -p., \ j 



sn 



1- 



sn 



, /2mA' 



sn 



( 



■(b.-)_1 

4 



,/(2a-l)tA' 
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\re write herein - for m, and make w infinite. This gives 

(K 
in virtue of A=— -r 



nM 



nd A 



, K' 



= -1 

MJ ' 



nM= 



2K A' _ mK' 



nd the equation becomes 



r 



2K . iru 



1- 



. , ITU •% 



* 9 

sm 



1- 






. A28-l)i'irK' 
'''' 2K . 



This is one of a group of formulae obtained in the same 
aanner. 

371. The formulae are 



sntt = 



2K . TTU 



* 9 



1- 



2K 



sm 



mnrK' 



(-), 



cnw = 



cos 



iru 
2K 



sm 



iru n 



1- 



2K 



cos 



IT' 



(-), 



dnus: 



sin' 



1- 



•mi 
2K 



cos 



^{ 2m-\)iirK' 
2K 



H, 



1 — snu 



=(i-«°S) 



1- 



■JTU 



COS 



miir 



!7r 



=c 



l + 8aM = I l+an 



iru \ 
2K) 



sn 



1 + 



K J 
22^ 



cos 



m mK' 



(-). 



(-), 
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1 — fc sn M = 



sn 



1- 



2K 



- 1 



cos 



(2m-\)iTrK ' 
2K 



(-), 



l + ksnu = 



sn 



1 + 



2k 



cos 



(2m-l)i7rir ^ 
2^ 



(-), 



denom. = 



sn 



2 



1- 



iru 
2K 



sn 



2K 



372. We obtain in like manner another group of formulae, 
in which also m has the values 1, 2, 3... to infinity, 



snw = — 






cos 



(2m - 1) iirK' 
2K 



sm 



{2m-l)i7rK^ 
2K 






en tt = n> cos 7TT> 2 1 (— ) ' 



. {2m-\)i 'irK' 
^"^ 2K 



kK IK 



. J2m-\)iirK' 




^_y-^^^^(^^rn-^VK^ 



- - ITT . «7rt6 ^ 



^ 



sin 



K 



— sin* 



ITU 

2K' 



The deduction of this last formula presents some peculiarity: 
writing + instead of (— )4("~^', the formula originally presents 
itself in the form 



+ da« = 



tK-iK 



(— ) sin -^ ^ cos ^ ' 



K 



K 



. . (2m — 1) iirK' . , itv, 
sm i — : — T^ sm 



K 



2K 
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viz. the upper or lower sign must here be taken according as 
the number of terms in the series is even or odd. To get rid 
of this Variable sign, write in the equation w = 0, the equation 
becomes 

/f _r sia (^»»-l)^'^^' COS (2"^-^)^^^' 

^ 2K'^iK^\ . , (2m-l)i7rT 

\ Sin j^ 

and subtracting this from the general formula, each side of the 
equation is affected with the same sign +, which sign may 
therefore be omitted : whence, observing that in general 

sin a cos a sin a cos a 
sin'^ a — sin* x sin'* a 



= smacosa — 



sin* X cot a sin' x 



sin* a (sin* a — sin* x) sin* a — sin* x ' 

it is at once seen that we thus obtain the result first written 
down. 

All the formulae assume a more convenient form by writing 

therem u = , viz. we have thus sin^r^=sma;, and conse- 

2Kx 
quently the elliptic functions sn , &c. expressed in terms 

of sin a;. 

373. Introducing now the quantity 



we have 



mhrK' _ 1 -„. t(l-g-") 
''''— ^=2?^2 -2 ) 2^ 

cos— ^ "2 (2 + 2^) =-2^ ' 



sin* a; 4y'"sin''a; _ 1 - 2^'" cos 2a! + g*" , 

sm —^ 
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and in the resulting formulae the right-hand sides contain 
factors certain functions of q, which functions are aftewards 
determined as will presently appear. Supposing this done, the 
formulae of the first group are 



2Kx . 1 4/- . 
sn = 2 --7= ^q sm x 



en 



dn 



1 — sn 



1 + sn 



TT 

2Kx 

IT 

2Kx 

IT 

2Kx 

TT 

2Kx 

IT 



= 2\/|^2 






cos a; 



^q (1 - sin x) 



= 2\/|'^2 



(1 + sinx) 



1— A;sn = Jk' 



1+Jfcsn 



TT 

2Kx 

TT 



= Jk' 



1-22*" cos 2® + 2*"*], 



1 + 22*" cos2a; + 2*~], 
1 + 22'""* cos 2a! + 2*""*], 



1-22" sina! + 2'"]', 



1 + 22" sin a; + 2*"]*, 
l-22""*sma! + 2*"-']*. 



l + 22""*sina;+2*""T. 



where 

denom. = [1 - 22*""* cos 2a! + 2*"T ; 

and the formulae of the second group are 

2^a! _ 27r . ^ f g"'* (1 + 2*""') 

— , „ Smoji, ■jj_2 Sm-l„„„o~ . „«m-a 



sn 



en 



IT kK 
2Ka! 27r 



}. 



— =^-^>cosa; 
TT kK 



T 2Kx 4i7r . o ^ 
1-dn = -^ sm'a;S -^.,1 — 5-5^ 



cos 2a? + q 
r ^ 1 - 29*"-* cos 2a; + J*"-*! ' 

/ \ m-l ^2m-l ■'• 'a _ 



TT 



1 - 22""*"' COS 2a? + q 



4mr=i 



2Kx 



and to these Jacobi has joined an expression for am mn^ that 

TT 

is sin"^ sn : viz. the equation is 



TT 



-1 (1 + q^'^) tan X 



sin-^ (sn ?^) = ± .: + 2S (-)-^ tan ^ __ ^^-, 
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"where the sign is — or +, according as in the calculation of 
the series the number of terms taken is odd or even. Writing 
herein k=0, the formula becomes 

a? = ± a? + 2S (-)"*"* tan"^ (tan x), 

where the sign is — or + as before, a particular formula, the 
truth of which is evident at sight : and subtracting this from 
the general formula, we convert it into 

^^"^ = aj + 2S {(-r-^tan-^f^^C^! tan ^) - tan-*tan a;k 



sin"* sn 



TT 

or, what is the same thing 



o» 



a form of the formula, free from the discontinuity, and in which 
the series is convergent. Diflferentiating in regard to x and 

using a formula — = 1 + 4S i_ L-i » which will be proved 

2Kx 
further on, we obtain the foregoing expression for 1 — dn ; 

TT 

and conversely by. the integration of this we obtain the last- 



mentioned formula for sin~Msn 



in (sn— J. 



374. In completion of the investigation of the formulas 
of No. 372, observe that writing 

l = [l-2'"]«. ■ H 

I = [1 + 2*"]'. (-) 

1 = [1 + 2*»T. H 

where denom. = [1 - j*""']' ; 

the formulae obtained in the first instance are 

sn ^-^- = ?^ sin a; [1 - 2f cos 2x + q*"]. (^) 

TT 7r 

cn?^= B cosa:ri + 22*»cos2a; + <^""], (-5-) 

•TT 



I 
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dn ^^ = (7 [1 + 2q^'^ cos 2a? + g*~-*], (-r) 

TT 

where denom, = [1 — 2g***"^ cos 2x + y*^. 

Writing in the first and third of these x = ^tt, we find 

whence C = \nc\ and 5 = . 

TT 

375. To determine -4, write for a moment 27 in place of 
e*', then we have 

2Kx AKU-'U'' [l--g^U'][l-q'^U^] 
^^ TT " TT i [l-'q''^-'U'][l-'q"'''U'^y 

which, observing that 

may be written 

^^ TT ~ m [1 - 2»"-' JT] [1 - 3*"-' U-"] ' 

_ AKl [I - (f^-^ir][l - q^U^ 
°^ ~ iri It [1 - j»»-^ £r»] [1 - 2""-' CT-*] ■ 

_ .^ . ivK' 2Kx , 

For X write a; + -^r^ , sn becomes 

^Hv-+^^j' =7—2^' 

A;sn 

TT 

f/" is changed into q^U, and taking the second formula we have 

1 _ AK 1 [l-q'^''lP][l^q'^''U'^ 
ksn^ TTt qiU [l-2«-fr][l-r"f^"] • 

TT 

Hence multiplying, we find 



h(: 



AK\* 1 , AK Jq 
.—pi, whence — =-t^; 

■ J ^q T V^t 
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and therefore 

and substituting we have the foregoing formulae for sn, en, and 
dn of . 

TT 

376. We also obtain various other g^-formulsB. 
Multiplying the expressions for B, C we have 

2Vy ■ ^' [1 - g'"-? . 
VA [1 + 2"]' 

and observing that 



jnr[2 y 



we find 



U + ?J [i-g-]' [1-2*""]' 



and thence, using the foregoing value of A, 

2kk'K» 



[i-rr = 



tt"" 



which two formulae give 



jrna 



[1-2"] 
and to these may be joined 



'H^Jq 



4, — 



t^-^^""''^' =!i' 



[1 + 2-]' =^- * 



[1 + q"]' 



•Jk'Jq' 

^k 
2k' ^ ' 
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377. If for shortness we write : 

a = [1 + 3**-*], whence o/8 = [1 + g^], 78 = [1 - f], 

1 

/8 = [l + 2*-], anda/3y = l»; 

7 = [1 - f-% 

then the foregoing formulae give • 

k' = 



2K 

IT 

2kK 









IT 



(S) ■ -f^- 



(I)"- 



2 7A'ir 



The equation Af'+fc''=l gives 7^ + 16j)3®=a^ or written 
at length 



8 



{(1-j)(1-j0(1-?')-.}'+16?{(1+2^(1+j0(1 + 2')-} 
a remarkable identity. 



♦ This is in fact the fommla [l + gwt]= ^ proved No. 876 : it occurs 
in Euler's Memoir, De Partitione Numerorum (1750), Op. Min. ColL p. 93. 
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378. It will be noticed that we have obtained expressions 

. 2Kx 2Kx - 2Kx x- i r .• u • 

for sn , en , dn , as rational fractions having a 

TT TT TT 

common denominator, the three numerators and the denomi- 

nator being each of them a §'- function, \q = e ^ ), involving 
circular functions of x respectively. Imagining x replaced by 

its value ^-^, we have snw, cuu, dnu expressed as rational 

fractions, the three numerators and the denominator being 

each of them a g^-function involving circular functions of ^-^ . 

We have already obtained for snw, cnw, dnu fractional ex- 
pressions having a common denominator 0u, and in their 
numerators Hu, H^u-hK), &{u-\-K) respectively; and it thus 
appears that these functions must be, to proper factors prfes, 

ITU 

multiples of the j-functions of ^-^ respectively: viz. the 

factors to multiply the g^-functions must be of the form 
AU, BUy CUy DU where U is an unknown function of w, 
but Ay By C, D are known constants or exponential factors ; 
and the theorem at once suggests itself, that the two sets 
of functions differ only by these factors A, B, C, D, or 
what is the same thing, that J7 is a mere constant, which 
may be taken =1. But Jacobi in fact directly identifies 

with a o'-function of x (that is, ®u with a g-function of 

TT \ 

^-^j y by an investigation of some complexity but of very great 
interest. 

0, H expressed as q-functions. Art. Nos. 379 to 383. 

379. We have 



y 



1 — A?sn 



TT _ [1 -- 2g^-^ sin X + q^''^] 



1 + fcsn L ^ i 1 J 

TT 

c. 19 



I 
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Taking the logarithm of each side, and expanding the Ji- 
rithms of the factors on the right-hand side, after some^imous 
reductions we obtain 



1 — i' sn 



2.Kx 



log 



V l+^^ 






sn 



2Kx 



(2m-l)(l-j2'''-i) 



TT 



or, writing the series at full length, 

_ 4 y^ sin a? ^Jq^ sin 3a? ^Jq^ sin 5a; 
-"T^^i^ 3(1-3') + 5(1 -if) -••• 

Diflferentiating each side in regard to x, we find without 
difficulty 

2Kx 



2kK'''^ TT 



TT 



_ 4ijq cos a? 4^^' cos 3a; ^Jq^ cos 5a; „ 



or, observing that the left hand is 
2kK 



sn 



TT 



/^. 2ira;\ 2A?fi' 2ir/7r \ 



and writing ^tt — a? in place of x, this is 



2kK 2Kx 
sn 



TT 



TT 



__ 4ijq sin a; 4^/9° sin 3a? 4^/ sin 5a? . 



q 1-2^ i-j- 

380. It is this formula which leads to the identification 
just spoken of ; viz. squaring the two sides we obtain after all 
reductions 



(2kK\ , 



TT TT 



A (2q cos 2a; 4}q^ cos 4a; 6^' cos 



6a? 



or, multiplying by dx and integrating from a; = 0, 
^'^ 2ira? 



/2kK' ., 

\ IT J J TT 



dx 



_ 4^ / _^\ 



. fg sin 2a? q^ sin 4a; q^ sin 6a? ] 
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"Vvhence, from the definition of Zuy ante, No. 131, 

2K r^f2Kx\ _a{(1 sin 2x g* sin 4a? g" sin 6a; 1 

- "^ W y . IT:^+ i-g* ■*" 1-2* ■*"'••)' 

and if we again multiply by dx and integrate from a: = 0, 



2K 

IT 

that is, 



r (2Kx\^ _, (l-2gco8 2a? + g')(l-2g^cos2a?+g^).. . 
]z\^) ^"^^ 1(1 -?)(1 -/)...}' ' 



^f2Kx\ V IT 

(1 - 2^ cos 2a: + f) (1 - 2j' cos 2a? + g^)... ; 
or say 

/2F5" 

®(^) = [^^Jl--V'^"cos2a? + 2-T; 
viz. we have obtained this value of -. — from the definition 

TT 



®u 



l2KK 



ri|"*+/o*^'*/o^^^''''*. 



381. We have to prove the theorem for the squaring of the 
right-hand side of the equation 

2hK 2ga? 4Vgsina? , 4 Vg' sin 3a? , 4 Vg* sin 5a? 
sn — = I ij 3 + = 5 r • • • 

TT TT 1 — ? 1— J l""? 

Forming the square and reducing by the substitution 
2 sin 7na? sin tw? = cos [m'-'n)x — cos (m + n) x, 
the square is 

= ^ + -4' cos 2a? + A" cos 4a? + A" cos 6a? ... , 
where 



^_ 8g . 8g' 
and moreover 



19—2 
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jy»= 



,«+l 



.«+s 



jm^ 



(1 - j)(l-2»"") ^ l-j".!-}*-**^ 1-2*. 1-3*^ 



+... 



_ ?' 



1-3** 






1-g -1-3* -l-g» 

I g*"*' g*«^ ^"^ 



1_2« |i_j ^l-g'-^l-g*-*)' 



+ ... 



and 



R + 



^ + 



l-j.l-a**"* l-3M-3*""* l-gM-j 



.I*-* 



... + 



l-2*^M-2 



1-2*" 



1-2 



.m-i 



l-o» "• + l-o»»-» 



,lll-8 






• l-2»-' ■ l-^'^" • 1-j 
.+ 1 +1 ...+1 

~ 1 - 2"" 1 - 3"* 11 - 2 1 - 3' " 1 - 2**"') ' 



Trhence 



^ "1-0*"' 



viz. each coefficient (except ^, which is an Infinite series) has 
this finite expression, and we have 

(2kK^ , 2 jfir . . (2q cos 2a; 4o* cos 4c 62 cos 6* \ 

Kit) "" -^-^-*t i-2« + 1-3* + i-2« +•••}• 

382. To find the value of 
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multiply by dx and integrate from to |ir, we have 

or what is the same thing, 

-4 = — j-i'l sn^udu; 
viz. from the equation 

we have J. = — 5- (^ - jP), 

and the proof is thus completed, 
383. Write for shortness 



^/ 



where, ante, No. .357, 



2k'K 



[1-2-?=^'; 



then the relation obtained is 

which is the required expression for 0, leading as mentioned 
above to the corresponding expressions for the other functions. 
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OQ 



o 

1 

a 



»• 



00 

O 

&^ 
I 

.a 

QQ 



II 






+ + 




+ 

CQ 

o 



OQ 

8 

04 



8 ^|i^ 1^^ 



1^1^ 



II 



1^ 



r 



00 

O 

o 

I 

+ 



^ 



II 



CM 



+ 

I 

04 

I 



10 






n3 



II 

a 

o 



n3 



■I 

o 

o 



+ 

CQ 



I 

04 
II 




c 


r 


C 


+ 


+ 


+ 


04 


04 


<^ 


CQ 

8 


OQ 

8 


QQ 

8 


04 


^ 


4. 

04 


+ 


1 


+ 


1-H 


i-H 




8 






i 







L^ 



04 




05 
II 



04 



® 
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or omitting the second and fourth equations which are in- 
cluded in the first and third respectively. 



4*— 



H (?^) = (? . 2^2 sin 0? [1 - 2^"^ cos 2x + 2*"»], 
(^\ ^G. [1 - ^'^" cos 2x + 2*«-]. 

New developments of the functions H, 0. 
Art. Nos. 384 to 388. 

384. We have identically 

[1 - 22'"*"' cos 2a? + q*^-^] 

1 

= p ^ g^-. {1 — 2 J cos 2x + 2^* cos 4ir — 2^® cos 6a? + . . . }, 

2jq sin a? [1 - 2f^ cos 2a: + g*^] 

= |-^_ ..^i {2v^sina?-2^g^sin3a? + 27g^^sin5a?-...); 



and hence observing that 






0^ V TT __ 



[1 - 2'-] ' [l-g''--7.[l-g-^ 

we find 







'2ira?\ 



[ j = l — 2 J cos 2a; + 2^* cos 4a: — 23® cos 6a: + ... , 

H i^^ = 2^2 sin a? - 2^^sin 3a: + 2^/^ sin 5a; - &c., 

which are the expressions of these two functions developed in 
cosines and sines of multiples of x. 

385. For the direct proof of the identities we require the 
development of [l-\-q^'^z\ that is of {l+qz)(l^q^z){l+q^z)... 
in powers of z. Assuming it 

if for z we write ^z, and multiply by l-\-qz, the result is 
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s^l+qz into (1 + j'«)(l + 2*^)... ; viz. this is the original 
function. We thus have 

= (1 + qz){l +Aq*z + Bq'z' + Cq'z^+...) ; 

thatis, ^(l-2') = g, B{l^q')^q'A, C{\-q^)^^B,... 
and thence 

■- ^ -^ 1""2 1 — J.1 — 2 1 — j'.l— 2*.l — 2* 

In a very similar manner it is shown that 



[l-q^z] 1-ql-qz ' 1 -q.l-^l-qz.l-^z 



9 8 



1 — 2 . 1 — 2*' 1 "■ 2* 1 — 2^ • 1 — 3*^ • 1.— 2*^ 
386. Starting with the equation 



.4>-8 ^»-« 



^ 1— <7 1— «/.l — </ 1 — </.!— o .1— o* 



2*'^l-3M-2*'^l-2'.l-5M-2' 
we have similarly 



--1 



"■ ^ -" 1 — 2 1 — 2-l"'2 1— gM— 2-l"'2^ 

and these two are to be multiplied together ; the product will 
be an infinite series of the form 

where B^y B^y B^,.. are functions of 2 given in the first instance 
as infinite series, which however admit of summation by 
means of the last formula in No. 385, viz. 



[1-2"*^] 1-2 1 ""2^ 1-2.1-2 1""2^« 1-2*^ 



2' ^ 



■*"l-2-l-2'-l-2'l-2^-l-?'«-l-2'«' 
this, putting therein 2' instead of q and z^(f^, becomes 
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1 -1, g* r , q" 3" 

""•■■• 1 8 1 _ Jtn-W 1^ 



[1 _g««-«] "^i-2» 1 -2»**^ 1 -2». 1-2* 1-2*'*'. 1-2*^** 

, g" g" , 

"^1-2*. 1-3*. 1 -2* 1-2'"**.1-2*'*M-S^'* '"' 

where of course [1 - 2****"] denotes 1 - 2*". 1 - <f**. 1 - 2*"**.-" 

S87. Effecting the multiplication of the first-mentioned 
two expressions, we have 

[1 - 3*"-» (2 + O + 2'"T = 5, + 5j (« + z-') + 5, {z* + O + &Cv 
where in general 

r> g"* 

»~ 1-2". 1-2*.. .1-2** 

fl, g* g" . g' g" , I 

1^1-2* l-2*"^^l-2M-2* 1 - 2'"'^. 1 - 2*"** J ' 

that is by the last formula 

2!^ 1 2"' 

~l-2*.l-2*...l-2*''[l-2'"'*"]' "Il-g""]' 
and we have consequently 

[l-2*""'(« + 0+2'"^ 

= p-^ {l+g(«+0 + 2*(«'+0 + 2V+0 + ..-}. 

388. This equation, writing therein — e"^ for z^ becomes 
[1 - 22*""' cos 2a? + 2*^T 

1 

= p^ _ 2^1 {1 — 2j cos 2x + 25* cos 4ir — 2j* cos 6i» + ...} ; 

and if in the same equation we write qz for z it becomes 

(1 + z-"") [1 + q^'^z] [1 + 2*"*^-'] 

viz, putting here — e"* for «, or say «4 = -e**, we have 
sin a; [1 - 22*" cos 2a? + j**»] 

= r-i _^j8m-i {sin a? — J* sin 3a + j* sin 6a? — j" sin 5a; + ...} ; 
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or what is the same thing, 

2^^ sin a; [1 - 22*"' cos 2a? + 2^] 
1 



[1 - 2-] 



{2^2 sin a? - 2^1^ sin Zx + 2^2" sin 5a? - ...}. 



Double factorial expressions of H, 0. General theory. 

Art. Nos. 389 to 395. 

389. Reverting to the expressions of 0( J , E(- — j 

mi 



as 



2*products, and writing 3? = ^^, the 2-products thus identified 

with the functions Ha and 0w respectively, presented them- 
selves at the commencement of this Chapter as mere constant 
multiples of the expressions 



sm 



iru 
2K 



sm' 



ITU n 



1- 



2K 



. isiirK' 
sin 



K J 



sm 



1- 



*iru 
2K 



. J2s'-l)i7rK^ 
sm ^^ — ^ 



K 



(« 3= 1 to 00 ), 

so that Hu, ®u, are constant multiples of these expressions 

I2MK 
respectively ; and since 00 = a/ » it follows that the com- 
plete values are 



_ ,y [WK 2K . m 



mi 
2E 



sin 



VU -J 



1- 



2K 



sm' 



K J 



8u 



/2k'K 



Sin" 



1- 



TTU 

2K 



. o^2£-T)^ 
'''' 2K 



It is important to examine the meaning of these formulae. 
Consider the function which enters into the expression of Hu] 
or writing for greater convenience m' in place of s, say 
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Sin 



ITU 

2K 



sin 



iru n 



1- 



2if 



sm'- 



y 



K J 



(m'= 1 to x). 



390. Observing that in general 

sin* u — sin'a = sin (ti + a) sin (w — a), 
this (disregarding for the moment a constant factor) is 



= [sin J(« + 2mVZ')l . 



where 7ri has every positive or negative integer value (zero in- 
cluded) from — 00 to + 00 ; say from — /a' to + fi\ fi^oo. 



Now we have 
sin 



ina? = ic l-~p , (5 = 1 to 00 ), 



which writing ^-^ for x, becomes 



sin 



TTU 

2K 



''2K^\}'^s'K'\' 



or disregarding a constant factor, 

sin 2;g- = [^ + 2rnK], 

where m has every positive or negative integer value, zero in- 
cluded, from — 00 to + 00 ; say from ^ fi to fi, /a = oo . 

Assuming for a moment that it is allowable to write herein 
u + 2m'iK in place of u, we have 

sin ^ (w + 2m'tK') = [w + 2mK + 2mHK'l 

m as above, and consequently the numerator is 

^[u + 2mK+2m:tK'], 
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m, m each extending from — oo to + oo as above. As regards 
the omitted constant factor, it is clear that snw-rw reduces 
itself to unity for u indefinitely small, and the formula thus 
becomes 

r . - TTW T 

2K . 



TT 



sm 



iru 
2K 



sin 



1- 



sm 



2K 
siirK 



= wll + 



u 



2mK+ 2m 



hk] ' 



m, ni as before, excepting that the set of values m = 0, m' = 
(having been taken account of in the factor v) is to be omitted. 

391. But when in the sine-formula we write u-{-2m%K' 
in place of w, we assume that u + 2m xK' is indefinitely small in 
regard to the extreme values + /^ of w (viz. the infinite product 

f 1 — -jj f 1 — -j-A ... taken to the term 1 — ^ approximates 



X 



X 



to sin X only on the assumption that — is indefinitely small) : 



sir 



of course this is so when tw' is finite, but m' acquires the values 
±fi ; in order to sustain the assumption we must suppose that 
fjL is indefinitely small as regards fi ; or say that /a' -r /^ = 0. 

Hence in the last-mentioned equation the limits of the 
doubly-infinite product are m = — /^ to m = + fi] w' = — /a' to 
m'= + fi ] fi, fi each infinite ; but /a' -r /^ = 0. Putting for 
shortness 2mK + 2m'iK' = (m, m') the equation is 



2K . ITU 



1- 






sm 



sittK' 



I (m,m)J' 



K J 
which is one of a group of four formulaB. 

392. Writing for shortness as in Nos. 39 and 117, 
(m, m') = 2mK + 2m'tK', 

(m, m') = {2m+l)K+ 2m'iK'. 
(m, m') = 2mK + (2m' + 1) iK', 

{m, m') = (2«t + 1) ir + (2m' + 1) tK', 
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these are 



2Jr . iru 
IT 2K 



BUT 



1- 



2K 



sin' 






sin' 



1- 






cos 



sittK' 



sin' 



1- 



2K 



cos 



, (25 - 1) tViT' 



sm' 



1- 



K 
2K 



. ,(2«-l)i7rir 
sin ^^ — ^ 



=5 u Jl+ 7 ttL 

1 {ni,m)y 



li + P^l 



t (m,m')j' 

1 K^)J 



if 



where on the right-hand side the limits are to he taken so that 
(in,rn!), &c. may have equal positive and negative values, or 
say, as regards 

m, fromm= — /A to +fi, 

m! „ m^ — fi „ + fly 



j> 



viz. m, m have all positive and negative integer values between 
these limits (both inclusive) respectively : but as regards (m, m') 
the combination (0, 0), (which is separately taken account of in 
the exterior factor u), is to be omitted : fi, fi' are each infinite, 
but /I -TT fi = 0. 

393. The values of the Jacobian functions ff, thus are, 
as mentioned No. 39, 

y IT { (m,m)) 



eu 
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limits as just mentioned. It is on account of the unsymmetrical 
condition fi -i-fi^^O in regard to the limits that -ff, have a 
perfect periodicity as regards 4iK, but only an imperfect 
periodicity as regards 4f JK"' ; viz. as regards this quantity the 
functions are only periodic to an exponential factor prfes. The 
resulting expressions of the elliptic functions are, as mentioned 
No. 123, 



sn 



i Km)j ^ 

u^ |l + _!L_l, ' (4-) 

( (m,m)J ^ ' 



denom. = \l + -. — =7- \ ; 

where as regards 4iiK\ although the numerators and denomi- 
nator are not separately periodic, they acquire by the change 
equal factors, and thus the quotients are periodic as well in re- 
gard to UK* as to 4^". 

394. We may state the general theory thus : consider the 
doubly infinite product 

where m, m have within infinite limits every positive or negative 
integer value whatever. 

To avoid diflBculties, it is assumed first that fl, D! are in- 
commensurable, (for if they had a greatest common measure 
A the function would be an infinite power of the single product 

1 H — — — ) ^ a positive or negative integer; secondly, that 

the ratio fl : fl' is imaginary, for if it were real there would be 
an infinity of factors for which mil + mH* is indefinitely near to 
any given real value whatever. The function a -f- mil 4- mQ! 
can at most vanish for a single set of values of m, m ; viz. it 
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will do this if a = — Xfl — X'ft', X, X' being positive or negative 
integers; and we must in this case replace the product by 

u\l + 



\}'^a + mil + m:n'\' 



and exclude from the product the combination of values m=\, 
m = X' ; but this makes no real difference in the theory, and we 
need only attend to the other case, that in which a+mfl+m'ft' 
does not vanish for any integer values of m, m\ Thirdly, that 
the limits are such that to each given value of a + mil + raO! 
there corresponds an equal and opposite value ; or what is the 
same thing, regarding m, m as rectangular co-ordinates, then 
that the product is extended to all integer values of m, m lying 
within a closed curve having a centre at the real point given by 
the equation a + mn + m'fl'= 0, (viz. if a = — XQ — X'fl', then the 
co-ordinates of the centre are m = X, m' = X'). Say this is the 
" bounding curve," we may regard the linear magnitude of this 
curve as proportional to a parameter G, in such wise that C 
being indefinitely large, each radius vector of the curve (mea- 
sured from the centre) is indefinitely large. Upon the foregoing 
suppositions, regarding the bounding curve as given in its form 
(for instance, if it be a circle, or a square, or again a rectangle 
with its sides in a given ratio, &c.), then as G increases and 
ultimately becomes infinite, the product in question 



[1 + a + win- m'n' J ' 



tends to and ultimately attains a certain definite value; but 
this value is dependent on the form of the bounding curve. 

395. There is, however, a relation between the values of 
the product for different forms of the bounding curve; viz. 
this is 

where A^, A^ denote the values of the integral 

dm dm 



Ik 



(a + mil -f mil Y 
taken for the two forms of the bounding curve respectively. 
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In particular let the bounding curve be the rectangle 
m = X + /Lt, m' = X' ± /i', and let the product, when /a' -f- /^ = 0, 
be called rr^, and when /i'^/i = oo be called IIoo ; then if IT 
be the product for any other given form of the bounding curve, 
we have 

where 5^, B^ are constants depending on the form of the 
bounding curve ; and observing that 11,^ has the period 211, or 
say IIj (w + 20) = n^t^, while n« has the period 2ft', or say 
Ilao (u + 2ft') = n«w, we obtain 

U{u+ 2ft) = e4B«(«+20)a n^ = e2B„o(«+o)nM, 

n(w+2ft') = e4«-(«+2o')»n«= e2B.o'(u+ooni^'^ 

which shows that the function TJu is not perfectly, but to an 
exponential factor prfes, periodic in regard to the two quantities 
2ft and 2ft' respectively. See as to this theory my papers, 
Camb. and Dub. Math, Jour. t. IV, 1845, pp. 257 — 277, and 
Liouville, t. x. 1845, pp. 385—420. 

Transformation of the function H, 0. {Only the first trans* 
formation is here considered,) Art. No. 396. 

396. The equation 



®u 



/2k'K 



sin 



1- 



TTM 

2K 



. ,(2m-l)t7r^' 
sin ^ — ^ 



2K 



(m = 1 to 00 ), 



u 
putting therein -ijt, X for u, k, and attending to the relations 



A =-Tr> -^^ = -wrt becomes 
nM M 



e 



fu ^\ /2X,'A 



sm 



1- 



mru 
2Z 



. ,(2m-l)m7r^' 
sin -^ — ' 



2K 



, (m = 1 to 00 ), 



and we may hence deduce an equation of the form 

0(J,x) = J[0(w + 25'^]. («' = .J(n-l)to+i(n-l).) 
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In fact, disregarding constant factors we have 

® (;Ja) = [sinU(t.+ 2^^1iK') sin JJ(t.- 2^Tritir')], 
or, what is the same thing, 
® (J, ^) = [sin JJ (M + 2^:^ /iT)] , 

if m has now all positive or negative iijteger values from 
— 00 to 00 : and similarly 

@u = j sin^ {u + 2m-l iK') 1 ; 

and if in this last equation, we write for u, u + 2s' K, giving 
to «' all the values from — ^(n — 1) to + i(w — 1), and multiply 
the resulting expressions ; then by aid of a known trigonometri- 
cal formula, we see that ® (-^ir*^) ^^ ^ value of the form i 

question. Writing w = 0, we obtain at once the value of A, 
and the equation becomes 

and similarly 

2s'K\] JX ^,^^, , ^,r 7T2/2^V 

n J 



m 



(J.x) = [4.?^)].^,e(o,x).eo[-ir(- 



H ^, 



which are formulae for the transformation of the functions 

Ji, a 

396*. The theory of the transformation of the functions 
Hu, &u might be derived from the double factorial expressions 
given in No. 393: it is, however, somewhat difiScult to carry 
out the process, and I propose only to give a general idea of it. 
Disregarding a constant factor we have 



e(J,x) = 



1 + 



t 



2mMA + {2m' + 1) tJ/A'j ' 
C. 20 
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which, substituting for M\ and MA! their values — and K\ 
and writing for convenience I in place of m, becomes 

u 




— . 



n ^ 

where on the right-hand side I, m have every integer value 
whatever from — oo to + oo : grouping these according to the 
remainder of the division I by n, we separate the right-hand 
side into n factors, each of which is a 0-function with the 
original periods K, K' ; thus writing I = ran + 8, where s' has 
any one of the values 0, 1, ...n- 1, and m has any integer 
value whatever from — oo to + oo , the factor corresponding to 
a given value of «' is 



2mK 



« I 



is'K 



,, n 



•2mK+{^m'+l)iK'i' 



viz. disregarding the constant divisor, the factor is 

and we thus have ® (ij?> ^) expressed as a constant multiple of 

the product of the n factors @ m* H j : and in like manner 

H yrff^j is a constant multiple of the product of the n factors 

H{u'\- j ; 8 having in each case the values 0, l,2,...n— 1, 

as above. 
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Numerator and Denominator functions. 
Art. Nos. 397 and 398. 

397. The results obtained No. 396 may be written 

e(J.x)=e„[e(..M)e(„-?^] 

into constant factor as above, 

into constant factor as above. 
We then have 

2sK 



\ n J \ n / n 



rp2sK 
& 



and 



_©^/ Wu n \ 
" 0»O \ eV Q, 28K ) 

n 

&uf^ J. , ^28K\ 

"0«Or &'u' ^,2sK) 

n 

~ 0^ V 9 "^sKj ' 

sn' 

n 

and we thence obtain 

e-'O0(|,x)-^®"«= ^l^fl-^'snVsn'^]. 

sn' 



'-''^i>)-«--#^-['-^]- 



20—2 
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398. Now in the function, see No. 355, 

sn "~~~~~ 
n 

multiplying the original numerator and denominator each by 

6"fO '}C\ 
1* f so that the denominator shall for w = reduce itself 

to — ^;^^, = JjT-^j- , the numerator and denominator are 

e r^, \V Zr (-J , x) , each multiplied by 0*"*(O, \) and divided 

by ©*ti; and in like manner the numerators of J\ sn [ -jjv., \ j , 

V V ^^ ( Sf ' ^) ' ~/^ ^ ("Sf » ^) ' ^^^ *^® common denominator 
(constant factor as just mentioned) are 

each multiplied by 0*"*(O,X) and divided by &u\ viz. writing 
©jO in place of 0(0, \) we have thus the theorem stated 
Chap. Es:. No. 306. 
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CHAPTER XII. 



Bdx 

EEDUCTION OF A DIFFERENTIAL EXPRESSION -j=: 



399. In the present Chapter, working out the steps of the 
processes referred to, Art. Nos. 1 to 11, we show how the dif- 
ferential expression -r=- is by the substitutions \. ^ for a, 

and -^3 for a^, reduced successively to the forms 

Rdx Rdx 



V ± (1 ± ma?) (1 ± no?) ' ^1-a?. l^J^of' 
but for greater clearness we consider the substitutions under 

the forms a?=^ — —^ and aj* = — r-^« 

1+y c + rfy' 

Bsdmtitm to the form 



V ± {1 ± ma?) (1 ± no?) ' 
Art. Nos. 400 to 407. 

400. We start with an expression 

Rdx 

where ^ is a rational function of a?, X a quartic function with 
real coefficients, and which is therefore the product of two 
factors ^•\'27)x-{-0a?, X+ 2fix + vx\ with real coefficients : the 
values of x are real, and such that X is positive or VZ real. 
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401. Writing x = ^ , > we have 



and the two factors of X become respectively 
^^-l^{(:(l+yr+2i7(l+y)(;> + j^^ 

jj^. {>'(1 +y)*+ 2/.(l +y) (;> + jy) + v{p + ?y)'}, 

so that representing for a moment the functions in { } by Jf, JV 
respectively, the diflferential expression becomes 

^ {q-p)Rdy 

where MN is a quartic function of y. 

402. To make the odd powers of y disappear in the func- 
tion MNj we write 

? + ^(i? + j) + ^i)2=0, 
X + /Lt (^ + j) 4- vpq = 0, 
for p, q being thus determined, then 

K = C+ 2vp'h0p^+ (C+ 2vq+0q')y', 
F, ^\+2fip+vp^ + (K + 2fiq + v^)f, 
will be functions of y* only. 

The two equations give p + q and pq rationally, but in 
order that the resulting values of p, q may be real, the values 
of ^ + J and pq must be such that {p + qf — 4pj, = (^ — j)*, is 
positive. 

403. If the roots of the equation X= are not all real, 
that is, if they are either all imaginary or else two real and two 
imaginary, we may take the equation \ + 2fjbx + vx^=^0 to have 
its two roots imaginary, and write therefore Xv > fi\ But this 
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being so, the second of the two equations in p^ q written in the 
form 



^+^{p+q)+(p+sy-{p-sy=o, 



gives 



(p-qy^^p + q + f) +-^-^^ 
so that p + q being real, (p — j)* is positive, or p and q are real. 

404. If the roots of the equation X = are all real, let 
their values be a, A 7, S ; then assuming 

^+27}x+0a^=0{x'^a){X''^), and \ + 2yLur+i/a?'«v(a;-7)(a?-S), 

the equations in p, q become 

yB-^{y + S){p+q)+pq^O; 



whence 



2 (a/3 - 7S) 
p + q = 



a + /3-7-S' 



and thence 






(a-7)(a-g)(/3-7)(/3-g) 



which is positive if we take for a, fi the greatest two roots or 
the least two roots, or the two extreme roots, or the two mean 
roots ; viz. we thus have (p — j)' positive, and therefore p and 
q real. 

405. The rational function It is the sum of an even func- 
tion and an odd function of y: the differential expression is 
thus divided into two parts ; that containing the odd function 
may be integrated by circular and logarithmic functions (as at 

once appears by making therein the substitution V^ in place of 
y), and there remains for consideration only the part depending 
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on the even function of y, or, what is the same thing, we may 
take R to be an even function of y, that is, a rational function 

of 0?*. 

406. [It may be remarked that in the case where the 
function X has four real factors, say that the value is 

X = (a? — a) (a? — ^) (a? — 7) [x — 8), then writing y^ = ^, or, 

what is the same thing, x = -^ — —^- , we have 

if 

where denominator is =1 — y; also c?x = 2(a— i8)yrfy -r(l— y*)*, 
and we thence find 

dx 2dy 



Jx—a.x—/d.x — y.x — B ^a — 7 — (/8— 7)^'. a — S — (^ — 8)^, 

where the radical on the right-hand is in the required form; 

Bdx 
but in the case where the expression is — — , we have thus in 

place of ^ a function of y', so that no part of the integral is 
directly reducible to circular or logarithmic functions, and the 
form of the result would appear to be more complicated than 
if we had begun by the linear substitution upon a?.] 

407. Restoring x in place of y, the conclusion is that the 
original differential expression may be replaced by one of the 
form 

Rdx 

where ^ is a rational function of a?*, and M and N are each 
of them a real function of the form A + JBx^ *. 



* The above is the investigation given in Legendre's Chap, n., and the result 
is as stated : but Legendre in his following Chap. iii. only assumes that the radical 

is reduced to the form ^Ja+px^ + yai^, and he considers (as his first case) that in 
which the equation a + ^x^ + ysd^^^O gives imaginary values of x^ that is where 
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The function MN may have the several forms 

+ (1 ± ma?) (1 + no?), 

where m and n are positive ; but we may assume that the signs 
are not such as to make the function = — (1 + ma?) (1 + no?) ; 
in fact X assumed to be positive for at least some real value of 
the original x, cannot be by a real substitution transformed into 
an essentially negative function. 



Rdx 

Redrwtion to the standard form 



Art. Nos. 40a to 412. 
408. Retaining for convenience MN to signify 

+ (1 ± mo?) (1 ± nx% 

we have to show that . — = can by the substitution »*= rQ 

^MN o-\rdif 

be transformed into -7 — ^ • , where S is a rational 

function of y', and 1? is positive and < 1 : and since by the 
substitution in question R is changed into a rational function 
of y', the theorem will it is clear hold good if only we have 

\dx dy 



\/MN Vi-j/M-Ay' 

where \ is a constant. On account of the definite form 
of the expression on the right-hand side, it is rather more 

a+/3a5'+7flc* is of the form X*+2X/<a;2oos^+/*V, a case which he further con- 
siders in Chap. xi. The idea seems to be, that since in the case in questiosai 

there are no odd powers of x. the transformation 05= ~ — - of Chap. 11. is un- 

necessary; if, however, we do make this substitution, we obtain under the 
radical sign a new quartic function without odd powiers: the substitution is 

found to be x =-^ - a/- (mentioned in Chap, xi.), and the radical is thereby 
reduced to the form m^ (1 + pV) (^ + ^if)* which is the fourth case of Chap. in. 
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coDvenient, writing the relation between o?^ y* in the form 

— CL "I" cou doc 

7/= -f — ^7-«-, to transform this into the form , on the 

left-hand side. The last-mentioned equation gives 

, (hc — acT^xdx 

y^y — {h^dxj ' 

1 vr^^d? 



y ^/—a + cx^ 



^h-da? 



Vl-^ V6 + a - ((? + c) a? ' 
1 ^Jh'^^^l^ 



and we thence have 






(6c — ad) a? da; 



V6 - doi?. - a + car*. J + a - (d + c)aj'. 6 + A'a- (d+ A'c)ar*' 

Here in the denominator one of the four factors must reduce 
itself to a constant, and another of them to a multiple of a?', in 

order that the second side may be of the required form , 

409. For instance, if J + a = 0, d + AjV = 0, that is, 6 = — o, 

d % cb ""• ca> 

jfc* = , then the relation between V*, a?' is v* = t-q . and 

c .7 £7 a-^dotf* 

the differential formula, after some easy reductions, becomes 
/a dy __ dx 

V a a 

or writing for greater convenience a = 1, then we have 
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1 — caj* 
= ^j — -^ , leading to the diflferential formula 

1 dy dx 



liere Z;" = ; this implies c positive, d negative and in 

c 

)solute magnitude less than c ; and we have thus a formula 

)plicable to the case MN= (1 —ma?) (1 — w^ ; viz. assuming 

> n, we may write c = m, d = — n, and the relation then is 

1 ■"" TtlOu • 1 ■" V 

= -z -^, or, what is the same thing, o? = — ^ '^ ^ , giving 

\ dy dx 



Jm Jl—y* .1 — h^T^ Jl — ma? . 1 — na? ' 

here /;' = — . A more simple formula giving this same rela- 
m ^ 



on is a? = ^. 
m 

410. We thus obtain transformations applicable to the 
iveral forms of MN, viz. numbering the cases as in Legendre's 
hap. III., but for the reason appearing in the foot-note p. 312, 
nitting his first case, we have 

\ MN^ (l + ma:')(l-wa^), aj<-, 

'. ifiV= - (1 + mic») (1 - rw!^, «>-, 

n 

\ MN^ (1 + wia?) (1 + wa;"), m>n, 

*. MN^ (1 — ma?) (1 — na?)^ m>n, x from to -=, or 

vm 

from -7=: to 00 , 

'. MN= — (1 — ?naj') (1 — wa?'), m> n, a? from -7= to -r=; 

vm vn 
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and writing for shortness r= 1 -^ . 1 - J(^y\ the formulae axe 

- , i/* " dx h dy 

or else a? = =• , - , = -7= -^ , 



411. It is to be added that if in the expression -^ we have 

y > T , in which case writing F= (y* — 1) (A;*^* — 1) the radical 
is still real, then assuming y = 7- , we have —= = — -^, where 

Z^ (1 — -s^) (1— A;'^'), and as y passes from r to x, « passes 

from 1 to 0. Hence, replacing y or 5? by the original letter x, 

the conclusion is that in every case the differential expression 

dx A. + Bqi? 

— can by a real substitution -7^ — =r-i 

V± (1 ±ma?){l± no!') ^ C+Ds? 

place of a? be reduced to the form 



in 



dx 



V(l-a^)(l-A;V) 
where the variable x extends between the limits and 1. 
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Further investigations. Art. Nos. 412 to 417. 

412. Reverting to the investigation, Art. Nos. 400 — 407, 
but abandoning the condition that the transformation shall be 
real, it is clear that we can by such a transformation reduce the 
diflferential expression to the form 

Rdx 



s/l^a^.l-Fx^' 



where, however, 1^ is not of necessity real, or if real and positive 
not of necessity less than 1 : it is interesting to inquire further 
into this question, and to show how the modulus k of this in 
general abnormal form is determined. The process in fact 

was by a substitution ^^ — ^- in place of a?, or say by a linear 

transformation performed upon x, to transform the quartic 
function X into a quartic function Y containing only the even 
■ powers of the variable ; the solution of this problem depends 
on a cubic equation which is solved rationally when we know 
any decomposition of the function Xy T into quadric factors ; 
and it was in order to have such rational solution of the cubic 
equation, and with a view to obtain real transformations that 
we commenced by assuming the function X to be .decom- 
posed into factors of the form (f + ^r}x + 6x^) (\ + 2 fix + va?) or 
^(aj— a) (oj — ^) (a; — 7) (a? — S). But analytically it is more 
elegant to deal with the undecomposed quartic function, as 
was done by me in a paper in the Cawb, and Dub, Math, 
Journal, t. I. (1846), pp. 70 — 73, and I here reproduce the 
investigation. 

413. Let the two quartic functions 

P = (a, J, c, d, e) (a?, y )\ 

P=^{a,b\c\d\e'){xyyr, 

be linear transformations one of the other, say the second is 
derived from the first by the substitution 

a;, y = Xa?' + fiy\ \x + fi^y'. 
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Then writing m =» \fi^ — \ja for the determinant of substitu^, 
we have 



or writing w = ^ , w' = ^, , 

and therefore 

xdy^-ydx^du oidy^ydx ^ du 

where f7 = (a, 5, c, rf, e ) (1, w /, 

U' = (a , y, c', d\ e') (1, uT, 
the differential equation becomes 

du du 

viz. we have this from the transformation u = ^ ^-—, . 

The functions P, P ' are obtained the one from the other by 
the foregoing linear substitution ; viz. if I, J are the invariants 
of P, viz. 

I = ae-4ibd+3c\ 

«/= ace — ad^ — Ve + 2hcd — c\ 

and by 7', J' the corresponding invariants of P' ; then we have 
between the coefiScients of the functions and the coeflScients of 
transformation the relations 

7' = w*7, J' =^m^J, whence jTg = ys • 

414. Supposing now 

Cr' = a'(l+>u'0(l + jO, 
or 6' = 0, (?' = 0, 6c=(i'(^ + g), e=^apq, 
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we have J' = ^ci* (i>* + g* + 14pj), 

and thence (i> + g)' (34pg -p' - gT . . 27J« 
and thence (^« + j«+ i4;,j)> — 7^ 

or, as this may also be written, 



8 * 



108pq(p-qy _ 27 J* 

p*+q'+i4!pq)'~ r ' 



{p* + ^ + Ujtq)' 
which determines the relation between p and q. Also 

SO that the differential equation is 

du _ ( p* + ^ -\' 14ipq \i di^ 

Vcr"'V 12/ / '^l-^pu'W + qu""' 

415. If in particular p = — 1, then writing also — j in place 
of y, this is 

du _ / g' + 14g + ly du 

V^"V 127 ; Vl-w'M-gu'»' 

where j is determined by the equation 






{q'+l^ + iy 

Writing for shortness 

27e7'__ 27 
^ P ""4^1/' 

the equation in q becomes 

(2*+ 14j + ly^ l6Mq (? - 1)* = 0, 
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or, as this may be written, 

(j+^ + 14)»-16il/(2*-2-*r = 0; 

4 
viz. writing g* — g"*= , this is ^-ilf (^— 1) = 0, which 

determines 0y and then 

7 + ^ + 4\/5T3 
2 = 0^1 • 

416. Suppose g = a is one of the values of q, the equation 
becomes 

(g* + 14g + 1)' _ (g* + 14g + 1)' 
q{q-lf - a(a-ir 



_ (/3'-f 14/^+1)' .f _ru. 



Now if J = (j^jrD . then 

q+l^ + l ^j_|_^^. , J 1 ^j_^^^, , 

which satisfy the equation : heoee also identically 
(g'H-14g + l)'-g(g-ir ^ itf'liy-l/ 

or the values of y take the form 

04 i (IjzA\* fi+^V rliu?iV / I + ^^' V 

'=^' ^«' V1+/3/ ' V1-/3/ ' U+/8t7 ' u-yS*/ ' 
(Compare Abel, CEuvres, 1. 1. p. 310) ; viz. when by a linear 
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substitution performed on the variable u, we reduce the ex- 

du - - 
pression -7= to the form 

du 



Vl-tt'M-yu"' 

the squared modulus q of the resulting form is determined by 

P 

a sextic equation depending upon -p, the absolute invariant 

of the original quartic function U, and such that its several 
roots can be expressed in terms of any one of them in the 
manner just appearing. 

417. Jacobi, in the Fund. Nova, pp. 6 — 17, treats the ques- 
tion of reduction in a somewhat different manner, giving it as an 
illustration of his general theory of transformation, explained 
ante^ Chap. vii. He proposes to transform the expression 



into the form 



^±(y-a)(y-^)(y-7)(y-S)' 

dx 

JlfVi-^M-ybV 



- , ^.^ ^. a-\-a!x + aa? 

by a substitution y = ^^y^^y^^ . 

Writing for shortness U, V for the numerator and denomi- 
nator of this fraction respectively, it follows from the general 
theory that there will be such a transformation if only 

(?7-aF)(Cr-^F)(Cr-7F)(Cr-SF) 

= jK'(1 -aj«) {I'-'Fa?) (1 + in^/ (1 + «a;)», 

Ky m, n being constants ; and he is thence led to assume 

U-aV^Ail-^xjil-kx), 

C7-^F=5(l + a;)(l4-ifc^), 

U-yV-=C{l + mxY, 

U^SV=D{l + nx)\ 

where A, B, C, D are constants, one of which may be assumed 

at pleasure. Having found C-i-D equal to a fraction, he 

c. 21 
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assumes C and D equal to the numerator and denominator of 
this fraction respectively, viz. 

and he then further finds 

^= ^^-'y;g-^ {7a-Y./3-8-V «-8.;8-7 }, 

i»f = i 0-7-/3-8 - ^a-a./3-7}», 
which completes the system of values. 

Moreover, m = — w = ^, and consequently the expression of 
y in terms of x may be written 

y-S Ja-B.fi-SKl'-xJk) * 

The results, adapted to give real transformations, and for the dif- 
ferent Umits of the integrals, are given in the tables i., n., iii., iv., 
pp. 12 to 17. 

418. It is somewhat remarkable that Jacobi fails to re- 
mark, as coming under his form y = , , , Wl^* ^^ before- 

mentioned transformation y= .. ^^ , which in fact reduces 
the expression . ^ to the form 

\/y-a.y-^.y-7-y-S 

2cZa? 



dx 
•which is = , ; and this is the more sinofular, 
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that the transformation at which he arrives may be separated 

into the two transformations - — 1= «*, that is v = -^ r» which 

y — o ^ 1 — a' 

is a transformation of the form in question, and the further 

linear transformation z — ml -=z), which is unnecessary, 

in so far as the quartic function of z is akeady a function 
without odd powers, at once reducible to the standard form 
1—^.1 — &V. At the conclusion of his investigation Jacobi 

remarks that the inverse substitution aj=T — tt- — nr^ leads 

-hoy + b y* 

also to very elegant results. I have not investigated the 

formulaB. 

It may be added that, applying the transformation 

— fl^ + ^'^ + ^"^* 

to a differential expression , ^»-« of liie standard 

form, so as to obtain a new expression of the like form with a 
different modulus, there are in all eighteen such transforma- 
tions, viz., six wherein the equation of transformation is of the 
form 

_ a + aV 
y" 6 + 6'V* 

four where it is pf the form 



ax 



y^h + V'a?' 

and eight where it is of the form 

a-\-a!x-\' a'x^ 
a — ax + a or 

See as to this AbeFs letter to Legendre (1828), (Euvres, t. ii. 
p. 266. 
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CHAPTER XIII. 

QUADRIC TRANSFORMATION OF THE ELLIPTIC INTEGRALS OF 
THE FIRST AND SECOND KIND : THE ARITHMETICO-GEO- 
METRICAL MEAN. 

419. Writing for greater convenience <f>^ in place of 0, and 

k^ in place of X, it has already been shown, ante No. 243, that if 

1 — A' 
k^ = y— 7T and k^ sin ^^ = sin (2^ — ^J, then 

or what is the same thing, F{k, ^) = i(l + k^ F{k^, (f>^. 

But there is as regards this transformation a peculiar con- 
venience in adopting, instead of the standard form of radical 
VI — Aj'sin'^, a new form Va' cos* ^ + b' sin* ^ (where a is 
taken to be >6) ; and I write in the present Chapter 

Jva*cos''0 + ysm*0 

E{a, b, (f>) =/#Va"cos«<^ + i'sin»^, 
where the integrals are taken from zero. 

Obviously 
Va* cos' + i' sin> = \V - (a" - 6'; sin^ 0, = a Vl - A* sin" <^ 



if JK" = 1 — 5 1 whence also k' = -]; and the two functions are 
a*\ aj' 



y/ . ... 7. 6' 

thus = a^F{k, (f>) and aE(k, ^) respectively. 
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Geometrical Investigation of the formulm of Transformation. 

Art. Nos. 420 to 423. 

420. I reproduce the original geometrical investigation of 
Landen's transformation in the new notation^ as follows : 

Taking in the figure P a point on the circle, the centre, 
Q any other point on the diameter AB, 

QA = a, QA^b, IAQP=<I>,, LABP^4>, 



and therefore 



LA0P^2<i>, 




we write 



a^^licL + h), \^^ab, Oj-»K«-^); 



we have then 

OA=OB 
QP sin <^, 
QP cos ^1 

and 



a^ sin 2^, 
Cj + a^ cos 2^ ; 

QF", =c/ + 2c,aiCOs2^ + <, 
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= J(a* + 5')(cos»<^ + sin»+i(a"-5»)(cos"<^-sm«^), 

s= cf cos' <I> + V sin* (f> ; 

, . . - a sin2<^ 

that is, sin <p^ = - . a . . ^ ■ « . 5 

va cos*<^ + & sin'0 

, c, + a, cos 26 

cos <p, = , ^ ^ = : 

^' Va»cos-0 + 6*8m>' 

and thence 

1 ijL . 7.1 • «JL q,'(aco s'j) + 6sin*<^)' 

a ' cos 0- + 6/ sin <p, = -^ a « . ra ♦ 2 ji • 

•♦i Yi^ I ri a^cos'6 + 6 sm'0 



421. We hence find 



a\r.f9^ A\ i(a-h) sin 2(f> , 

V a' cos' <l> + b sin* 

/«^ ^\ a cos' <^ + 6 sin" <^ 
cos (2^-^,)=~T ; 1.2- ^ > 

V a' cos' + 6'' sm' <^ 

and then further 

cos (2^ - ^ J = — Va^' cos' ^ + 6^' sin' 0. 

Considering the point P' consecutive to P, we have 
. PQ d<l>^ = PF sin FPQ, = 2a,d<l> cos (2^ - ^ J ; 
viz. substituting for PQ its value, we have 

2d<l> sla^ cos' + ij' sin' <f> = Va* cos' ^ + 6' sin' ^ (?<^i ; 

that is, 

234 ^ d^i 

Va' cos' + i' sin''^ Va^' cos' <t>^ + 6^' sin' 0^ ' 

the required diifferential relation : and by integration 

F{a,b,<f>) = iF{a„b„<l,,). 
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422. Moreover 

, 4a,' sin' <^ cos' j) 

^^ "P^'a'cos'^ + i^sin'^- 

Write for a moment 

• X = o' cos' ^ + 6' sin' (jy, 
then X-a'= (6'- a') sin'<^, 

X-.6'=(a'-5')cos'<^, 
(X-o')(X-6') = -4(a-5}'a,'sin'<^cos'<^; 

and therefore 

{X - a') (X- 5') + X(a - 6)' sin'<^, = 0, that is 

X' + X[-(a' + i')(sin'<^, + cos'<^,)+(a-J)'sin'<^J+a'5'=:0, 

or^ T^hat is the same thing, 

(X- {i (a' + b") cos' 4>, + ab sin' <^J)' 
= 1 (a' + 6')" cos* ^, + (a' + 5') a& cos' <^, sin' ^, + a'J' sin* ^, 

- a'J' cos* ^, - 2a''J' cos' (f>, sin' ^, - a'6' sin* ^, 
= J (a' — J')' cos* ^j + aJ (a — J)' cos' ^^ sin' ^^ 
= 4Cj' cos' ^j (a^' cos' ^^ + b^ sin' 0J ; 
viz. restoring for X its value, we have 
a' cos' (jy + b^ sin' ^ 
= i(«' + b^ cos' <^i + ab sin' <^i + 2Cj cos ^i Va^'cos' 0^+ ftj' sin' <^^ 

= 2 (a^'cos' <^,+ J,' sin'</>J - J,'+ 2c, cos </>,\/a,'cos'0,+ 6,'sin^^„ 
which is another form of the integral equation. 

423. Write this in the form 

(a' cos'0 + 6'sin'</>) -^ Va,' cos>, + 6/ sin' 0, = 

2 {A'cos'<^, + 6^in'0, - / , J^:' .-^-^ + c, cos.^] ; 
I V a,* cos' <|>^ + 6j' sm* </)^ J 
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then combining with 

2(7^ d(l>^ 

Va' cos" + 6'* sin'* ^ Va/ cos' ^^ + i^* sin* ^^ ' 

we have 



d<f> Va' cos* <^ + 6" sin' ^ = 



rf^i i Vo,* cos* 0, + 6,* sin* 0^ - / , ,1 " r« » .^ +CiC0S</)]; 
I * 7-11 7-1 Vaj*cos*0j + J^*sm*0j J 

and thence by integration 

^(a,6,0) = ^(a„J„<^J-iV^(a,,J„<^) + c,sin0,, 

and anfe, No. 421, we have 
F{a,b,(l>)=-^F{a,,h^,il>,), 

which are the required transformation equations corresponding 

to the relation 

. . a. sin 26 

sm 9- = , ' — . 

^* Va* cos* + J* sin* ^ 



Reduction to Standard Form of Radical. 
Art. Nos. 424 to 425. 

424. The two angles correspond to each other as follows, 

<^ = 0, <^, = 0, 

<^ = tan"'-J, <^i = i^, 

viz. passing from to Jtt, 0^ passes from to tt ; and for 
= Jtt the functions of 0^ are consequently the doubles of the 
complete functions ; we thus obtain 

E(a, b) = 2E{a,, \)--\^F{a, J), 
F{a, 6)= F[a,, \\ 

where E{a, h), &c., denote the complete functions. 
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425. Recollecting that A;* = 1 j , whence A' = - ; and 

assuming also k^ = l — 4 , we have 

1 — k' 
that is ifej = ■■ ., as before, and the formulae become 

F{k,,l>) = :^^Fik„<l>); 
or, what is the same thing, 

but it is convenient, in the first instance at any rate, to retain 
the formulae in their original form. 



Continued Repetition of the Transformation. 
Arts. Nos. 426 to 429. 

426. In the same manner as a^y\, c^ were derived from 
a, J, we may from a^, \ derive a,, J,, c,, and so on inde- 
finitely: viz. 
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it is easy to see that, as n increases, a^ and b^ will approach 
(and that very rapidly) one and the same determinate limit, 
which from the mode of obtaining it from, the two original 
quantities {a, h), is said to be the " arithmetico-geometrical 
mean" of these quantities, and is represented by M{a, h) : and 
of course e^ will rapidly approach the limiting value zero. 

But for a^ = 5. we have 
and in particular 

427. Considering first the complete function F {a, h), 
we have 

F{a, b)=F(a„ 6J ... = F{a„, 5J = ^tt + ilf (a, h), 

viz. the complete function is given as J^tt into the reciprocal 
of the arithmetico-geometrical mean of a, i, 

428. Considering next the incomplete function F (a, J, (pi), 
the equations 

. . a, sin 26 . . a, sin 26 „ 

sin 6, = * ^ : , sm </>.= , * ^ , &c. 

^' Va^cos^'^ + i'sin^ ^" Va,'sin"0,+ 6>in''^/ 

show without diflBculty that as n increases, (j)^ continually 
approaches a value, =2* into a determinate magnitude, say 
M {a, b, <f)) : in fact n being large and therefore a^_^, b^_^, a^ 
approximately equal, we have very nearly sin <^^ = sin 2^^ , 
that is <l>^ = 2<^^, : the limit in question M (a, b, <f>) is of course 
to be calculated from a, 6, ^ by means of the equation itself 
0^ = 2*il/ (a, 6, (}>) : and it is to be remarked that for <j} = ^tt, 
the value of </>„ is = 2** . ^tt, so that M (a, i, ^tt) = ^tt. 

The equations -F(a, 6, </>) = ii^Ca^, tj, 0J = ... then give 
F(.a. 5, « ..: = i Fi,.. 6., « 4 . i ♦. -^^ . 
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Or if we choose to combine this with 

-F(a, 6)=i9r-rJIf(a,J), 



then 



F(a, b, <!>) = I Jtf(a, h> <l>) F{a, 6). 



429. Considering next the ^-formula, this may be written 

+ F{a,, 6„ <^,) (a,« - i a^ - i V) + c, sin <^„ 

where in the second line the coefficient of F{a^, h^, ^J is 
— i (a'— 6'), = - a^c^, or the equation is 

[^(a, 6, <f>)^a'F{a, b, <f>)] = [JF(a„ 6„ ^J - ^i^'Ca,, 6„ ^J] 

- a^c^F{a^ , Jj, <^J + Cj sin (f>^. 
And hence observing that as n increases 

continually approaches to zero, we obtain 
F(a, h, ^)^a^F{a, 5, </>) = - {2aiCi + 4a,c, + 8a,c,...}^(a, 6, <^) 

+ Cj sin </>j + c, sin ^j + c, sin </>, + ... 

Or substituting for F {a, b, (f>) its value 

+ (c^ sin ^, + c, sin ^, + c, sin <^3 + ...)> 
and in particular if ^ = J^7r, then <f>^ =iir, ^, = 27r, &c,, 

M (a, J, i-Tr) = ^TT 

as before^ and the equation becomes 

E(aj b) = {a* - 2a^c^ - 4ajC, - . . .} Jtt 4- 2f (a, J). 
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Reduction to Standard Form of Radical. 
Art. Nos. 430 to 431, 

430. Introducing the modulus h, viz. writing h = ak\ and 
ultimately a = 1, the formula for F (a, b) becomes 

viz. the complete function is given as = Jtt into the reciprocal 
of the arithmetico-geometrical mean of 1 and the comple- 
mentary modulus. 

Gauss has given the formula 



if(l + a?, l-a?) * • 2» ' 2^4« 
Writing this under the form 



Jf(H-Jfc„l-A;,) • 2^ » • 2».4" 

we at once connect it with the formula last obtained : viz. the 
right-hand side is 

2 2 1 1 

Or the equation is 
Jf (1 + A„ 1 - AJ = (1 + *,) Jf (1, A:') = (1 + *,) 2/ (l, 1^) ; 
which is obviously true> since in general 



M{a,h)^0M(^^, ^). 



The formula for F (a, h, ^) gives in like manner 

_ Jf (1. k', ^) 
"^(*'' "^^ - M (1, jfc') ' 

which is a formula for the numerical calculation of the function 
F {h. <l>). 
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431. Proceeding next to the function E, we have 

-fiC*.^;-|l — . ^5 •••} Mil.k') 

+ (a sin^, + Sin0, + ^» 8in^,+ ...j . 
Hence forming the equations 
'"'A — 1 w ^sPt — ih B£i — XI- 



c^ _ k, " a, _ 1 
a,~l+ii;,' a ~l + k/ 

a, l + A.' o, 1 + A;,' a~l + A;,'^ 
the equation becomes 

+ &C, 

or observing that 

= — 7= , that IS 



1 + A;, 2Vjfc/ l+K 2VA/ 

1 _ fc, 1 _ k»^k^ 

1 ^ fc, 1 ^hjh^ 

1+A;3 2VF3' " 1+A;,.1 + A:,.1+A;3 8VA3 ' 
&c. 
the last line may be written 

+ h { J V&i sin ^j + i VAjAj sin <^j + ^ *JhJcjc^ sin ^g + . . .}. 
In particular, if ^ = i7r, the equation becomes 

EJc^[l''\ie{l-\'\k,^-\hJc, + lkJcJc, )}j7r-if(l,A;'); 

or if we please, 
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Application to Integrals of the third kind. 

Art. No. 432. 

432. The transformation is applicable to elliptic integrals 
of the third kind, but the results are not of any particular 
interest. Writing down the equations 

2d(f) d4>^ 



Va' cos' </> + J* sin' ^ Va^* cos" <^^ + b^ sin' (f>^ ' 

a* cos' <^ + 6' sin' <f> 
(a' cos' H-6'sin'^) (cos*0 + sin' 0) + 47ijaj*sin'0 cos'*^ 



1 + n^ sin' <^j ' 
the expression on the left-hand of this last equation is 

A BX 



acos'0 + hX sin*^ aXcos*^ + 6 sin'^' 
where 



a' cos* ^ + 6' sin* ^ + (a' + 5' + 4n,a^') sin' ^ cos' ^ 



= (a cos' <^ + 6Xsin' ^) Ta cos' ^ + -^ sin'^j ; 



that is 






whence 

IV 4 



= ^* (1 + nj (c* + «,a.') ; 
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that is X=p {a* + c* + 2nfi* + 2a, ^ (1 + n,) {c* + tifl,')], 



X = P K + ''i' + 2nA* - 2a, ^(1 + n J (c,' + n,a,^] • 



and then 



. __ (aX — i^X p _ a — hX 



and we have 



( (aX-h) X 1 {a-hX)X 1 



2cZ^ 



Va* cos' ^ + 6* sin' ^ 



(1 + n, sin' ^ J Vttj' COS'* ^^ + 6^' sin* <f)^ ' 
whence, integrating, the function 

f #1 

J (1 + rij sin' ^ J Va^' cos' <^^ + ft^' sin' ^^ 

is expressed as the sum of the two elliptic integrals of the 
third kind having a common modulus but different parameters. 

Numerical instance for complete Functions E^y F^^ and 
for an incomplete F. Art. No. 433. 

433. As a numerical instance take (as in Legendre's 
example, 1. 1. p. 91), 

a = 1, 5 = i n/2 + V3 = cos 75° (whence h = sin 75°), tan^ = -— ; 
we have 

a h e k V 



<t> 



(0) 


1-000,0000 


0-258,8190 




0-965,9258 


0-258,8190 


47<> 3' 31" 


(1) 


0-629,4095 


0-508,7426 


•370,6905 


0-688,7908 


0-808,2856 


62^36' 3" 


(2) 


0-569,0761 


0-565,8688 


-060,3334 


0-106,0200 


0-994,3636 


1190 55' 48" 


(3) 


0-567,4724 


0-567,4701 


-001,6037 


0-002,8260 


0-999,9959 


2400 0' 0" 


W 


0-567,4713 


0-567,4713 


•000,0011 


0-000.0020 


0-999,9999 


4800 0' 0" 
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first as to the complete functions we have 

^,=|.^ =2768,064. 

i(l-§)= a,c, =-233,2532 

H- 2a,c, -068,6686 
+ 4ta^c^ -003,6402 
+ Sa^c^ -000,0051 

= -305,5671 

agreeing with Legendre's values F^= 2768,0631, E^= 1-076,4051, 
and thence J Tl - p) = '305,5671. 

11 1 

Also, we have F(k,<f)) = ^ — .(l>^, or since ^^4=30** = ^, 

this is i^(A;,^) = J J?; = 0-9226877: it is in fact easily verified 
that the assumed value of ^ is such as to give exactly 

F{k,if,)=iF,. 

The notion of the arithmetico-geometrical mean was esta- 
blished by Gauss in the memoir " Determinatio Attractionis 
&c." Comm. Gott. Eec. t. rv. (1818), but his later researches in 
relation to the subject were not published until after his death, 
Werke, t iv. pp. 361 — 403 ; a table is given p. 403, of the values 
of the arithmetico-geometrical mean M (1, sin 0) and of its 
logarithm, ^= OUo 90^ at intervals of 30'. 
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CHAPTER XIV. 

dx dv 

THE GENERAL DIFFERENTIAL EQUATION -7— = -^ . 

Integration of the differential equation. 
Art. Nos. 434 to 436. 

434. In the present Chapter, writing 

Y^a-\-hy'\-cy'-\'dy''{-ey\ 
I consider the differential equation 

435. A direct process for finding the algebraical integral 
as follows was given by Lagrange. 

Assume -^ = JX, and therefore -^=:^JY; 

then 2 ^ = 6 + 2ca; + %d;^ + 4ea;', 

dv 

2^ = J + 2cj^ + 3e?y» + 4ey»; 

and if p = x + y, q = oo—y, then 

^=5 + ^ = i + cp + frf (/ + ?') +|6(/ + 3p2'), 

^^=X- Y=bq + cpq + idq {Sp* + g^) + ^epq{p'+q') ; 
whence 2 J-f | = W + ep2'. 



2 d*p dp 2 /«?;)Y ^ _ , , 2 . ^ 
? W dt ~ ? l^j dt ~ ^'^+'^^> dt • 
C. 22 



or -, 



338 THE GENERAL DIFFERENTIAL EQUATION. (XIV. 

wliich is integrable as it stands and gives 

or substituting for q, -<- and p their values 

\ x — y / 

which is the general integral, C being the constant of integra- 
tion. 

436. To further develope this result observe that we have 

C {x^yy + d{x^ ^a?y-xf -^ f) -{- e{x*^2xy + y% 
that is 

2jXY= 

2a + h{x+y)+c(a^+y^)''C(x-yy-{-dan/(q! + y) + 2exY] 

or say 

a+^b{x+y) + ^c{a!'+y')-'iC{x^yy + ^day(x + y)-\-ea^y'*: 
whence squaring and transposing 

{a + ^b{x-^y) + ic{x'+y')^iG{x-'yy + ^xy{x + y)+ea?y'Y 
''{a-{-bx + ca!' + dx^ + ex^) (a + 6y + c^ + c?/ + ey^) = ; 

* Write 05= Bin 0, y=sin ^, (a, 6, c, d^ c) = (1, 0, - 1 - A:«, 0, h\ the equation 
becomes 

cos '<t> cos \l/A4>A\l/= 1 - i(l + Jfe«)(8iiiV + sin*^) - i C(sin - sin ^)« + ife» einV Bin«^ ; 
and to introdnce fi instead of C we must write 

cosMA*=l7i(l + ft') smV-iC'sin^ 
that is iC sin«M = 1 - J(l + A:*) sin^M - cos /aA/a. 

The equation thus is 
1 - 4(1 + A;«) (sin«0 + sin V) + ifc' sinV sin V - cos <f> cos ^A0A^ 

' (sin0-sin^)'„ , ,^ _„^ . _ 
"^ Bin V i^^iO- + ^) s^V - cos fiAfi); 

this is of course a form of the addition equation, and could be verified as such 
by substituting for cos /*, sin fi, A/x their values in terms ot <f>, rp i but the form 
is not a convenient one. 
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viz. this is 

- C{x-yy{a-^^b{x^-y)'h^c(x''-hy')+^dxt/{x+y)+eQi^y''}, 

+ aM -1 =0, 

+ db.x + y — a?— y =0, 

+ ac.a?+y* —a^ — y^ =0, 

+ ad.xy(x+y) -aj*-^ =- (i»-2^)'(aj + y), 

4-Jc.i(a?+y)(aj'+j^) -^a^y^xy" = + i(^-y)' (^ + y)> 
'\-be.x^y^{x+y) —xy^-x^y ^^-xy (x-yf {x-\-y), 

+ ce.a^y'{x*-{-y^) — ^V""^^ =^> 

4-(f.ia;^i^(a:+y)' -^y =+i(a:-yr^y, 

+ e".a?y -a?y =0, =0; 

viz. the whole equation divides by (a? -^)'. Omitting this factor 
it is 

- 0{a + iJ («? + y) + ic (a;'* + /) + id^^r (a: +y) +ea?y}, 
-06 (a? + 3^)* 

+ ^bc(x + y) 

— bexy^x-^y) 

+ \cdxy {x + y) 

+ ^0?/ =0, 

22—2 
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or what is the same thing, it is 

( . Ca +i6» ) 

+ (^ + y) ( -iCa- ad-\-\hc ) 

+ (^+y") ( iC^-iC7c- ae +ic^) 

+ ^y ( - (76 +icP) =0. 

This may be written 

(a + 2ha; + go?) 

+ 2y(h+2ba; + fa^) 
+ y»(g+2faj + ca^=0, 
where the several coeflScients have the values 

a= J»-4a(7, 
b = -2a6-iW+ic'-i(7', 

f= cd-2J6-(7d!, 

g = -4ae + c» -2C7c+(7*, 

h= bc-2ad-'Cb. 

The result shows that the complete integral of the diflteren- 
tial equation is an equation u = 0, where w is a symmetric 
quadriquadric function of (x, y) ; that is, a symmetric function, 
quadric in regard to each variable separately. 

Further development of the theory. Art. Nos. 437 to 446. 

437. This may be verified almost instantaneously: starting 
from 

u^ (a + 2h^ + gcc'), 

+ 2y(h + 2ba;+faj^, 

^y" (g + 2fe + caj») =0, 
we may write 

A, B, C being given quadric functions of a?, and A', By C 
the same quadric functions of y. 
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Then differentiating 
But 

since « = gives ( C^ + 5)* =£• - ^ (7, 

^ = 2{0'x + B') = ijB'-A'C', 

„ {C'x + B'y=E'-A'C', 

and the differential equation thus is 

dx , dy ^Q 



Jff-AG JB*-A'0' 
This will coincide with 

if only the quadric functions -4, jB, G are determined so that 
£^-AC=0X (which of course implies B^'^A'C'^eY). We 
have in all six disposable quantities a, b, c, f, g, h, that is five 
ratios ; and the equation in question 

(h + 2b» + £»^)' - (a + 2ha? + ga?') (g + 2fi» + c^O = ^X, 

establishes four relations between the five ratios, and thus 
leaves one indeterminate ratio serving as a constant of integra- 
tion : we in fact satisfy the equations by means of the before- 
mentioned values of a, b, c, f, g, h, which contain the arbitrary 
constant C; viz. we then have 

(h + 2ba? + faj')' - (a + 2ha; ^ ga?') (g + 2fa? + c^) 
= (^ori!^)z 

^ilad'+Ve -hcd + {-iae + hd + {G-cy} C] X. 
As a partial verification, observe that the equation 

^LuM = C!ll£i or eh» - of » = g (ea - oc), = (e6» - ad*) g, 
is satisfied identically. 



842 
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438. Regard w as a function of (7; we have 



-2a +C\(x-yf 

-dxt/{x + y) 



u=: 6» +2(7 

+ (2 Jc - 4ad) (x + y) 
•\- {c^ - 4iae) {a^ + y") 
+ (- 8ae - 26e?+ 20*) a?y 
+ (2cd — 4ibe)xy (x + y) 

+ d" (i?y^ 

say this is 

t^ = X + 2/A(7 + i;(7*; 
then we have 

/a' - Xi; = 4a». . . + 4eV/, = 4Xr: 
viz. calculating /*'— Xi/, it will be found to have this value. 

439. Now starting with the equation w = 0, and treating 
it as before, except that we now regard (7 as a variable ; that is, 
forming, and then reducing, the equation 

we obtain 

jW^dx + VeXrfy + JXYdG = 0, 
or, what is the same thing, 

dx dx dG ^ 

F= + -7== + -TTZ =.W> 



7^ JY J(& 

where ® = a^' + J'e- Jcrf+ (7{- 4a^ + 6d!+ (O-c)"}, 
a cubic function of G. 



440. 
then 



Write 
§c-2a); 

ae?" + Ve - Jcc? + {- 4ae + Je? + (^c + 2a))'} (f c - 2a)) 
- 8a)' + (8ae - 26e? + fc*) © 

+ (- f ace + aci5' + 6'e - J6cd + ^c'). 
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But the invariants of a + hx+csi? + daf + ex* are 

^= ih (72ace - 27ad^ - 27b'e - 2c' + 9bcd) ; 
whence 

<!i; = -.8(o)»-/fi> + 2J), 

V® = 2^V2 ^0)' - /© + 2/, =2ij2ja, suppose, 

or the differential equation is 

JX JY ij2ja ' 

viz. writing for C its value |c — 2a), the corresponding integral 
equation is 

w = X + 2/A (|c- 2a)) + 1/ (f c- 2a))*, 
= X + Jc/i + |cV + 2a) (- 2/x - Jci/) 4- a>'. 4z/, = ; 



or substituting for X, fi, v their values and reducing, this is 



J"-fac 
+ (§ Jc-4a<i)(aj + y) 
+ (ic*-4ae)(a;^+y») 
+ (- 8ae - 2JJ+ V^c") a?y 
+ (Serf - 46e) ocy(x + r/) 
+ ((P-fce)a^/ 



+ 2a> 



I 



+ 4a +a)'.4(aj— y)* 

+ 26(aj+y) 

4-fca?y 

+ 2d!a;y(flj+y) 

+ 4ea;y 



= 



where the left-hand side is quadric in each of the variables 
(c, y, od: as there is no arbitrary constant, this is only a parti- 
cular integral. 

441. We may by a linear substitution performed on the a> * 

bring the third radical Jil to a like form with the other two 
radicals. 
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Write for convenience I ^ 

a + bx + CO? + da? ■{• ex* = e (x - a)(x'' fi)(x -^ y){x — S)', 

then the substitution may be taken to be 

20.= Je{-/37-7«-«/3+2S(«+^ f 7)-3S'} + ^(«-8X^-g)(7-S) ^ 

which, as will appear, makes the radical VH to depend on VZ, 
where Z=^ a + bz + cs^ + dz^ + e«*. Some preliminary formulae 
are required. 

442. Reverting to the formulsB which contain (7(= §c — 2®), 

assume 

C7, = e(i8+7)(a + S), 

t7, = 6(7 + a)08 + S), 

C7, = e(a + i8)(7 + S); 
then we have 

viz. Cj, Cj, Cg are the roots of the equation ® = 0. 

Hence writing for G its value = f c — 2fi), we have 
(|o-2a>-.C,)(fc-2a)-aj(§c«2a)-.03) 

= -8(a)'-/a)+a7) 
= — 8 (o) — 6) J (fi> — ©j) (ft) — fi)g) suppose. 

We have 6>i = Jc-|C;, =i(2c-3(7J 

=:ie{2/87+2aS-a/3-/SS-a7-78}; 

or putting 

^=(^-ry)(a-.8) = ay3 + 7S-/8S-a7, 

jB = (7- a) (/3-S) =/37+ aS-7S -/3a, 
0= (a -/8) (7 - 8) = 7a +i8S - aS - 7/3, 
we have 6)^=: J6(-B— (7); or forming the analogous equations 

€o,=ie{G^Al 
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443. Now writing as above 

then if « = a, )9, 7 we have o) = o)^, ©,, ©3 respectively : thus 
writing ^ = a we find 

6(0= e{-/S7-7a-oi8+2Sa + 2Si8 + 2Sy-35" 
+ 3/3y -38^8-387 + 38'} 

= 6{2a8 + 2/37-(a + 8)(/3 + 7)}, =6o>„ 
and so for the others. 

Hence 



2(a.-o,0 = -e(«-«)(/3-S)^; 

and therefore 

8 (ft) - tt) J (o) - fi),) (o) - ©3), = 8 (ft)* - Jft) + 2e7), 

= -{(a-S)(^-8)(7-S)}V^^; 

or say 

But from the expression for q> 

28(0 =- (a-S)03-8)(7-8)e 



whence 



d<o dz 



or the equation 

dx dy ^ d(o _ ^ 

71 7F"i7I7^~ 
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is by the substitution 
transformed into 



z^S 



^ + ^ + 4^ = 0; 



JX JY JZ 

and if in the equation between a?, y, co we write for o) the above 
value, we have the corresponding integral equation between 
a?, y, z. (This will be presently given in the particular case 
a = 0, No. 445.) 



444. But we may in a different way make the transforma- 

U=^a + hu + cfv?-^dif + eu\ Take as 



r, day , du 
tion from -j= to -7=, 



before J, eT" for the invariants, H for the Hessian, and ^ for 
the cubi-covariant, 



H^ 



^ = 



^ {(8ac - 35') w^+ (24ai - ibc) u + (48ae + 6bd - 4c^ tt" 

+ (24Je - 4crf) w' + {See - 3c?') w*}, 

- 8a'd + 4a&c-6» )u' 
-32a'e- 4a&i+ 8ac'-.2J'o)u 

- 4iOahe + 20acd + 5Vd )w' 
2Oa(P-2Oy0 )t^* 
4i0ade-'20bce + 5bd' )tt' 
32ae'+ 4&de- S(?e +2cd^u^ 

8be^ - 4cde+e? )w'}; 



+ 
+ 

+ 
+ 
+ 



then identically JU' - IIPH + 4^» = - *', 

2iff 



whence assuming 



6) = 



i/-' 



we have 



o)'-Jft) + 2/=- 



, or say vil = — 



IP 



IP 
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From the expression of o) we find 

d(o = -^ jp ' — ; 

, , d(o 2 (UH' -- irm du 
and hence -;= = — ^ jzz rJ= — , 

where the multiplier of -;= is a constant. We in fact have 

wU 

US' - U'H^r^{8a'd - 4a6c + h') + &c. 
= -2^; 

that is -==2iV2.-7:^; 

Vn ^/u 

and the equation -p=^ + -r^ ,-^ ,— = is thus converted into 

dx dy 2du _ ^ 

It is to be noticed that the above transformation co = -= 

leading to -;== 2iV2-7= is really a transformation of the order 
4, degenerating into a multiplication by ( V^, =) 2. For it was 
shown above that -p=^ is by a linear substitution transformable 

into -7^. 

445. Keverting to the relation between (ps, y, w), leading to a 
relation between z, y, z, suppose in order to simplify that a = ; 
that is, assume X=bx-{- cx^+da?+ ex\ = e x(x—a) (a?— /S) {x—y), 
the value of S being thus zero. 

Then the integral of 

dx ^ dy d(o ^ 



s/x vr iV2\/ii 



{ 
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becomes 

+ (2cd - Ue)anf {x + y) + cPa;y 

+ 2 {-bix + y) -c(a?+y^ - dxy{x-hy) - 2ea?!r} (f c- 2®) 

+ (^-yr.(§c-2a>)«=0, 
say this is 

X + 2/A (§c - 2«) + i/(|c - 2©)' = 0, 

and writing herein 

2a, = Je(-/37-7a-a/3)+^, =-io-^, 

that is 2c-"2fi) = c + -, 

the equation becomes 

\z^ + 2fi(cz'+hz) + i/(c« + J)'= ; 

or substituting for X, /x, v their values 

J'(a^ + y' + «'- %« - a?aj - 2ajy) 

'-2bdxyz(x+y + z) 
—4ibe xyz (yz + zx + xy) 

viz. this is a particular integral of 

j± Ay d^^^ 

where X = 5a; + ca;' + d^ + ca?*, &c. 

446. It would be easy to verify thia by writing the integral 
equation successively in the forms 

u = ^ + 25a? + (V = A\ 2By + Cy = ^"+ 2B'z + OV ; 
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we then have I?- AG, B'^-^AC, E'^^-A^G" proportional to 
YZ, ZXy XY respectively. 

Write J, c,d,e = 1, 0, — /, 2J; then X becomes x—Ia^+ 2Jx\ 

. . 1 1 

which putting therein - instead of a? is -^ {a?—Ix + 2J) ; writing 

CO X 

similarly - , - for y, Zy and putting finally 

X^a?''Ix + 2J, r=y»-.7y + 2e7; Z=a'-/a + 2e7; 

we have P 

-SJix + y + z) 

4- 21 {yz + zx + ocy) 

+ ^a'+ ^a?+ ay- 2a:yz (a? +y + «) = 0, 

as a particular integral of 

dx dy dz _ 

^X'^Y^^Z ' 

this can of course be directly verified in the same manner. 
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CHAPTER XV. 

ON THE DETERMINATION OF CERTAIN CURVES, THE ARC OF 
WHICH IS REPRESENTED BY AN ELLIPTIC INTEGRAL OF 
THE FIRST KIND. 

Outline of the Solution. Art. Nos. 447 to 449. 

447. In Chapter lii. it was seen that the lemDiscate was 
a curve such that its arc represented an elliptic integral of the 
first kind : but the problem of finding such a curve is obviously 
an indeterminate one ; we have to find x, y functions of z, 
such that 

for this being so then, writing « = sin ^, the arc of the curve, 
measured from the point for which ;5 = 0, will be « = i^ (A?, ^). 

Similarly if a, a are conjugate imaginaries, and a?, y are 
functions of z, such that 

then the expression for the arc of the curve is 

a form in the nature of an elliptic integral of the first kind, 
and which can in fact be made to depend on elliptic integrals. 

448. A very general mode of satisfying the equation is 
to assume 

, ^ _ {z-aY{z-\-aydz 
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for then cc, y being real functions of z, we have also 

and multiplying, we have the relation in question. 

The above expression of dx + idy as a multiple of dz is 
not in general integrable, but it is to be shown that if one 
of the indices m, w, say w, is a positive integer, and provided 
a single relation is satisfied between a, a (the form of this 
equation depending on m, n) then that the expression is inte- 
grable algebraically : viz. we obtain by means of it an alge- 
braical (imaginary) value of x + iy ; this of course gives x, y 
equal to real algebraical functions of {x, y), and thus determines 
a curve, the arc of which is expressed by the formula 



- f___^___ 



449. The form of the relation between the (a, a) is a very 
remarkable one, viz. writing ^= ^^-7 — - , then the relation is 

^. (!)>(?- ir=o; 

this is an equation of the order m in f, giving for f, m 
values which (n being within certain limits) are all or some of 
them real and less than unity, and the corresponding values 
of a, a are then conjugate imaginary values, in accordance with 
the original supposition. 

1 d 
Thus if m = 1, the equation is ^-^ -jy. f" (J*— 1) = 0, that is 

(w + 1) 5'— w = or 5*= ^ ; which, n being positive, is positive 

and less than 1; if wi = 2, it is pi^ f^j ^(f- 1)^ = 0, viz. 

this is 

(w + 2) (w + 1) ?*- 2 (w+ 1) n^+n (w - 1) = 0, 



or 



(«+2)r=«±y^. 
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If n is positive and less than 1, one value of (f ; if n be greater 
than 1, each value of (T; is positive and less than 1. It is to 
be observed that if n is integral, and less than m, the equation 
as above obtained contains the factor f*^, and throwing this 
out sinks to the degree n ; the equation may in fact be written 
indifferently in the forms 

the degree being m or n whichever is least. The values of f 
are in this case all of them positive and less than 1. 

General Theorem of Integration. Art. Nos. 450 to 457. 

450. The foregoing result depends on a general theorem 
of integration which is as follows : taking any positive in- 
teger, the integral 



i' 



has an algebraical value provided a single relation subsists 
between J?, q, m,n: viz. writing 

to denote 

[myp^+ J [m]*-i [n]i^2*- V+ ... + [n^q^, 

where as usual [m]^ represents the factorial 

m(m— 1) ... (m — ^ + 1), 

the required relation is 

([m]p'+[«]2»)*=0. 

451. If in this theorem, m being a positive integer, we 
take = m, and writing w = « — a, take j? = a + a, j = a — a, 
we have the integral 

Xz - a)"* (z + ay dz 



i\ 



kW+l 



{z - ay'"-' (z + ay 

having an algebraical value, provided there is satisfied between 
a, a, m, n the relation 

{[m]{a + ay+[n] (a-a)T = 0. 
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Or taking as before ^= ^ .^^ , we have ^-1= Z, » 
and the equation may be written 

{[m]r+[«](?-i)r=o, 

w^hich is the before-mentioned equation in (f : thus^ m = 2, the 
equation is 

[2]«r+2[27[n]^C(?-l) + [n]'(?-l)*=0, 
thatis, 2?*+4/iC(C-l) + (ii««n)(f-l)« = 0; 
or (n«-w)(C«-2C+l)+4n(?*-C) + 25* = 0, 

whichis (ii+2)(« + l)C*-2(n + l)»iC+n(n-l) = 0, 
as above. 

462. To prove the general theorem, write for shortness 

The integral then is 

f U{u + q)^du 

which we assume to be 

= Uu^(A + Bu-^ Cu* ... + Ku^--^), 

say it is , = UQ. 

This will be the case if 

UiJ + UV u''^'(u+p){u+p-\-q)' 
or what is the same thing, 

^O-lO'-- ^" + g^' 

viz. substituting for U' its value, this is 
l{m + n-e + l) (u + p + q)-n{u+p)'} Q 

+ (u + p){u+p + q)Q'J'^^^. 
c. 23 
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where Q^ denotes -~ • The question therefore is to express 
that this dififerential equation has an integral 

Substituting this value and equating coefficients, we have 
between the coefficients A, B, C...K, o, system oi 0+1 
equations implying one relation between the quantities 
^> ^>P) i' ^^^ tliis condition being satisfied, the coefficients 
A, B ..,K will be completely determined, or we have for Q an 
equation of the form in question. 

453. For instance, if ^ = 1, the equation is 

{mu + mp + 171 + 712} ^ + W + ^(2p + ?)+/+jpj}Q' = ^^, 

u 

to be satisfied by ^ = Au^ : this gives 

{mp + {m+n)q + mu } Aif^ 

that is 

\f^ {{mp + (m + n)gr} ^-m(2p + 2')^-l} 
u-^+^ { +mA -mA }=0, 

viz. the equations are 

m(p^ + pq)A+q=^0, 
'{mp — nq) J. + 1 =0, 

whence eliminating A we have m {p^+pq) — q (mp — nj) =0, 
that is mp^ + nq^ ^ 0, as the required relation in the case in 
hand. 

454. Similarly if ^ = 2, the differential equation is 



[m — lp + m + n^lq + m — lujQ 



v.] 
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itisfied by C = Au^ + 5U"*^\ This gives 



u 



u 



u 



-1H+1 



» 



^(^'+pj)-4 



99 
99 



hat is 



(m— Ip+m+w— Ig) -4 



w 



-(m-l)(/+;?2)5 
-2g 



(m— Ip+m+n— Ij)^ 
m— 1-4 



u 



» 



-(7»-l)(2p+j)5 
— m^ 
-1 



(m-l)5 



M 



-{m-l)B 



=0, 



1 + [w» — Ip — n j] -B 



+ 1^ = 0, 



22 + (w - 1) (;)" +P2') 5 + (w+lp - w - Ij') ^ = 0, 

nd the elimination of -4, B gives the required condition, for 
be case ^ = 2 now in question. 

455. The series of equations are 



=1,0= 



\,mp—nq 



=2,0= 



1, m—lp—nq, 1 

2q, m—l{p*+pq), m+lp—n—lq 



=3,0= 



1, m— 2_p-ng', 1 

Zq, m— 2 ip'+pq), mp-n~lq, 2 

32*, 



TO-1 ip'+pq), m-i-2p-n—2q 

m(p*+pq) 



'=4,0= 



1, m—Sp-nq, 1 
4iq,m—3{p*+pq),m—lp—n—lq, 2 

3*. 



m— 2(p"+P2'),t/i+lp'-n— 2^, 3 



m-l(j?*+i)y),m+3p-n-35 

23—2 
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456. Expanding the several determinants the equations 
are^ for the case = 1, 

for the case 0=2 

-2[mYp{p+q) q ([wi-1] ?-[«]?)* 

for the case ^=3 

WV(p+j)» =([m]i>«+[n]2*)»,=0 

-3[m]y (p+2)'2([m-2] p-[«]j)' 
+3[m]> (j?+2) 2*([m-l]p-[n]?)* 
-1 ^(lm]p-[n]qy 

for the case ^=4 

-4[m]y Q>+j)»j ([m-3]i)-[n]y)* 
+6[m]y(;,+j)V([m-2]2,-[«]j)« 
-i[mYp{p+q)^{[m-l]p-[n]qy 
+1 J*(Wi)-W3) 

and 80 on. The notations ([tw]^ — [»] qY, ([w]^ — [w] y)* have 
a signification analogous to ([mlp* + [»] 3*)^ ([m] p* + [n] g*)*, &c. 
akeady explained: for instance 

{[m]p - [n] qY = [m]»/ - 2 [m]^ [n]^? + M» ^. 

457. To show how the reduction is effected, consider for 
instance the second determinant ; this contains terms multiplied 
by 1, 2j, q^ respectively : 

the first is 






1 . m- 1 (/ +pq)*rn(p^+pq), = 1 . [m]"p" {p + qY; 
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second is 

-m(;)Vi)j){(m--l);?--7ij}=-2[m]V(^+j)2([m--l];>-[n]g)*; 
third is 



n—lp'-nq) {(m+lj) — n — Ij) — (w — 1) {p^+pq)} 

= 2' {(w*— m) p^— 2mnpq + (n*— n)g*}, = j" ([m] p — [ri] q)\ 

And similarly the third determinant is composed of terms 
L, 3q, Sj*, 2*, which are the four terms in the first reduced 
ression of the determinant : and so in other cases. These 
b reduced expressions give without difficulty the final forms 

([m]/+[n]2»)S ([m]/+[n]2«)«, &c. 

458. Writing = n, and « — a, a-- a, a + a {or u,p, q re- 
stively, we have the originally mentioned theorem in regard 
he integral 



h 



. thence, as already mentioned, the expressions of a?, y 
unctions of a parameter z such that the arc of the curve 
iven by the formula 



8 



as an integral in the nature of an elliptic integral of the 
;kind. 
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CHAPTER XVI. 

ON TWO INTEGRALS REDUCIBLE TO ELLIPTIC INTEGRALS. 

459. An integral 1 7=, where P is a quintic function 

of X, is not in general reducible to elliptic integrals ; but Jacobi 
has shown {CreUe, t, VIIL (1832) p. 416) that if P has the par- 
ticular form 

P = a? (1 -a?) (1 + /€») (1 +Xaj) (1 -icXaj), 

then the integrals /-= , \-j=. , that is the two integrals 

f dx C '/xdx 

JVa?.l— a?.l+/ca7.1+\a;.l— icXic' J Vl— a?.l+/ca?.l+Xa7.1— icXo: ' 

are reducible to elliptic integrals : and that by means of the 

theory an elliptic integral of the first kind I -==^===== , 
^ ^ ^ JVl-i^sin> 

where A? is a complex imaginary quantity, say k = sin (a + /8i), 

can be reduced to the form G+Hi, where O and H are real 

integrals of the above-mentioned kind. 

Investigation of the FormvlcB. Art. Nos. 460 to 463. 

460. Considering the integral 

f dx f dx J, . ^ 

]—, — , -, = I -p==r for shortness, 

J^x^I^x.I+kx.I+Xx.I'-kXx JnxX 
viz. X used to denote 

1— ir.l + «a;.l+\a;.l — kKx ; 
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imte 

i'=l-\^ (-7-), c'= 1 +VJcX (H-), 

denom. = Vl + « . 1 + \ ; 
and therefore 6* -f- i'* = 1, 

- (y 4- cQ sin (f) 

Assume Vaj= /i^ — 72 • » j . ./i a • a » * 

V 1 — 6 sin 9 + V 1 — c sin <^ 

~ ^ — T> ! n ^^^ shortness, 
we have 
(l + Kx) (I +Xic).= (5+ C)* + («-i-\) (S+ C7)» (6' + c')'sin«^ 

denom. = (5 + (7)* ; 
which after all reductions become 

(l-^)(l-/.Xa:) = ^^^,.4(5+C)»cosV, =(^^. 

461. We have in fact 

c'-b' r-T . /c'-h'^' 






c 

ft' + c' /c + X 



ft'^ + c" l + «\' 



and thence 






and (l + «)(l + \) = 7j7 * 



(6' + cT • 
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Hence observing that 

«X (6' + c')* fan*4» = ib" - ey sin*^, = (£• - Cy, 
we have 

(5 + C)* + (« + X) {B + Oy (b' + cy Bin*^ + K\ {V + o'y sm*^ 

= (5+ 0)* + 2 (^ + <0 (5+ Cy 8in*^ + (5»- C")», 

= (5 + (7)» {(5 + C)* + 2 (6^ + <0 sinV + C^ - CO*} 
« 2 (5 + (7)» {5» + C7» + (&• + c^ sin'^} 

= 4(5+ C7)'. 

Also 
{B + Cy-(1 + K\) (B + 0)* (6' + c')* sin*^ + kK (6' + c')* sin* ^ 
= (5 + (7)* - 2 (J" + c"*) (5 + 0)» sin'^ + (B* - C*)* 
= {B+ C7)»{(5 + C0'-2(6'» + O 8inV + (5- C)«} 
= 2(B+0y{B*+C*-ib- + c'*) sin'^} 
= 4 (B + C)* cos*^, 
and we have thence the formulse in question. 

462. Moreover from the equation 

r- (ft' + c') sinA 

we have 



2 

(ft' + c') cos 

•^V^ -re; am <pj o -I- I l>- + C-sm-<D]/: 

(y + cQ COS j> rf j> 



^^^^|(5«+J«sm«^)a+(C« + c*sin«^)Bl# 



{B-vG)BG ' 
and Gombining herewith th^ foregoing equations 

Vl-a?.l-/rXa? = -^^, 

, 2 

Vl + /w; . 1 + Xa; = ^— ^, 
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whence also 

we have therefore 
dx 



Va?Z 



= i(6' + cO(i*(g+J). 



463. Moreover 

_ (y + c')'8m*0 

*~ (B + cy ' 

and thence 

B — G 
= i (J' + c')" sin»^ jg CB' - CT) ^' 

Or since 

£» - C» = - (6* - <0 8in»^, = (6'» - c'») sin*^, 

^^'^ -i^^^W^y-BG-^ 

^^-7^[B-cn' 

viz. we have the two equations 

V^cte , (c +60' /! 1^,. 
'W''^'V^^\B-C)'^' 

where XssVl — a;.l + «a;.l+Xa?.l— /cXa, 

B = Jl-V sin*^, 

(7=<yi-(?sin>, 
and as above 

^ (y + o') sin ^ 



1 
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f dx 
We thus see that the two integrals in question \-7= , 

\ depend upon the two elliptic integrals of the first kind, 

J nX 

r d<f> f d<f} 

iVl-6'sin»<^' ivi-c"sin>' 
which is the theorem in question. 

Further Developments. Art. Nos. 464 to 468. 

464. We may express <^ as a function of x ; viz. the last 
equation gives 

and thence fi« + C»-fc^^^^i^ = -2£C, 

X 

and (5'-(7')«-2(£'+C^(^^±^^i^+^^^±^^i5** = 0; 

or since as before B^ — C* = (i'* — c ') sin"^, the whole equation 
divides by (J' + c'Y sin'^, and throwing out this factor it becomes 

X OCT 

that is 

(6' - c')' ^ sin'^ - 2a! {2 - (6' + c*) sin"^} + (6' + c')* sinV => 0, 

viz. sinV {(&' + c')* + 2 (6' + c') x + (J' - c')* A = ^\ 
that is 

^^"^'^ " (6' + c')' + 2 (5» + c^ a; + (6' - c')" a;'"' 
4a! 1 






^( l + /c)(I+>,)a! 
1 + KX.X + Xa! ' 
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hence we may write 



where 



cos*^ = 1 — a? . 1 — k\x 
jB" = (1 - ^/iaa;)• 
C« = (1 + sfi^xY 
denom. = 1 + ica? . 1 -f- Xa?. 






465. It iriay be remarked that writing 

+ e{V+cyBm'<l> + 2BC]^{B + Cr)\ 



and endeavouring to make the numerator a square, it will 
be the square of 

Vl + 6 sin (f> Vl + c sin ^ + Vl — 6 sin <^ Vl — c sin <l>, 
or else of 

VI + 6 sin ^ Vl — c sin ^ + Vl — 6 sin VI + c sin ; 
viz. in the first case we must have 



2-(6* + c')sin'<^ + ^(i' + cysin'<^ = 2 + 26csin'^, 



that is 



and in the second case 



2-(i«-t-c')sin'^ + ^(y + c7sin> = 2-26csin'^, 



that is 



-(6' + c^) + ^(6' + c')* = 



-2Jc, or ^==l,qj4i, =\. 
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Hence the two equations are 
l+iea?={Vl+6sin^Vl+csin^Vl-isin^Vl-csin^}*-^(jB+(J)', 

l+Xaj={Vl+68in<^Vl-csin^Vl-68in^Vl+csin^}'-5-(jB+0)', 
leading to the before-mentioned equation 

but there are no analogous values of 1 — a?^ 1 — /ca; to lead to 

1 -a? . 1 - /rXa? = 4cos'^ -r (5+ 0)*. 

466. Write now 

b = sin (a + )8), c = sin (a — )8), 

and therefore 

6' = cos (a + )8), c' = cos (a — iS) ; 

we hence obtain 

/— 2sinacosi8 . ,— 2 cos a cos iS sin 6 
^* = 2co8«co8;8 = *^«' ^'^ ^ + g ' 

^^ 2sm^co8« ^ 
zcosacosp ' 

JB=:Vl-sin»(a + /3)sin«^, 
C7=Vl-sin»(a-^)sitf<^, 

X=(l-fl?) (l+a?tan»a)(l+ajtan*)8)(l-a?tan'atan')8), 

and therefore 

dx ^ /I 1\ 

^j^ = C08«C08^(^ + ^jd^, 

Vajda; 

"71" 

Writing this last equation in the form 

^/xdos 



'.dx _ cos* g cos* /8 /_! I \ ^ . 
T "sinasiuiS \B''c)'^' 



tan a tan /3 --j:^ = cos a cos /3 T-g - -^ j d^, 
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^^fc) 



we have 

2 cos a cos /8 -^ =s -7== (1 +«taiiatan)8), 

jD hjxX 

2 cos a cos /8 -^ = -p^ (1 — a? tan a tan j8). 

If in these equations we write fix for A X continues a real 
function, viz. we have 

X=(l-aj) (l + a?tan'a) (l + a;tan'/80<l-a?tan'atan'/8i); 

and the formulsB are 

A— 2 cos a cos Bi sin A . . . ^ 
vaj = B^-G ' giving nse to 

2cosacosj8a -^ = -7==(l + 35 tan a tan /St), 
2 COS a COS /81 -— = -7==: (1 — « tan a tan /8i), 



where observe that B+ C, 



= is/l — sin' (a + fii) sin' <f> + VI — sin' (a — fit) sin' ^ 

is real ; viz. these formulaB give the values of 

r dff) C d^ 

ivi-sin'(a + iSi)sin'A' ivi-sin'ra-/3i)sin'<6' 



in terms of the integrals 

dx 



C dx 



and 



^*Jxdx 



We may change the form by writing tan fii 
whence 



= % sm 7, 



we thus have 



cos Bt =5 , sin Bi=^ i tan 7 : 

cos 7 ' 



ic=tan'a, \ = — sin'7, 
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X= (1 —a?) (1 + a?tan*a) (1 -a^sin'y) (1 + i» tan' a sin* 7), 

2 cos a dS ^ /t . • X • \ 

. -^ = -7=;(1 + ta? tan a sm 7), 

C0S7 B V^ '^ 

2cosa dA dx .^ , ^ . . 

, -^= -7== (1 —ta? tan a sin 7), 

cos 7 G NxX 

and observing the equation 

^^^A^ (l + #c)(l+X)a? _ 1 a? cos' 7 

^ (1 + /ea?) (1 + \a?) (cos* a + a; sin' a) 1 — a? sin' 7 * 

we see that to real values of <^ there correspond values of aj 
which are positive and less than 1, and that as x passes from 
to 1, sin'<^ passes from to 1, or ^ from to 90®, X being 
thus always real and positive. 

Writing sin<^=y, the relation between <^, x gives a re- 
lation between a?, y : viz. this is 

Vl-fey + Vl-c'y'' 
or what is the same thing 

^_ (l + /c)(l+X)a; 

viz. this is a quartic curve ; and introducing z for homogeneity, 
or writing the equation in the form 

y {z + /ca;) (2r + Xa?) - (1 + k) (1 +X) a:a' = 0, 
we see that 

a? = 0, « = is a fleflecnode, the tangents being « 4- ica: = 0, 
z +Xa? = 0; 

y = 0, = is a cusp, the tangent being y = ; 

a. = 0, y=0 is an ordinary point, the tangent being a? = 0; 

hence the curve, as having a node and cusp, is bicursal. 
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467. The transfonnation of a given imaginary modulus 
into the form sin (a + fit) presents of course no difficulty : 
assuming that we have k = e +ftf then we have to find a, )8 
such that e+fi = sm(a + ^t), or writing sina = f, sin/8i = W7, 
to find f, f) from the equations 

these give e«=r + r^'> r = v'-^v', 
whence ^ +f* = ^ + if, and thence easily 

where ^ = 1 + e* +/* - 26* + 2/* + 2ey*. 

If as above em)8t = i tan 7, then tan 7 = 17, or the equations 
give f , = sin o, and 17, = tan 7. 

468, The integrals / 7= , I -7= axe also reducible to 
elliptic integrals when the quintic function P has the fonn 



P =5 a? (1 - a?) (1 + ita;) (1 + Xa?) (1 + /c + \ + /cX x), 

as shown by Prof. M. Roberts in his " Tract on the Addition 
of Elliptic and Hjrper-elliptic Integrals," Dublin, 1871, p. 63 ; 
and in the Note, p. 82, to the same work, a simple demon- 
stration is given of the theorem (due to Prof. Gordan) that the 
like integrals, wherein P denotes a sextic function the skew 
invariant of which vanishes, are reducible to elliptic integrals. 
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ADDITION. FUBTHEB THEORY OF THE LINEAR AND QUADRIC 

TRANSFORMATIONS. 

The Linear Transfcyrma^ion. Art. Nos. 469 to 473. 

469. We consider the transformation of the differential 
expression 

dx 



Va?— a.« — A?.a? — 7.05 — S' 

where the new variable jr is given by an equation of the form 

a?y+£a?+Cir + 2) = 0. 

The coefficients 5, C, D might be expressed in terms of any 
three pairs of corresponding values of the variables x, y, say 
the values a, /8, 7 of x, and the corresponding values a', ff, 7' 
of y : but it is better to consider in a symmetrical manner four 
pairs of corresponding values, viz. the values a, /8, 7, 8 of a? and 
the corresponding values a', /8', 7', S' of y. We have thus four 
equations from which -B, (7, D may be eliminated, and we 
obtain the relation 

flwt', a, «', 1 =0, 

n', 7. y. 1 

88', 8, 8', 1 

which in fact expresses that the two sets of values (a, )8, 7, 8) 
and (a, 0, 7', S) correspond homographically to each other. 



470. Writing for convenience 
a, b, c, f, g, h =fi-y, y-a, a 
a'.b'.c',f',g',h'^0-y'.y'-a',a' 



a-S, ^ 
0, a'- 8', 



8, 7-8, 
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SO that identically 

then, as is well known, the relation in question may be ex- 
pressed in the several forms 

af : bff : ch = df : Hg* : c'A' ; 

or, what is the same thing, there exists a quantity N such 
that 

af hg ch 

471. The relation between {x, y) may now be expressed 
in the several forms, 

and writing for (^, y) their corresponding values, the values of 
P, Q, R are found to be 

P-^-?V. n-5Z-?L*. p~?^-^. 
^'^hK''cg'' ^^ cf^air ag'^hf 

and we thence obtain 

pFN^^pqn, g'QN^^g'^RP, h'BN'=h"PQ, s/PQR ^^in N\ 

472. Differentiating any one of the equations in (a?, y), 
for instance the first of them, we find 

f'dj, _ fPda, 
and then forming the equation 



(y-S') V^r^ (^ - S) V^^=T ' 

or if we please 

^/j/'-a ,y- ff.y—y.y-S' tjPQJiJx-'a.x^^.x — y.x — S 

C. 24 
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and attending to the relation /'Piy^=/'*Qfl, we obtain 

Ndy dx 



Vy — a.y — )8'.y — 7'.y-5' Va; — a.o; — ^.a? — 7.0? — S* 

which is the required formula : (a, /8, 7, h) and any three, say 
(*'» ^7 y)> of the other set of quantities are arbitrary, and the 
values of B', N in terms of these are given as above. 

473. It is proper to remark that in this and similar 
formulsB the sign of the multiplier N may be assumed at 

pleasure : only, this being so, the radicals y/X and V y of the 
formulas are not in general both positive ; we have between the 

radicals a relation of the form F^/X=: ± 0*fY(F, O rational 
functions) wherein the sign ± has a determinate signification ; 
in fact the last-mentioned relation combined with the differ- 
ential equation gives ±NOdy = Fdx, which equation sub- 

stituting therein for —- its value, obtained by differentiation as 

a rational function of {x, y), is a rational equation equivalent, 
when the sign is taken properly, to the gfven rational equation 
between the variables {x, y). The sign ± of the equation 
F's/X=^± G y/ y might have been assumed at pleasure, and 
the sign of iV would then have been determinate ; but this is 
less convenient. 

TraTisformation of a form into itself Art. No. 474. 

474. The homographic relation is satisfied by writing 
therein 

a', ^, 7', y = (a, ^, 7, S), (;3, «, S, 7), (7, 8, o', iS), or (8, 7, /8, a) : 
these values in fact give 

a'. *', o\ /', g> h\ = 

a> f>, c, /, g, k, 

f -gy —c, a, -J, -A, 
-/ -i, K -«, -g> c, 
— a, g, -A, -/, b, -c, 

respectively, so that in each case 

a /' : b'g' : cK = crf : hg : ch. 
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We have thus four solutions of the equation 

dy ^ , dx 

^y — a.y— /8.y — 7.y— S Va? — a.a? — /8.« — 7.0; — 8 

viz. these are 

y — h a? — 8 ' 

y — 7 7 — aa? — S' 

y — .y_ 7 — 8aj — a 

y -" 8 _ ff — 8.7 — 8 a? — g 
y— g"" 7 — g. g — /8 a?- 8' 

the first of them being the self-evident solution y=^x. 

In particular there are four solutions of 

dy _^ dx 

that is 

dy ^ dx ^ 

viz. these are y = a?, y^--x, y = t-, andy =— t- , respectively. 

Application to the standard form. Art. No& 475 to 477. 

475. Considering now the equation 

Ndy _ dx 

,- A?if 
or, writing N^ — , say 

* 

Mdy dx 



£4—2 
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if in the general form we assume 

a, A % 8 = 1, -1, j^, -j^, 

then we have in any one of the twenty-four orders 

1 1 
a , P> 7 > ^ = 1. - 1» ^y -j^\ 

and since, for any one of these orders, X will be deteimined by 
a quadric equation, it would at first sight appear that there 
might be in all twenty-four pairs of solutions, belonging to 
forty-eight difiFerent values of X, M. But the solutions, corre- 
sponding to two orders in which 7,-7 are interchanged, are 

equivalent ; and moreover y = ^ (a?) being a solution belonging 
to determinate values of X, M, then we have, belonging to the 
same values of X, M, the four solutions y = ^ (x), y = ^ (— ^),' 

y =^tf> (j-j and y = ( "" |r ) • ^® have thus only three pairs of 

solutions, or say six solutions, belonging each to a different set 
of values of X, if ; and which correspond to the three orders 

g'. /y, y', y = 

1 1 -1 -1 

476. Forming for each of these the equation which de- 
termines X, say in the form —, = t^ , we have successively 
the three equations 

/i + xy _ fi±k\' a £X)» /1+ k\* 4X _ /1+^Y 

\r^)~[l-k)' 4X \l-k) ' {l+\)*~[l-kj ' 
giving for X the values 

1 / I - Vik y /1+J^V A - tV^ Y /l + tV ^Y 

' ^ ' \i + VF ' Vi - Vy ' Vi + tVJfc/ ' Vi - is/kJ ' 
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The corresponding values of N are derived from the equa- 
tion -W= -^ , viz. we thus obtain for -j-, that is for M, the 

0/ fC 

values 

l+\ i (1 4- X) 2i\/\ 
1+Jb' l + ifc ' l+k' 

viz. substituting for X its values, these are 

2i 2; 2i 



i,L 



2i 



k' (l+V^/' (1-V^)" (1 + tVA/' (l-iVi)'* 



477. The six transformations 

Mdy 



Sx 



vl-2^M-\y Vl-iB^.l-ibV 



then are 



y = 



X = 



3/ = 



1 

X 



k, 
1 



l±Jk_ 
1 - 7* 

i -. ijk 

l-J>fk 
\ + iJk 



— xjk 



+ xjk' 
■\-xJk 



— xJk 

— ixJk 



+ ixjk 

+ ixjk 
— ix Jk 



U + JkJ ' 

\1 - Jk) ' 

/ l-ijk \' 
\1 + iJk) ' 

(\ '+ ijk\' 
\l-iJkJ ' 



I, 
1 

k' 
2i 



(i+J'ky* 

2i 

(i-j'kr 

2i 
{1+tJkT' 

2/ 
CL-iJ'kf 



where it is to be remarked that the last four transformations 
are included under the form 

l+al-flfa; /I— a\' ,- 2i 



~(l+a)' 



Jlf= 



where a is a fourth root of ^^ These arc in fact Abel's results 
referred to Noi 416. 
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The Quadric Transformation for the standard form. 

Art. Nos. 478 to 482. 
478. Reckoning the number of linear transformations as 
six, that of the quadric transformations is reckoned as eighteen ; 
viz. these are Abel's eighteen transformations referred to No. 
418. Taking as before the differential relation to be 

Mdy dx 

Vl-y-.l-Xy-Vr^V'. 1-A-a?*' 
we have, Four transformations 



(l+k) x 
l+fcc* 

(l-k)x 

2Vfcc 
1+kx* 

2tVfcr 



2Vib 


1+k' 


2tVA 


1-k' 


1 + k 


2Vfc' 


1-k 



l+fc»' 1-k 



-l + ka*' 1 + k' 

-l + ka? ■ 1 + k 

1-{1 + k')a^ 1-k' 

l-(l-k')a^' 1 + k" 

1_(1_A:')«* 1 + Jfc' 



M^ 


1 


1+k' 


1 


1-k' 


1 


2V&' 


1 



T > 



1-kj? ' 2tVJfc' 2tVi 

479. Six transformations 



X= M= 



, « ^ 

• 


1+k' 


• 


1-k' 


1 


1+k" 


1 



i-Ci + AV 1-k" 1-k 

— (lif+ik)+ika^ k' — ik , .,, 

(k' - ik) + ik x" FTtk' fc + tls, 

Q^ — {k) + tka? kf + ik _ t ■ • v 

-{k'+ik) + ikai" k'-ik' /e+tie; 
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480. And lastly, Eight transformations 



y= 



f >JTTk- ^J2il~k\ * , J. 2i 

Do. with — Jk for ^k. 

Do. with li^ ^jfc for ^^aJ and - k, Ji-k for k, >/'l +1, 

l~t 4/2: 

— 1 + t 4/7^ 
»» »> /a *** " " " '* " *' 

4S1. The last formulae, writing for shortness, ^ an eighth 
root of 16^, and a = ^l + Jj8S are included under the form 

a + j8 Ij^a^te + i^ ^_(a-^* M__iL_ 

and the verification may be effected as follows : we have 
1+ y = l-a0x+l^x* + ^^il + afix + i^a^ (*), 

2^ (l + i/yo:)' H, 



a-/3 
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where 

denom. = 1 — a/Sa? -f i/S^ic*. 

Hence 

Vi-y'.i-xy= (^^^)'(f_^) (1 - i^^') vrvXIH? (^). 

where i* is written instead- of its value ^ ^8* : and moreover 

in which two formulae the denominator is equal to the square 
of its above-mentioned value; we hence find the required 
formula, 

Md y _ dx 

where M has its proper value = ; ^^^ . 

(a 4 Pf 

482. It is, as regards all the formulae, convenient to remark 
that the value of M miay be verified by taking x small ; thus, if 
when X is small the equation for y becomes y = 0x^ then ob- 
viously Jlf = "o ; if the equation beconles y = ± 1 + jSa:?*, then we 

have Jlf =—>*.= — ; and so in otter cases. 
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Ccymbined Transformations: Irrational Transformations. 

Art. Nos. 483 to 487. 

483. By combining two linear transformations, we obtain a 
transformation which is linear, and as such is a transformation 
belonging to the system ; viz. it is either one of the six trans- 
formations, or it is at once reducible to one of these. Similarly, 
by combining a quadric transformation with a linear one, we 
obtain a transformation which is quadric, and as such is equiva- 
lent to one of the system. For instance, changing the letters, 
if with the quadric transformation 

we combine the linear transformation 

_ 1 + VA l-g Vib 
^ ~ l-'^k 1 + xWk' 

we have z a quadric function such that 

(1 + Vi)' . 

2 1 (1 + &) dj/ 

Vr^' .T^XV Vl - 3/* . 1 - yV ' 

and this must be one of the series of quadric transformations. 
We in fact find 

,_ l--^ , ,, -. 1-7 (1 + VXf _ -i 



X 



V^-^LZI^, orx = L4^1^; 

1 + y V7 1 - V7 1 + y V7 



. J 
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and thence 

_ (1 '^k)x ^ 1+7 1-7^ 
^' - 1 + fcr* ' 1-7 1+7^'' 

or, what is the same thing, 

X^ "^ - 1 H- 7y* ' 

""1+7 du T.^1—7 

giving I - - - = ^ , where X = ^r— — , 

^ ^ Vl-^.l-XV ^i^y\l^r/f' 1+7 

which (with z in place of ^c~) is one of the series of quadric 
transformations. 

484. If we combine two quadric transformations we obtain 
in general an irrational transformation : viz. neither of the two 
variables is a rational function of the other of them, but the 
two are connected by an equation: for instance, if the two 
transformations are 



z = 



2\/to 



l + ifcc'" 
1 



dz 



2Vfc dx , 1 + h 

^""^ Vl-^.l-XV ==Vl-.M-A:V- ^=2VF^ ""^ 

_ -l + ^^' 

^ 1 + *V' . 



dy 



.. 1 - A; ^ dx _1 + ^. 

^^^'^° V i - ^ M - yy '^ ~ V 1 - a?» • 1 - A; V '^"l-*' 

11 - 1 ry'* _ 1 

then we have here ^' + ^ = 1 ; -^ + -^ = 1, giving -^ = ^—^— , 

^ hi X ■■ 7 

a • 

that is X*=--^; or X= — ? if 7, =Vl -7-, is the comple- 
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mentary modulus to 7 ; also 7- = — = -, , and the relation 

2i VA? «7 7 

is 

7 «y 



7 



7 



or, what is the same thing, changing the letters, the trans- 
formation arrived at is af + y^^ 1, giving 

''k'^^ dx ^_ik 



which is at once verLfied, since from the assumed relation 
a? + y' = 1 we have 

485. Observe that the equations which define the two 
new variables y, z in terms of x are in general of the form 

AC 

where J., 5, (7, D are quadric functions of x. Writing these 
equations in the form 

y : z :1=AD : BC : BD, 

then regarding (y, z) as the co-ordinates of a point of a plane 
curve, these expressions of y, z in terms of the arbitrary para- 
meter X show that the curve in question is a unicursal curve, 
and, being of the order four, it is a trinodal quartic ; viz. the 
equation <f>Q/,z) = 0, obtained as above by combining any two 
quadric transformations, being a solution of the equation 

Mdz cly 



v^l-^.l^\V Vl-2/M-7y 
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we have the theorem that this equation ^ (y, «) = represents 
a curve which is in general a trinodal quartic. It has been 
seen how in one case the curve'is a circle. 

486. It appears to be a conclusion of Abel's, that if for 
any given values of (X, Af) the equation 

Mdy _ dx 

Vl-y-.l-^"Vr^.l-Araj" 

admits of an irrational solution, then there is always an integer 
number n such that the equation 

Mdf/ ^ ndx 

admits of a solution y = rational function of a?. So that, in 
fact, the general problem of transformation reduces itself to 
the problem of rational transformation. For instance, as just 
seen, tlie equation 



7 






has the irrational solution y = Vl — »* ; the equation 



has a solution y = rational function of x. To verify this, ob- 
serve that the first equation is satisfied by y = en w, a; = sn u 

(which are such that y = VI — a?') • hence the second equation 
is satisfied by the values y = en 2w, aj = sn m ; we have en 2m a 
rational function of sn m, ante No. 100, and writing therein x 
for sn u we obtain 

as a rational solution of the second equation ; the solution can 
of course be at once verified. 
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487. It appears from the formulae given No. 94, inter- 
cbanging therein (2, x) and also A;, A:', that the equation 

— idz dx 



has the irrational solution z = .- - r^\ hence the equation 

V 1 - Ar*ar 

— idz 2dx 



Vi-«\ l-JkV Vl-a;M-A:V 
has a solution z = rational function of x ; viz. the first equation 
being satisfied by a? = sn i^, z = -5 — , the second equation is 

satisfied by a; = sn m, « = j — ^ ; or dn 2u being a rational func- 
tion of sn u, see No. 100, replacing sn u by x, we find 

1 - A^a?" 
'^■■l-2JfcV-fifc^aj* 

« 

as a rational solution of the second equation. 
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The flinirM refer to tbe pages: where the reference extends to the whole or the bnik of i 
Chapter, the Chapter is also referred ta A heading "Function,'* with diritumf 
(U ;S) -(U) has been mtrodnced. 



Abel, linear and qnadric transforma- 
tions 320, 323, 373, 374: irrational 
transformation, 380. 

Addition, see Function, (2)... (9). 

Arc of curre ; 

representing integrals E(k, 4>),F{kf4>) 
(ellipse, hyperbola, lemnisoate) 35; 
determination of cnrves the are of 
which represents elliptic integral of 
first kind, 350 (Chap. xt.). 

Aiithmetico-geometrioal mean, 330. 

Baehr^s formnliB for multiplication of 
sn, en, dn, 79. 

Circular fonctions, illustration by re- 
ference to, 10. 

Definitions and Notations, 1 (Chap. i.). 
elliptic integrals F {k, 0), E {k, 0), 

n (II. k, 0), 3. 
amplitude, modnlns, complementary 

modulus, parameter, 3. 
complete functions FJs, EJs, 4. 
elliptic functions am, sin am, cos am, 

A am, or sn, en, dn, 8. 
K, K\ 12. 

EUf ZUf n(u, d), 15. 
01*, Hu, 16. 
Differential equation; 
addition-equation, 5, 21 (Chap. ii.). 
satisfied by F(k, <fi, E {k, 0), or by 

F^k, E^k, 47, 50. 
satisfied by multiplier, 218. 
of third order, satisfied by modulus 

in transformation of nth order, 

220 



Differential equation, conHnued, 

Partial, satisfied by 8, H, ^fcc, and 

the numerators and denominaton 

in multiplication and transfonna- 

ticm of sn, en, dn, 224 (Chap. a.). 

special equation, 248. 

equation dx -r-jx^dy-^ Jy^ 337 
(Chap. xiY.) 
Dimidiation, 72, see Function (7). 
Duplication, 71, see Function (7). 
by two quadratic transfbnnations, 
181. 
Doubly infinite products, see factorial. 

Euler, partition formula^ 288. 

Factorial formulae, 92, 97. 
doubly infinite product forms^ 101, 
298. 
Function; 

(1) —.- reduction to standard form 1, 

309 (Chap. xu.). 

dik d^lf 

(2) addition -equation — + ■—- = 0, 

21 (Chap. II.). 

(3) F(kf 4), march of function, 41. 
properties as function of k^ 46. 
addition, 103. 

quadric transformation, &q., 325. 
imaginaiy modulus 8in(a+/3t), 
365. 

(4) E (k, 0). See also (8) infra, 
march of function, 41. 
properties as function of k, 46. 
addition, 104. 

quadric transformation, &c., 325. 
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anction, continued. 
►) n (n, k, </>). See also (9) infra, 
addition, 104. 

outline of further theory, 108. 
reduction of parameter to form 

sn(a + /8i), 114. 
addition of parameters, and reduc- 
tion to standard form, 118. 
interchange of amplitude and 
parameter, 134. 
)) gdi*, SgM, cgu. 

addition and other properties, 56. 

t) snw, cnw, dnw, 61 (Chap. iv.). 
. addition and subtraction formulae, 

61. 
periods ^K", UK\ 66. 
imaginary transformation, 68. 
functions of « + (0, 1, 2, 3) K 

+ (0, 1, 2, 3) iK', 69. 
duplication, 71. 
dimidiation, 72. 
triplication, 77. 
multiplication, 78. 
factorial formulae, 92. 
new form of same, 97. 
anticipation of doubly infinite 

product forms, 101. 
connexion with Gu, Hu, 165, 156. 
quadric transformations, 183. 
n-thic transformation, 249 (Ch. x.). 

i) Eu, Zu. 

connexion with E {k, 0), 107. 
addition, 107. 
connexion with Gw-, 113. 
further theory, 146. 

)) n (w, a), 142 (Chap. vi.). 

connexion with 11 (n, k, 4>), 107. 
connexion with 0m, 113. 
values of n (m + a, a) for 

a = Ji^', 4^, iK+iiK\ 144. 
n (u, a) expressed in terms of Gw, 

151. 
addition of amplitudes, 157. 
interchange of amplitude and 

parameter, 159. 
addition of parameters, 157. 
10) Gu, Hm, 142 (Ch. VI.), 224 (Ch. ix.). 
properties of Gw, 160, 162. 



Function, continued. 

(10) continued. 

connexion with sn, en, dn, Zu and 

n (w, a), 155. 
Hu introduced, 156. 
multiplication, 160. 
partial differential equations, 227. 
G, H expressed as g-functions, 289. 
development in ^-series, 295. 
double factorial expressions, -298. 
transformation, 304. 

(11) numerators and denominator in 

multiplication and transforma- 
tion of sn, en, dn, 224 (Chap. ix.). 

(Connexion with G«, Hu, 161. 

partial differential equations, 233. 

verification for cubic transforma- 
tion, 243. 

connexion with functions G, H, 
307. 

(12) ^-functions, 280 (Chap. xi.). 
derivation of the g-fofmulae, 280. 
G, H expressed as g-function8,289. 

(13) The general equation -^^ = — , 

337 (Chap. xrv.). 
Lagrange's integration, 337. 
further theory, 340. 

Gauss, the arithmetico - geometrical 

mean, 329, 336. 
Glaisher, proof of Legendre's relation 

between complete functions F^k, 

Ac, 49. 

tables of theta functions, 156. 
Gordan, integral reducible to elliptic 

functions, 367. 
Gudermann, 44, 56. 
Gudermannian, 56 ; see Function (6). 

Imaginary, reduction of given, to form 
sn (a + j80, 114. 

Imaginary transformation, Jacobf 8,68. 

Integrals involving root of a quintic 
function and reducible to elliptic in- 
tegrals, 358 (Chap. xvi.). 
involving root of a sextic function, 
367. 

Integration, general theorem of, 352. 
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Jacobi, 16, 18, 19, 23, 28, 66, 151, 176, 
218, 221, 222, 225, 321. 

Kummer, formnlA in hypergeometrio 
series, 55. 

Landen's theorem, 30, 325. 
Lagrange, integration of differential 

equation dx-r-»JX-dy -j- JY, 337. 

Legendre, proof of addition-equation 
by spherical triangle, 27; his rela- 
tion between complete functions, f^, 
i?i', Fi, F^ ; formula relating to 
third kind of elliptic integral, 118, 
121, 134; reduction of differential 
expression to standard form, 312. 

Liouville, formula for arc of ourre, 40. 

Multiplication ; 

of sn, en, dn, 78, 86. 

tables, 80. 

from two transformations, 199, 278. 
Multiplier ; 

in cubic, &c. transformations, 201. 

Jacobi's relation n3f= =rm ^r* 216. 

kkf'^ ok 

differential equation satisfied by, 218. 

relation between Jf , if. A, £, G, 222. 
Modular equation or relations ; 

linear transformation, 320. 

quadric transformation, 45, 178. 

odd-prime transformation, 45, 198, 
273, 276. 

cubic transformation, 186, 193, 204. 

qiiintio transformation, 190, 193. 

septic transformation, 192. 
Modular equation : 

properties of, 198; differential equ^* 



tion of third order satisfied by the 
transformed modulus, 220 ; verifica- 
tion for quadric transformation, 221. 

Notation (-?-) explained, 5. 
Numerical instance for complete func- 
tions Elf /'i,andfor incomplete F, 335. 

Bichelot, representation of given imagi- 
nary quantity in form sn (a + /9t), 118. 

Boberts, M., integral reducible to el- 
liptic functions, 367. 

Serret, formula for arc of curve, 40. 

Tables of the theta functions, 156. 
Transformation; 

general outline, 162 (Chap. vii.). 

linear transformation of integral, 
310, 317, 368. 

quadric, 177 (Chap, viii.), 321, 374. 

cubic, 186, 193, 204, 214, 243. 

quintic, 189, 195. 

septic, 192. 

two transformations leading to mul- 
tiplication, 199. 

odd or odd-prime, by the n-division 
of the complete functions, 249 
(Chap. X,). 

multiplication formulas obtained 
from two transformations, 278. 

of functions H, 6, 304. 

Landen's theorem, 30, 325. 

combined, and irrational, 377. 
Triplication, 77 : see Function (7). 

Walton, proof of addition-equation, 21. 



THE END. 



K 



y 



OAMBBinOE : PBINTED BT 0. J. CLAY, M.A. AT THE UNITEBSITY PBE8S. 



i 



